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Appreciate the beauty of the universe;
discover the truth of the universe.

Zhuang Zi (369—286 B.C. China)

I have loved the principle of beauty in all things,
and if | had had time | would have made myself
remembered.

Keats, John (1795-1821, UK)

A thing of beauty is a joy for ever.
Keats, John (1795—-1821, UK)

“Beauty is truth, truth is beauty,” — that is
all ye know on earth, and all ye need to know.

Keats, John (1795—1821, UK)



Preface

Generalized plasticity is a generalization of the unified strength theory to the
theory of plasticity. It is the unification of metal plasticity for Tresca materials,
Huber-von Mises materials, and twin-shear materials. It is also the unification
of geomaterial plasticity for Mohr-Coulomb materials and generalized
twin-shear materials. Moreover, it leads to unification of metal plasticity and
plasticity of geomaterials, in general. It is a companion volume to Unified
Strength Theory and Its Applications published by Springer in 2004.

Generalized Plasticity is based on the lectures on the unified theory of
materials and structures given by the author at the School of Civil Engineering
and Mechanics, Xi’an Jiaotong University in Xi’an, China and at the Nanyang
Technological University of Singapore in 1996. It is a course entitled
“Generalized Plasticity” for Ph.D. students at Xi’an Jiaotong University since
1993. The main contents are the unified yield function (unified strength theory)
of material, the unified slip line field theory for plane strain problem, unified
characteristics field theory for plane stress problem, unified characteristics field
theory for spatial axisymmetric problem, limit pressure and shakedown
pressure of a pressure vessel, the plastic zone analysis at a crack tip under
small-scale yielding and the unified fracture criterion.

Several chapters in this book have been presented in conferences and published
in various journals. They are: Unified Strength Theory (Yu, 1991, 1992, 1994,
2002, 2004); Unified Slip Line Field Theory for Plane Strain Problem (Yu, Yang,
et al., 1997, 1999); Unified Characteristics Field Theory for Plane Stress Problem
(Yu and Zhang, 1998, 1999; Zhang, Hao and Yu, et al., 2003); Unified
Characteristics Field Theory for Spatial Axisymmetric Problem (Yu and Li, 2001);
Unified Solution for Limit Pressure of a Pressure Vessel (Wang and Fan, 1998;
Zhao et al., 1999); Unified Solution for Shakedown Pressure of a Pressure Vessel
(Xu and Yu, 2004, 2005); Analysis of Plastic Zone at Crack Tip (Qiang et al., 1998,
2004); Unified Fracture Criterion (Yu, Fan, Che, Yoshimine, et al., 2003, 2004;
Qiang and Yu, 2004). The beauty of the unified strength theory discussed in Chap.
5 is a part of a closing lecture delivered at the International Symposium on
Developments in Plasticity and Fracture: Centenary of M. T. Huber Criterion, held
at Cracow, Poland in 2004. The garden of the flowers of strength theory, the
beauty of the Huber-von Mises criterion, and the beauty of the unified strength
theory were discussed at the lecture.

The analytical results of the generalized plasticity are a series of results. It is
different from the conventional plasticity. As an example, a unified solution of
bearing capacity of a plane strain structure by using the unified slip line field
theory is shown in Fig. 1. The conventional solution of bearing capacity of a
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structure is adapted only for one kind of material. It is shown in Fig. 1 at 5 = 0.

This result is obtained by using the Mohr-Coulomb strength theory (inner
bound or lower bound as shown in Fig. 2a), Fig. 2b is a special case for a = 1

materials. It can also be obtained by using the unified strength theory with b =0.
The unified solution includes a series of solutions and encompasses the solution
of the Mohr-Coulomb strength theory as a special case. It is also possible to
obtain a series of new solutions for different values of parameter b and different
ratios of tension and compression strength of material, i.e., o = g/o. # 1.
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Fig. 1 Limit loads of a plane strain structure.
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Fig. 2 Yield loci of the unified strength theory on the deviatoric plane.
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The unified strength theory and the unified slip line field theory for plane strain
problem can be expressed in terms of another material parameter, such as friction
angle ¢, it is widely used in geomechanics and geotechnical engineering. The
unified solutions for a plane strain problem in terms of the friction ¢ are shown in
Fig. 3. The description of the unified solutions of plane strain problems can be
seen in Chap. 9.
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Fig. 3 Unified solutions of a plane strain problem in terms of the friction ¢.

For the plane stress problems, the yield loci of the unified strength theory in
plane stress state is shown in Fig. 4, and the unified solution of bearing capacity of
a plane stress structure by using the unified characteristics line field theory is
shown in Fig. 5. It can be seen that a series of new results are given whereas the
Mohr-Coulomb theory and the Tresca criterion can give only one result. It is a
special case of the unified solution by using the unified strength theory and the
unified characteristics line theory withb=0and =0, a=1.

(a) a =00, # 1 materials (b) a = o/0. =1 materials

Fig. 4 Yield loci of the unified strength theory in plane stress state.
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Fig. 5 Limit loads of a plane stress structure.

The analytical results are clearly illustrated to show the effects of yield criterion
on plastic limit behaviors for plane strain problems, plane stress problems,
axisymmetric problems, other engineering structures, the shape and size of plastic
zone at crack tip, discontinuous bifurcation, and angle of shear band. Generalized
plasticity gives us a series of results, which can be adapted for different materials
and structures.

The contents of the book can be divided into five parts as follows:

Part One. The unified strength theory, material parameters in the unified strength
theory, yield surfaces, yield loci, reasonable choice of the yield criterion, and the
beauty of the unified strength theory are described in Chaps. 4 and 5.

Part Two. Plastic stress—strain relation and concrete plasticity, discussed in Chaps.
6and 7.

Part Three. Twin-shear slip field and the unified slip-line field theory for plane
strain problems, twin-shear characteristics field and the unified characteristics line
theory for plane stress problems, and unified characteristics line field theory for
axisymmetric problems and high velocity penetration problem are explained in
Chaps. 8-12.

Part Four. The unified solution of plastic zone at crack tip under small-scale
yielding is given. Based on the unified strength theory, a unified fracture criterion,
a new closed form of plastic core region model, and variation for the angle of
initial crack growth versus crack inclination under different loading conditions are
obtained. They are described in Chaps. 13 and 14.

Part Five. Chapter 15 is devoted to the unified solutions of limit loads and
shakedown loads for pressure vessels.

Stress state analysis and basic behaviors of materials under complex stress are
discussed in Chaps. 2 and 3. The description of the stress state may be found in a
number of books covering mechanics of materials, solid mechanics, and elasticity
and plasticity. Only some basic formulae and figures as well as some new ideas are
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given here. Brief summaries, problems, and references and bibliography are given
at the end of the chapters.
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Notations

Stresses and Invariants

125723
He
My’

0
Tg Or T .

og Or O oot

KI ’ KII ’ KIII

major principal stress, intermediate principal stress and
minor principal stress

normal stresses acted on the orthogonal octahedron
element

intermediate principal stress state parameter

radial stress, circumferential stress and axial stress in polar
coordinates

residual stresses of the cylinder in polar coordinates
stress tensor

normal stress

maximum principal shear stress

intermediate shear stress or minimum shear stress

Lode stress parameter

twin-shear parameter for stress state

He =Ty 1 Thy. 1 = Ty3 11y

stress angle corresponding to the twin-shear parameter
octahedral shear stress

octahedral normal stress

invariants of the stress tensor oj;

hydrostatic stress or mean stress

deviatoric stresses

invariants of the deviatoric stress tensor

stress-intensity factors for mode-I, mode-II and mode-III

Strain and Flow Vector

€1, €2, €3
ge

gp
de®
de?
dé‘ije

principal strain

elastic strain

plastic strain

elastic strain increment
plastic strain increment
elastic strain increment tensor
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deP plastic strain increment tensor
&jj strain tensor
£,.,8 radial and circumferential strain
£, longitudinal strain
£, radial and circumferential strain
Cijxi stiffness tensor
di proportional positive scalar factor
{ai}, {az}, {az}  flow vectors
C], C2, C3 or
C{,Cy,C3 parameters defining the yield surface

Material Parameters

o, yield stress

o, uniaxial tensile strength

o, uniaxial compressive strength

a ratio of tensile strength to compressive strength

m compressive-tensile strength ratio of materials

Ty Or T, pure shear strength or shear yield strength of
materials

b failure criterion parameter in the unified strength
theory

i3 coefficient in the unified strength theory that represents
the effect of the normal stress on failure

Cy cohesive strength

C twin-shear cohesion

c unified cohesion

friction angle

twin-shear friction angle

unified friction angle

elastic modulus (Young’s modulus)

G shear modulus

A Lame constant

v Poisson’s ratio

K hardening parameter of material

K. ,K;c ,Kyc stress-intensity factors of materials under mode-I, mode -II

and mode-III
Miscellaneous
i yield criterion function
F, F yield criterion function or fracture criterion function
P density of the material
u,v, w displacements
[o] allowable tensile stress, [o] =y

p internal pressure subjected to the cylinder
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elastic limit pressure

plastic limit pressure

shakedown pressure of the cylinder

radial variable

the internal and external radii of the cylinder

plastic zone radius of the cylinder subjected to internal
pressure p



1 Introduction

1.1
Linear Elasticity

A structure deforms when it is subjected to external forces. The deformation is
elastic if it is reversible, that is, if the deformation vanishes instantaneously as the
external forces are removed. It is also assumed that the relationships of force-
displacement and stress-strain are linear. Most engineering materials possess to a
certain extent the property of linear-elasticity.

The stress states of materials in structures are usually biaxial and triaxial, or in
general multiaxial or polyaxial. It is very important to see how the stress
combinations affect the strength of material and structure. Serious errors may be
resulted if the uniaxial stress assumptions are extended directly to the multiaxial
stress state.

It will be assumed that the material of an elastic structure is homogeneous and
continuously distributed over its volume so that the smallest element cut from the
structure possesses the same specific physical properties as the structure. It will
also be considered that the material of a structure is isotropic, i.e., the properties
are the same in all directions.

On the other hand, engineering materials are generally very complicated in
compositions. The important material steel, for instance, consists of various kinds
of crystals oriented in different directions. The material is very far from being
homogeneous in microscope scale. The solutions in view of the theory of elasticity,
however, based on the assumptions of homogeneity and isotropy can be applied to
steel structures with very great accuracy on the macro-scale level.

The explanation is that the crystals are very small; there are millions of them in
one cubic inch of space. While the elastic properties of a single crystal may be very
different in different directions, the crystals are ordinarily distributed at random
and the elastic properties of larger pieces of metal represent averages of the
properties of the crystals. Therefore, as long as the geometrical dimensions of a
structure are very huge in comparison with the dimensions of a single crystal the
assumption of homogeneity can be used with very high accuracy. And if the
crystals are orientated randomly the material can be treated as isotropic
(Timoshenko and Goodier 1970; Fung 1977).

The assumptions of isotropy and homogeneity for materials are also used in
plasticity. Discussions of the plasticity for heterogeneous and anisotropic materials
are not in the scope of this book.
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1.2
Classical Plasticity

The deformation of a material is plastic if it is irreversible. A brittle material
such as glass, concrete, or rock under tension has only elastic deformation before it
fails. On the other hand, metals, rocks and concrete under high confining pressure
can undergo substantial plastic deformation before failure and therefore show
ductile material properties.

The "Theory of Plasticity” or "Plasticity” is a branch of solid mechanics
regarding the plastic deformation and the limit load carrying capacity of materials
and structures. It deals with the theories and methods of yield initiation of materials
under complex stress state and calculation of stresses and strains in a deformed
structure after part or the whole structure has yielded. It is necessary, as for
elasticity, to establish equations of equilibrium and compatibility and to determine
the experimental relations between stress and strain, besides, a condition of
yield initiation is needed. It is called yield criterion or yield function.

In 1864, Tresca presented two notes dealing with the experimental
investigations on plastic flow of metals under great pressure to the French
Academy. He first postulated a yield condition for the continuum problem. It is the
well-known Tresca yield criterion.

Saint-Venant (Barre de Saint-Venant 1797-1886) was the first to set up the
fundamental equations of plasticity and to use them to solve several practical
problems. The fundamental equations of plasticity are based on the following
assumptions.

1. The volume of materials does not change during plastic deformation;

2. The directions of principal strains coincide with the directions of principal stresses;

3. The maximum shearing stress at each point is equal to a specific constant. It
means that the Tresca criterion was used as a yield condition. Sometimes, it is
referred as the maximum shear stress criterion or single-shear criterion. The
yield surface of the Tresca criterion in stress space and its yield locus in
deviatoric plane are shown in Fig. 1.1. The yield loci and the yield surfaces will
be described in detail in Chapter 6.

(a) (b)
Fig. 1.1 Yield surface of the Tresca criterion in stress space
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Using these hypotheses, Saint-Venant solved several problems such as torsion of
circular shafts, pure bending of rectangular prismatic bars, and the plastic
deformation of hollow circular cylinders under the internal pressure. In fact, Saint-
Venant initiated the study of a complete new field of solid mechanics. Saint-
Venant called the new subject "Plasticodynamics". Now plasticity has been the
object of considerable research.

Prandtl (Ludwig Prandtl 1875-1953) made further progress in the field of
plasticity. He solved the more complicated two-dimensional problem of a semi-
infinite body under a uniform pressure p distributed over a strip of width. He
obtained the limit pressure pjim;¢ of strip as follows

T
Plimit = 0y [1"'7]

The first systematic treatment of plasticity was given by Nadai in 1931. Rapid
progress in plasticity began with the appearance of the paper of Prandtl and the
book of Nadai. After the Second World War, the subject of plasticity constitutes an
important branch in the solid mechanics. Some books relating the plasticity were
published near 1950 by Sokolovsky (1946), Freudental (1950), Hill (1950), Nadai
(1950), Prager and Hodge (1951) et. al.

After the Tresca yield criterion, the Huber-von Mises yield criterion was
proposed by Huber in 1904 and von Mises in 1913. The yield surface of the Huber-
Mises yield criterion in stress space and its yield locus in deviatoric plane are
shown in Fig.1.2.

(a) (b

Fig. 1.2 Yield surface of the Huber-von Mises criterion in stress space

The classical plasticity is widely applied in mechanical engineering and metal
forming. It is assumed by the Tresca criterion and the Huber-von Mises criterion
that these materials have the same strength in both tension and compression and
the ratio of shear yield stress 1, to the tensile yield stress o,is 1,/5,=0.5 based on
the Tresca criterion or 0.577 on the Huber-von Mises criterion.
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In 1961, a new yield criterion was proposed by Haythorthwaite and Yu. It is
introduced from the maximum deviatoric stress by Haythorthwaite and the twin-
shear stresses by Yu, and referred to respectively as the maximum deviatoric stress
yield criterion and the twin-shear yield criterion. The yield surface of the twin-
shear yield criterion in stress space and its yield locus in © plane are shown in
Fig.1.3. The twin-shear yield criterion is adapted for those material have the same
strength in tension and compression and the ratio of the shear yield stress t,to the
tensile yield stress o, is 1,/0, = 0.667. The mathematical expression of the twin-
shear yield criterion is linear. It is convenient for analytical solution of limit
analysis of structure.

(a) (b
Fig. 1.3 Yield surface of the Twin-shear criterion in stress space

The yield loci in deviatoric plane and meridian plane of the three yield criteria
are shown in Fig.1.4.

T
F=0"
7
p=60"
T
=0
fs]
P=g0"
T
F=0"
o
p=50"

Fig. 1.4 Yield loci of the three yield criteria
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Classical plasticity is widely used for metallic materials. However, classical
plasticity models are not able to predict basic failure phenomena of rocks, soils,
concrete, polymers and other materials. Applications in concrete structural
engineering, geotechnical engineering, mining and petroleum engineering, nuclear
power plant, underground excavation, structure safety problems under earthquake,
and solid mechanics problems at meso/micro scales call for more realistic and
more accurate solutions.

Now developments in plasticity theory is an active field of mechanics. The
concrete plasticity, soil plasticity, rock plasticity and computational plasticity etc.
are developed.

1.3
Concrete Plasticity

Concrete as a structural material has been used widely in many major constructions
such as tall buildings, bridge, dam, offshore platforms, reactor vessels, nuclear
containment structures, etc. Plastic analysis of these structures has become
increasingly important.

Concrete is a composite material, consisting of coarse aggregate and a
continuous matrix, which itself comprises a mixture of cement paste and smaller
sand particles. Its physical behavior is quite complex. In engineering application,
only the mechanical behavior instead of the composition of the material is
concerned, which is developed on the basis of a homogeneous continuum. Also,
the material is assumed to be initially isotropic.

In recent years, a good progress has been achieved in the area of constitutive
modeling of concrete materials. Various predictive models with two-parameter,
three-parameter and multi-parameter have been proposed and used for analysis of
concrete structures. The models are based on the principles of continuum
mechanics, neglecting the microstructure effect of the concrete materials. To this
end, nonlinear elasticity and plasticity are found adequate in characterizing the
macroscopic stress-strain behavior of concrete.

The theory of concrete plasticity, i.e. the basic concepts and applications of
plasticity modeling to concrete materials were presented by Chen (1982) and
Nielsen (1984, 1999). Systematical descriptions on the "Plasticity in Reinforced
Concrete" and "Limit Analysis and Concrete Plasticity" were given.

The Mohr-Coulomb strength theory and some multi-parameter criteria are
widely used in concrete plasticity. The yield locus of the Mohr-Coulomb strength
theory in deviatoric plane is shown in Fig.1.5. The solid line is the yield locus of
the generalized twin-shear criterion (Yu et al. 1985).
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Fig. 1.5 Two bounds of the convex yield criteria

1.4
Soil Plasticity

Soils are complex materials consisting of solid, air and water. It exhibits a wide
range of behavior depending on classification, stress history, void ratio, density and
characteristics of the disturbing force.

The plastic behavior of soils was studied by Roscoe, Schofield and Thurairajah
(1963), Roscoe (1968), Roscoe and Burland (1968), Schofield and Wroth (1968)
et al in Cambridge University. Soil Plasticity was presented by Roscoe (1968),
Schofield and Wroth (1968), Chen (1975) and Salencon (1977) in 60’s and 70’s
of the last century and continued by Chen and Baladi (1985). The soil plasticity
was also implemented into computational code by Zienkiewicz and Pande (1977),
Zienkiewicz and Humpheson (1977), Zienkiewicz and Mroz (1984), Desai (1984),
Vermeer and de Borst (1984), de Boer R (1988) and others. Over the last 30 years,
significant advances in this area have led to the development of several constitutive
models, which may efficiently represent the behavior of soils subjected to complex
stress. Now, the soil plasticity is still one of the most active research areas.

The Mohr-Coulomb strength theory (Mohr 1900) and the Drucker-Prager (1952)
criterion are widely used in soil plasticity. The yield loci in deviatoric plane and
meridian plane of the Drucker-Prager criteria and the Mohr-Coulomb criterion are
shown in Figs.1.6 and 1.7. Two bounds of failure criteria are shown in Fig.1.8.

Systematical descriptions on the soil mechanics and applications were given by
Chen (1975), Salencon (1977) and Chen and Baladi (1985), Zeng, Shen and Gong
(2002).

Soil plasticity based on the Critical State Soil Mechanics were described by
Schofield and Wroth (1968), Atkingson & Bransby (1978), Atkingson (1981) and
Wood (1990).
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Compressive cone
Compromise cone L
Extension cone

Fig. 1.8 Yield loci of the two bounds (single-shear and twin-shear criteria)

1.5
Rock Plasticity

The plastic behavior of rock was not generally known until 60’s of the last century when
the rigid test equipment was produced. The first congress of international society of rock
mechanics was hold in Lisbon in 1966. The flow behavior of rocks were studied by Broms
(1966), Goodman, Taylor and Brekke (1968) and others. The bearing capacity of rock and
concrete block was studied by Chen and Drucker (1969). Non-associated plasticity for
soils, concrete and rock were studied by Vermeer and de Borst (1984) et al.



8 1 Introduction

The Mohr-Coulomb strength theory and the Hoek-Browm (1980) criterion are
widely used in rock plasticity.

“Finite Element Code for Soil and Rock Plasticity” was presented by Vermeer
(1991, 1998). The concept of plastic zone of rock is widely used for rock
mechanics and engineering.

1.6
Generalized Plasticity

The theory of plasticity was originally developed for the description of the
behavior of metallic materials. From the microscopic point of view, the
deformational mechanisms of metal are quite different from those of concrete, rock
and soils. The former is due to the arrangement of dislocations of polycrystals,
while the later is due to the initiation and nucleation of microcracks at the
aggregate-mortar interface as well as through the mortar, air or cracks. However, if
we do not limit our interpretations of the behavior "plastic" and "yielding" in the
usual sense, the classical theory of plasticity can be extended to approximate the
concrete, rock and soils behavior under various circumstances (Chen 1978). In
other words, the theory of plasticity, when not interpreted too narrowly, provides a
very flexible mathematical model that can be used to describe a wide variety of
behaviors of concrete, rock and soils. The continuum theory of plasticity was given
by Khan et al. (1995).

The generalized stress-strain behaviour of wet clay was studied by Roscoe and
Burland (1968). The generalized cap model for geological materials was studied by
Sandler, DiMaggio and Baladi (1976). The term of Generalized Plasticity was
introduced by Zienkiewicz and Mroz (1984), Pastor and Zienkiewicz (1986), and
by Pastor, Zienkiewicz and Chan (1990). The word of ‘generalized’ means the
extension of plastic conception for metallic materials to geomaterials. Now,
generalized plasticity is widely studied and applied in literature and engineering.

1.7
Generalized Plasticity Based on the Unified Strength Theory

Great effort has been devoted to the formulation of yield criteria for various
materials during the past 100 years (Yu 2002). Most yield criteria are suitable for
only a certain type of materials. The plasticity theory for metallic materials is
mainly based on the Tresca yield criterion and the Huber-Mises yield criterion. The
plasticity theory of soils is mainly based on the Drucker-Prager criterion; and the
plasticity theory for concrete and rock is mainly based on the Mohr-Coulomb
criterion. What is the relationship among various yield criteria and different
“Plasticity”? Many scientists have devoted considerable effort to this topic.

Based on a unified mechanical model that takes into account the effects of all the
stress components on the failure of materials, a new unified strength theory that has
a unified mathematical expression was proposed by Yu in 1991. The Mohr—
Coulomb strength theory, the twin-shear stress theory, and many other new criteria
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can be deduced from the unified strength theory. A relationship among most
of the prevailing failure criteria and yield criteria is established

The unified strength theory contains two families of yield criteria for metal
materials and geomaterials. The first family is the convex yield criteria. A series of
convex yield criteria can be deduced from the unified strength theory by giving a
certain value to material parameter b (0<b<l1) and the tension—compressive
strength ratio @ =0,/ 0., where parameter b reflects the influence of intermediate
principal shear stress and the choose of yield criteria.

Fig. 1.9 shows the limit loci on deviatoric plane of the unified strength theory
for v =1/2 material and o =1 materials. Detailed description is given in Chapter 4
and 5.

The unified strength theory embraces all the criteria from the lower bound to the
upper bound. The unified strength theory is very simple, while it can be used
widely.

Twin-Shear Theory (?: 1, Yul985)
Single-Shear Theory(b=0, Mohr-Coulomb1900)

Non-convex
Failure Criterion

Ny \7\/

Non-convex Failure Criterion b>1
(a) a# 1 b a=1
Fig. 1.9 Yield loci of the unified strength theory on the deviatoric plane

The unified yield criterion can be deduced from the unified strength theory
when a=1. It contains a series of convex yield criteria, as shown in Fig. 1.9 (b).
The single-shear yield criterion and the twin-shear yield criterion can be derived
with 5=0 and b=1, respectively. These two criteria can also be obtained from the
single-shear strength theory (the Mohr—Coulomb strength theory) and the twin-
shear strength theory when a=1.

The unified strength theory is convenient to derive analytic solution for
elastic limit design, elasto-plastic analysis, plastic limit analysis of structures
and other engineering problems. Research results show that the yield criterion
has significant influence on the elasto-plastic behavior and load-carrying
capacities of structures.
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A series of new results for generalized plasticity by using the unified strength
theory were obtained. They will be described in Chapter 7 to 15. They are: Twin-
shear slip line theory (Yu, Liu and Ma 1994), the unified slip line theory for
plane strain problem (Yu et al. 1997,1999); Twin-shear characteristics field for
plane stress problem (Yan and Bu 1993), the unified characteristics field theory for
plane stress problem (Yu and Zhang 1998,1999; Zhang, Hao and Yu 2003); the
unified characteristics field theory for spatial axisymmetric problem (Yu, Li and
Zhang 2001); Plastic zone analysis at crack tip (Qiang et al. 1998), The unified
fracture criterion (Yu and Fan 2003, 2004; Qiang 2003, Qiang and Yu 2004), the
unified solution of limit load for pressure vessel (Wang and Fan 1998; Zhao et al.
1999); the unified solution of shakedown load for pressure vessel (Xu and Yu
2004, 2005).
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2 Stress Space and Stress State

2.1
Elements

In applied mechanics and engineering, materials and structures are generally
regarded as continua. This permits us to describe the behaviour and consequences
of materials and structures by means of continuous functions. A material is a point
(element), and a structure is a body. The structure may be considered as a partly
ordered set of material elements (points) filling a structure (body). The cube is
often used as an element. An element that can fill a space without gaps and
overlapping is called the spatial equipartition.

Various polyhedra used in continuum mechanics are spatial equipartitions. They
are the cubic element, regular hexagonal element, isoclinal octahedron element,
dodecahedron element, orthogonal octahedron element and pentahedron element
(Yu 1998, 2004).

2.2
Stress at a Point, Stress Invariants
A general state of stress at a point can be determined by a stress tensor o;;, which
stands for nine components:
Oy Txy Txz
Ojj T Ox Oy Ty (2-1
T, T, O

It can be seen in any course of mechanics of materials, elasticity, mechanics of
solids or plasticity, by three-dimensional transformations, that there exists a
coordinate system o,, 0,, o, where the state of stress at the same point can be
described by the following:

o 0 0
o,=/0 o, 0 (2-2)
0 0 o

The stresses o, o,, o, are referred to as the principal stresses.
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An element of material subjected to principal stresses oy, o, and o5 acting in
mutually perpendicular directions (Fig. 2.2) is said to be in a state of triaxial
stress or three-dimensional stress. If one of the principal stresses equals zero,
this is referred to as the plane stress state or biaxial stress state. The triaxial
stress and biaxial stress are called the polyaxial stresses, multiaxial stresses or
complex stress. The principal planes are the planes on which the principal
stresses occur on mutually perpendicular planes.

The principal stresses are the three roots of the equation:

o — (o, +o, +o. Yo * (0,0, +o0,0. +o.0, —sz +7 2+rz)52)0'

y vz
(2-3)
—( +2 - 2 = =0
0,0,0, 21,7, 7., —0,7,," —0,7., —0. 7,

which can be rewritten as

o> -Ic*+Lo—1,=0 (2-4)

1 2 3

where I, 1,,1; are
I,=o, to, +to. =0 +o, to
I,=0.0, +0,0. +0.0. -2 —12 12 =0 0. +0. 0. +0. O 2-5)
2 x>~y y Yz z Vx Xy vz zx 1 2 273 31
L=q00

The quantities /;, 1, and [ are independent of the direction of the axes chosen;
they are called the three invariants of the stress at a point (or invariant quantities).

2.3
Deviatoric Stress Tensor, Deviatoric Tensor Invariants

It is convenient in the study of strength theory and plasticity to split the stress
tensor into two parts, one called the deviatoric stress tensor S; and the other the
spherical stress tensor p;. The relation is

0 =S85t Py = Syt oy (2-6)

The spherical stress tensor is the tensor whose components are ¢,,6;, where o,
is the mean stress, i.e.,

10 0] [, O 0
Py =0wdj=0,|0 1 0|=/0 o, 0 (2-7)
001/ [0 0 g

where

oy (o +o, +0. )3=(0) +0, +o3)3=1 /3 (2-8)
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It is apparent that o,, is the same for all possible orientations of the axes, hence
it is named the spherical stress. Also, since o, is the same in all directions, it can
be considered to act as a hydrostatic stress.

The deviatoric stress tensor Sj; can be determined as follows

Sj =0y ~Py = 05 =0,

x m xy Xz (2_9)
=l Ty C,=0, Ty
Tox Tzy O, 0p

The invariants of the deviatoric stress tensor are denoted by J;, J,, J; and can be
obtained as follows

Jl =S1+S2+S3=0

1 2
J2=5 555y =§(le3 +77) ”223)
1 2 ?
:g[(m —0,) +(0,-0y) +(G3 _G‘)ZJ

1
Jy= ‘SU‘ = 515,53 :;(113'”12)(721 +753) (731 +73)

24
Stresses on the Oblique Plane

If the three principal stresses oy, ,, 03 acting on three principal planes, respectively, at
a point are given, we can determine the stresses acting on any plane through this point.
This can be done by consideration of the static equilibrium of an infinitesimal
tetrahedron formed by this plane and the principal planes, as shown in Fig. 2.1. In this
figure we have shown the principal stresses acting on the three principal planes. These
stresses are assumed to be known. We wish to find the stresses o, 7, acting on the
oblique plane whose normal has direction cosines /, m and n.

Fig. 2.1 Stress on an infinitesimal tetrahedron
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241
Stresses on the Oblique Plane

The normal stress o, and shear stress 7, acting on this plane can be determined as
follows:

aa=0112+02m2+03n2
2 2 2
T, =0 12+02 m2+03 nz—(0112+02m2+03n2)

Po=0gFTy

242
Principal Shear Stresses

The three principal shear stresses 73, 7j; and 73 can be obtained as follows:

1
713 :E(o'l -03)
1
712:5(0’1—0’2) (2-10)

1
T3 =3(02 —-03)

The maximum shear stress acts on the plane bisecting the angle between the
largest and smallest principal stresses and is equal to half of the difference
between these principal stresses

1
Tmax = 713 =5(61 —03) (2-11)

The corresponding normal stresses o3, 0y, and o,; acting on the sections where
713 7)o and 7,3 are acting, respectively, are

1
o3 =5(0'l +o,)
1
o1 =E(0'1 +0'2) (2-12)

1
o3 =5(0'2 +0,)
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The directions of the principal stresses and the principal shear stresses are
shown in Fig. 2.3.

Fig. 2.2 Directions of the principal stresses and the principal shear stresses

The three principal stresses, three principal shear stresses and the stress on
oblique plane can be illustrated by three stress circles, it is referred to as the Mohr
circle, as shown in Fig. 2.3 (refer to Kussmaul 1981). The magnitude of the normal
stress and shear stress of any plane are equal to the distance of the corresponding
stress point on the stress circle The three principal shear stresses are evidently
equal to the radius of the three Mohr circle. A detail description of the stress circle
can be found in Johnson and Mellor (1962), Kussmaul (1981), Chakrabarty (1987)
and others.

Fig. 2.3 The principal stresses, the principal shear stresses and stress circles
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2.4.3
Octahedral Shear Stress

If the normal direction of the oblique plane makes equal angles with all the
principal axes, and

l=m=n=

i% (2-13)

These planes are called the octahedral plane and the shear stresses acting on it
are called the octahedral shear stresses. The normal stress, called the octahedral
normal stress o (or o,,,), acting on this plane equals the mean stress

1
0825(01+0'2 +o3)=0,, (2-14)

A tetrahedron similar to this one can be constructed in each of the four
quadrants above the x—y plane and in each of the four quadrants below the x—y
plane. On the oblique face of each of these eight tetrahedra the condition /= m* =
n*> =1/3 will apply. The difference between the tetrahedra will be in the signs
attached to /, m and n. The eight tetrahedra together form an octahedra as shown in
Fig. 2.4e, and the eight planes form the faces of this octahedron. The normal stress
is given by Eq. (2-14) and the octahedral shear stress 7z (sometimes denoted as
Toct) acting on the octahedral plane is

1
8= E[(Ul_f’z)z"'((’z_f’})z+(0'3—f71)2]]/2

s (2-15)

NG

The direction cosines /, m and n of principal planes, principal shear stress planes
and the octahedral plane, as well as the normal stresses and shear stresses are listed
in Table 2.1.

[(01=0,)" +(0—0,) +(o5 —0,)*]"?
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Table 2.1. Direction cosines of the principal planes, the principal shear stress planes
and the octahedral plane

— o Octa.

Principal plane Principal shear stress planes plju?e

L oL el -

= + 0 0 2 ‘ﬁ 0 x/g

b + ] 1

= + T~ iy e

+ ! * ! :

- + ~ ' B

n 0 0 1 0 5 2 NE
o +o o +to 0y +0

c= o0 0y 03 012:—12 2 o= 12 P ons 22 * oo
oj-o 0-0 02-0

= 0 0 0 m=—E =TS mETg T

25

Hexahedron, Octahedron, Dodecahedron

According to the stress state, various polyhedral elements can be drawn as shown
in Fig. 2.4. They are:

a.

b.

Cubic element (o}, 05, 03), the principal stress element: three principal stresses
0}, 0y, 03 act on this element.

Quadrangular prism element (75, 0|3 0,), the maximum shear stress element;
the maximum shear stress 7;;and respective normal stress o5, as well as the
intermediate principal stress o, act on this element.

Quadrangular prism element (T,,, ;,, O3), the intermediate principal shear stress
element (when T,22T,,), the intermediate principal shear stress T;, and the
respective normal stress G,,, as well as the minimum principal stress ©5 act on
this element.

. Quadrangular prism element (T,, G, ), the minimum principal shear stress
g p 2% 023 O) princip

element (when T,,<1,5), the minimum principal shear stress 7,; and the respective
normal stress G5, as well as the maximum principal stress 6; act on this element.
Isoclinal octahedron element (T, Gy), the isoclinal octahedron element, the octahedral
normal stresses Gy and octahedral shear stresses Tg act on this element.

Dodecahedron element (T3, T;5» T,3 O3 O;» O,3), the dodecahedron element,
the principal shear stresses T;3, T, T,3 and the respective normal stresses O3,
G5 0,3 act on this element.

. Orthogonal octahedron element (1,5 T,5 O3 O}y, the orthogonal octahedron

element, the principal shear stresses T3 T;, and the respective normal stresses
G,3 Oy, act on this element. This element can also be referred to as the twin-
shear element.
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h. Orthogonal octahedron element (T;3, Ty3; G3, O23), the orthogonal octahedron
element, the principal shear stresses T3, Tp; and the respective normal stresses
G13, O3 act on this element. This element can also be referred to as the twin-
shear element.

All the polyhedral elements shown in Fig. 2.4 are spatial equipartitions.

Fig. 2.4a-h Various polyhedral elements

2.6
Stress Space

The stress point P (oy, 05, 3) in stress space can be expressed by other forms, such
as P(x,y,z), P(r, 6, &) or P(J, 6, &). The geometrical representation of these
transfers can be seen in Fig. 2.5 and Fig. 2.6.

For the straight line OZ passing through the origin and making the same angle
with each of the coordinate axes, the equation is

0, =0, =03 (2-16)
The equation of the my-plane is

o, to,+to;=0 (2-17)
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The stress tensor oj; can be divided into the spherical stress tensor and deviatoric
stress tensor. The stress vector o can also be divided into two parts: the hydrostatic
stress vector o-mand the mean shear stress vector T

o=0, +1, (2-18)

0

Fig. 2.5 Cylindrical coordinates Fig. 2.6 Stress state in the n-plane

Their magnitudes are given by

1
& —ﬁ(al +0, toy) (2-19)

r =\/%[(0'l —0'2)2 + (o, —0'3)2 + (o4 —0'1)2
(2-20)
=3z, =24, =27,

in which oy is the octahedral normal stress and z; is the octahedral shear stresses.

(2 472 1.2
S LN BT
o 3

(2-21)
=\/%[(0'1 —0'2)2 + (o, —63)2 + (o4 —o'l)2

The m-plane is parallel to the my-plane and is given by

o,to,toy;=C (2-22)
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in which C is a constant. The spherical stress tensor ¢, is the same for all points
in the m-plane of stress space and

c (2-23)
3

The projections of the three principal stress axes in stress space o, o,, o are
o-l' , az' , 0—3'. The relationship between them is

’ ’2
o, =o(cosf =,/—0,
3
’ 2
0y, =0,C08f3 = 502 (2-24)
’ 2
O3 20'3COSﬁ=\/;O'3

in which g is the angle between O’A,O'B,O'C and the three coordinates as
shown in Fig. 2.7.

Fig. 2.7 Deviatoric plane

2.6.1
Relationship between (¢,,06,,06;) and (x,y,2)

The relationships between the coordinates of the deviatoric plane and the principal
stresses are:
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1
x=ﬁ(03—52)

1
y=ﬁ(201—02—03) (2-25)
z—L(a +0,+03)
_\/5 1 2 3
o= (or++52)
o =%(2J§z—£ »-332x) (2-26)

oy :é(zﬁx_ﬁﬁ 243z)

2.6.2
Relationship between (o,,6,,6;) and (¢,r,0) or (J,,1,,,0)

The relationship between the cylindrical coordinates (&, », 8 ) and the principal
stresses (oy,0,,03) are

1

I
§=|ON|=\/§((:1+0‘2 +O'3)=?1=\/§O'm (2-27)

1 2 2 o)

r=|NPl=—|(c,—0,)* +(c,—03)* +(03—0))’ |2

| |ﬁ[(01 03)" +(0y—03)" +(0;3 O'I)]>

1
—(s2+52+52f =27, (2-28)
:\/578:2Tm
6= tan_l [iJ (2_29)
y

From Eq. (2.25) and Eq. (2.28) we can obtain
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y x/gSl _\/g S; _20y-0,-03

COS9=7_M_2\/Z_ 2ﬁ\/z

The second and third invariants of the deviatoric stress tensor are

Jy ==(815; + 5,83 +535))

J3=815,8;

Three principal deviatoric stresses can be deduced

S -2 J, cosé

NE)

S, :%\/Zcos(z%—aj

S3 = %ECOS(%-F 6}

(2-30)

2-31)

(2-32)

(2-33)

These relationships are suitable to the conditions ¢;2> 6,2 03 and 0 < 6 <t /3.
The limit loci in the m-plane has threefold symmetry, so if the limit loci in the

range of 60° are given, then the limit loci in 7-plane can be obtained.
The three principal stresses can be expressed as follows:

o —L§+‘/£rcose
1 \/g 3
o —L§+\/§rcos(6—2n/3)
2 \/5 3

o3 = %f + \/grcos(e +2m/3)

(2-34)

The principal stresses can also be expressed in terms of the first invariant 7; of
the stress tensor and the second invariant of the deviatoric stress J, as follows:
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1
o4 =—1+— J, cos@

NG

4 +_\/Z cos(0 - (2-35)

= —+—1/J2 cos(@ +—)
The principal shear stresses can also be obtained

713 =4/J2 s1n(0+ j x/_r s1n[9+ 3)
T1p = J2 Sln(%—ﬂj (2-36)

73 = \/Zsin(e)

2.7
Stress State Parameters

The stress state at a point (element) is determined by the combination of the three
principal stresses (o1, 03, 03). Based on the characteristics of the stress state and by
introducing a certain parameter, it can be divided into several types. Lode (1926)
introduced a stress parameter x, as follows:

Us=(20,—01—03)(0,—03) (2-37)

which is referred to as the Lode stress parameter. The Lode parameter can be
expressed in terms of principal shear stress as follows

20,—0,—0 Tyy —T
py=22270179 I~ (2-38)

0103 713

In fact, there are three principal shear stresses 713, 71, and 73 in the three-
dimensional principal stress state. However, the three principal shear stresses 73,
71, and 73 are not independent and only two principal shear stresses are dependent
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variables, because the maximum principal shear stress 7;; equals the sum of the
other two shear stresses. This relationship is expressed as follows:
_ (2-39)
713 =712 T 723
Subsquently, Yu introduced the “twin shear stress” concept into the analysis of
the stress state and offered two twin—shear stress parameters (Yu 1991, 1992):

_2_01—02231—52
fe T3 oyp—o3 8§83 (2-40)

, _T3_03-03_S5;—8;

(2-41)

U, +ul =1, 0<u, <1,0<u; <1 (2-42)

The twin-shear stress parameters are simpler and have an explicit physical
meaning. They can reflect the state of the intermediate principal stress and can
represent the status of stress state.

The twin-shear stress parameters have nothing to do with the hydrostatic stress.
They instead represent the status of the deviatoric stress state and the stress angle
on the deviatoric plane in stress space, as shown in Fig. 2.6. Five different stress
states are shown in Fig. 2.6. They are ¢=0" ( u,=1), 6=13.9°
(p,=3/4,u; =1/4), 6=30" (u,=pu. =05), 6 =46.1" (u, =1/4,u. =3/4)
and =60 (u, =0, u, =1). According to the meaning of the twin-shear stress
parameters, we know that:

If u, =1 (u. =0, stress angle equals ¢ = 0°), the stress states include three
following cases:
l. ,>0, o, =0,=0, uniaxial tension stress state;
2. 6,=0, o, =0;<0, equal biaxial compression stress state;
3. 6,>0, o, =0;<0, uniaxial tension, equal biaxial compression stress state.

’

If u,=u, =0.5(stress angle equals & =30°), the corresponding stress
states are as follows:

1
l. 0, = 5(01 +05) =0, pure shear stress state;

2. 6, =(0,+0;)/2>0, biaxial tension and uniaxial compression stress state;

3. 6, =(0,+0;)/2 <0, uniaxial tension and biaxial compression stress state.

If u,=0(u, =1, stress angle equals 6 =60°), then the corresponding stress
states are as follows:
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. 0,=0,=0,0,<0, uniaxial compression stress state;
. 0,=0,>0,0,=0, equal biaxial tension stress state;

. 6;=0,>0,0,<0, equal biaxial tension and uniaxial compression stress

state.

According to the twin-shear stress parameters and the magnitude of the two

smaller principal shear stresses, the stress state can be divided into three kinds of
conditions as follows:

1.

Extended tension stress state, that is, 712> 73, 0< ﬂf’< 0.5<u, <1. The stress
state (uniaxial tension and biaxial compression) can be expressed by deviatoric
stress, and the absolute magnitude of the tensile stress is a maximum, so it can
be called the extended tension stress state. When the intermediate principal
stress o equals the minimum principal stress o3, then g, =1 (g, =0). If 0y=03
=0, the extended tension stress state becomes the uniaxial tension stress state.

. Extended shear stress state, that is, o= 73, 02 =(o1t03)/2. The two smaller

stress circulars are equal, the second deviatoric stress $,=0 and the magnitude of
the other two deviatoric stresses are identical, but one is tensile and the other is
compressive. The two twin-shear stress parameters are identical, that is,
u=pu, =0.5. If o2 =(01+03)/2=0, the extended shear stress state becomes the
pure shear stress state.

. Extended compression stress state, that is, 712< 723, 0< 1, <0.5<y_<1. If 1= 02

=0, 03;<0, this stress state becomes the uniaxial compression stress state.

The twin-shear parameters simplify the Lode parameter and have a clear

physical meaning. Their relationships are:

1- ’
== =1-y (2-43)
2
, 1+
ul ===, (2-44)

Some types of stress states and stress state parameters including the Lode

parameter and the twin-shear stress parameters are summarized in Table 2.2.

The relationships among various shear stresses are listed in Table 2.3. It is

convienent for comparing the definitions of the stress parameters. Different
sympose or expressions may be used in different applications.
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Table 2.2. Principal stresses, shear stresses and stress state parameters

Principal Parameter of
Principal Deviatoric Stress
Stress state shear stress state
stress stress angle |
stress y y7a YA
Ili’urelt?sioTn,l 0y=0 2718 %=% 1 0 -l
SR CRRCHIE ST B B )
Extended __ compression
tension _ 12 o1+ 03 -1
3= 5% Op<———= 139° 3 1 =
3 12>73  §=5+5 7 1 2
T13= 473
0,- 01703 S-Sy
Pure shear 2 T12=723 S=0 30° 05 05 0
(%) 01+ 03
f2=—== 0)>———7 46.1°0 1 3 1
3 2 <ty |S=5+5 )
Extended T13= 471
compress Pure
ion compression 0,=0 7,=0 Sl = S2 0° 0 . "
equal biaxial 3=73  [$=5+S5
compression
Table 2.3. Relationships among various shear stresses and J,
q, 7g 7 T =r J, Sij
Generalized 3 3
shear stress q, q, T g \/3_ 7, ;T”
Octhedral shear
\/E T 2 1_ T
stress 7 —/ 4 8 -7 z
$ 3 A
Pure shear
stress i 3 !
N o Y
T 2

s

shear stress on

L 2
deviatoric plane Zq \/g 7 /2 7, T 5 J, / S USU
T =r 3
V3
Second 12 3 2 2 1 2 1
invariant J, of —q; g T, -z, J 2 — Sij i
deviatori 3 2
eviatoric stress
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Summary

Elements and stress states are described briefly in this chapter. Stress states can be
studied in many courses, such as elasticity, plasticity, mechanics of solids, rock
mechanics, soil mechanics. The basic formulas are given here only.

The twin-shear stresses, the twin-shear element and the twin-shear stress
parameter are new concepts. They are used in following chapters.

The relationships among various shear stresses and J are listed in Table 2.3.
Various different notations may be used at different textbook.
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3 Basic Characteristics of Yield of Materials under
Complex Stress

3.1
Introduction

The stress-strain curve of a mild steel under uniaxial stress shows that there exist a
tensile yield point and a compressive yield point at which the material will begin to
deform plastically. In this case the stress is uniaxial and the magnitudes of the tensile
yield point oy, and the compressive yield point o, are identical,
st =0y =0y 3-1)

Material behaviour is elastic if stress o<oy,. This yield stress can readily be
determined based on the uniaxial test. What if, however, there are several stresses
acting on an element in multiaxial stress state, i.e., biaxial stress (o,,0,) or triaxial
stress (0y,0,,0,)? What combination of these stresses will cause yielding? We will
now extend the definition for yielding from the uniaxial concept of a yield stress oy
to a general three-dimensional state of stress or multiaxial stresses.

A law defining the limit of elastic behavior (or deciding what combination of
multiaxial stresses will cause yielding) under any possible combination of stresses is
called yield criterion. The mathematical expression of yield criterion is

F=(0'1’0'2’0-3 ):O or F(II,J2,<]3)=O (3'2)

o

The yield criterion is a function of the stress state and the material parameters.
The suitability of any proposed yield criterion must be verified by experiment.

It is necessary to study some basic characteristics of yield for engineering
materials under complex stress for research into a general yield function. A large
number of experiments have laid the groundwork for the theoretical research of yield
function. Some basic characteristics of yield behavior of materials under complex
stress are summarized in this chapter.

3.2
Strength Difference Effect (SD Effect)

The strength of most brittle materials is greater under compression than that under
tension. Fig. 3.1 shows the stress-strain curve of cast iron subjected to a uniaxial
load. It is seen that the compressive strength of cast iron (o,) is about 3 to 5 times



34 3 Basic Characteristics of Yield of Materials under Complex Stress

greater than its tensile strength ( o;). Concrete and rock also have this kind of
characteristics with compressive strength 10 times greater than tensile strength. The
general stress-strain relation of rock under uniaxial stress is shown in Fig. 3.2.

[ %1 tension
lension a, )
[V,
£

compression

compression
o,

Fig. 3.1 Stress-strain curve of cast iron Fig. 3.2 Stress-strain curve of rock

For metals, we traditionally think that they have the uniform strength whether
they are subjected to compressive or tensile load. However, there were a number of
reports (Chait 1972; Rauch and Leslie 1972; Drucker 1973; Spitzig et al. 1975,
1976; Richmond and Spitzig 1980; Lewandowski and Lowhaphandu 1998)
suggesting that there is a significant difference for high-strength steels between the
compressive strength and tensile yield strength; this is called the strength difference
effect or the SD effect. Some of these materials are high-strength stainless steels and
high-strength aluminum alloys widely used in the aviation and automobile, electric
and chemistry industries. Fig. 3.3 shows the stress-strain curve of stainless steel
subjected to tension and compression at normal temperature (Spitzig et al. 1975,
1976, Richmond and Spitzig 1980). It is seen that both curves show an obvious SD
effect. Generally, for metallic materials, the more obvious the strength difference
effect, the higher the strength of the material.
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Fig. 3.3 Stress-strain curves in tension and in compression (Richmond and Spitzig 1980; Spitzig
etal. 1975)
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It is shown that the tensile strength o, and the compressive strength o, of most
materials are different, i.e. o#o .. To ensure this condition, it is necessary to impose
the further restriction in the yield function that

F(-0;) # F(0;), or F(-0|,~0,,~03) # F(0,0,,03) (3-3)

3.3
Effect of Hydrostatic Stress

Hydrostatic stress, or mean stress o, = (01+ o2+ 03)/3, has a great influence on
material strength for brittle materials. Many studies have been devoted to the effect
of hydrostatic stress. In an early work, von Karman experimented on rock strength.
He applied certain confining pressures on test rocks, then gradually increased the
axial pressure while the confining pressures remained unchanged. The experimental
results of his tests are shown in Fig. 3.4. The strength of rocks is increased with the
increasing of the confining pressure. The relationship between the limit stress circle
and the confining pressure can also be obtained. A systematical study was done by
Bridgman (1964).
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Fig. 3.4 Stress-strain relation of marble under different 0y, (von Karman 1911)

Compressive stress-strain curves for an aged nickel alloy at three different
hydrostatic pressures were given by Spitzig et al. (1975, 1976) and Richmond and
Spitzig (1980). These curves are shown in Fig. 3.5. It is shown that the high-strength
alloys have both the SD effect and the effect of hydrostatic stress. The linear
dependence of yield stress on hydrostatic stress for nickel alloys is extended to
tensile mean stress.
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Fig. 3.5 SD effect and o, effect of maraging steel and polyethylene (Spitzig et al. 1976)

This behaviour implies that the general yield function must satisfy the condition
as follows:

F(o,)# F(0;%0,)#F(S) or aa—F;to (3-4)

O;

The effects of hydrostatic stress can also be observed in some other materials
subjected to high confining pressure loads.

The effect of o, on the yield stress for stainless steel was given by Richmond and
Spitzig (1980). A marked linear effect of hydrostatic stress is indicated. Spitzig and
Richmond (1979) also gave the stress-strain curves of polyethylene at various
hydrostatic pressures. Four compressive stress-strain curves and two tensile
stress—strain curves are shown in Fig. 3.6. The dependence of the proportional limit
and yield stress at 1% offset strain on hydrostatic stress are shown in Fig. 3.6a for
polyethylene and in Fig. 3.6b for polycarbonate. The rectangular experimental
points in Fig. 3.6 represent tensile test results and the circles represent compressive
test results. From these curves we can find that the effects of hydrostatic stress for
both polyethylene and polycarbonate are linear.
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Fig. 3.6 Relation of yield stress on hydrostatic stress for two polymers

The combined effect of the SD effect and the effect of hydrostatic stress has been
found in the tests. This phenomenon has also been observed in other hydrostatic
pressure tests for other materials.
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In the triaxial test, the axial stress o; minus lateral compressive stress (confining
pressure or hydrostatic pressure o3) yields the maximum shear stress, which is 7y
(o, - 03)2. Therefore the result is shown as the relationship between shear strength
and hydrostatic pressure. The general result from a great number of lateral confining
compressive stress tests for rock is shown in Fig. 3.7.
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Fig. 3.7 Shear strength changes with hydrostatic pressure of rock (Goodman 1980)

The shear strength of rock increases with the development of hydrostatic pressure
(0, = 03 = p). The linear dependence of shear strength on hydrostatic stress in the
low-pressure region is apparent.

34
Effect of Normal Stress

It is worth noting that the yield strength of a material usually depends on the
difference of the principal stresses, which is the magnitude of the shear stress. Fig.
3.8 shows the values of the minimum shear stresses 7z plotted against the normal
stress o for various rock materials obtained by Jaeger and Cook (1979). In Fig. 3.8,
A represents marble, B is for Trachyte, C is for Trachyte with a smoother surface, D
is for sandstone and u is the coefficient of friction. Similar results were also
observed for granite, basalt and losse. Fig. 3.9 was obtained for granite rock from the
Laxiwa Hydraulic Power Station on the Yellow River in China. The similar results
were also obtained from three different experiments of loess at Xi’an area.
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Fig. 3.8 Relation of #o for rock Fig. 3.9 Relation of 7o for granite and basalt
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The dependence of strength on normal stress is the most marked characteristic of
geomaterials. The general relationship between the shear strength 7 and the normal
stress o can be considered linear and can be expressed as follows:

F=F(r; +foy) (3-5)
or '

r=C+otang (3-6)

3.5
Effect of Intermediate Principal Stress

In order to investigate the effect of the intermediate principal stress, Lode performed
a lot of experiments on this problem. Lode introduced a stress parameter 4. to
represent the status of the intermediate principal stress:

oy, :M’ (1< ugy<1) (3-7)
0 _0'3

which is called the Lode parameter. The Lode parameter, however, could not be
expressed explicitly. The Lode parameter can be simplified by introducing a new
concept of the twin-shear stress state parameter as follows (Yu 1990b, 1992).

T o1 —0
pp=—2="1-"2  (0< u,<1) (3-8)
713 0103

T Oy —O
ﬂr':A:# s (OS ,ufvil) (3_9)
713 01703

These stress parameters are equivalent. They reflect the changes in the states of
three principal stresses when increasing the intermediate principal stress o, from the
value of the minimum principal stress to the maximum principal stress, i. €., from o,
= o3 to 0,=0} Increasing the intermediate principal stress means decreasing the
intermediate principal shear-stress 71>, while means increasing the intermediate
principal shear-stress 7,3,

Their relationships are:

1—u ’ 7 14+u
=—% =1y, ; p,=—%=

He B b

1-u, (3-10)

The twin-shear stress parameters are simpler and more straightforward than the
Lode parameter.



3.5 Effect of Intermediate Principal Stress 39

3.5.1
Metals

Lode (1926) performed the experiments on thin-walled tubes made of iron, copper
and nickel. The results are shown in Fig. 3.10. All materials show the effect of the
intermediate principal stress. Taylor and Quinney (1931) did experiments on mild
steel, copper and aluminum thin-walled tubes that were subjected to tension and
torsion. Their results are shown in Fig. 3.11.
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Fig. 3.10 The o, effect (Lode 1926) Fig. 3.11 The o, effect (Taylor, Quinney 1931)

Fig. 3.12 shows the results for aluminum alloy thin-walled tubes that were
subjected to combined stresses by Ivey (1961). The experimental results prove the
existence of the effect of intermediate principal stress in aluminum alloys.

In 1964, Mair et al. experimented on pure copper thin-walled tubes subjected to
combined tension and torsion stresses. The results are shown in Fig. 3.13.
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Fig. 3.12 Aluminum alloy (Ivey 1961) Fig. 3.13 Copper (Mair 1964)

From the above experiments, we can conclude that the effect of intermediate
principal stress exists in all kinds of materials in different degrees. The difference
may reach 10%~33%.

3.5.2
Rock

Fig. 3.14 shows the results of experiments on different coals (Hobbs 1962). It
indicates that the strength of coal increases quickly as the intermediate principal
stress increases. However, when the intermediate principal stress reaches a certain
value, the strength of coal decreases gradually. Fig. 3.15 shows the results of
experiments on granite (Mazanti and Sowers 1965).



40 3 Basic Characteristics of Yield of Materials under Complex Stress

hard coal 552

o (kPa)
B
Jw
o1—o(kPa)

=]

: & 0 0z 04 06 08 10
& (kPa) LA
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The effect of the intermediate principal stress for rock was also found by Hoskins
et al. (1969, see: Jaeger and Cook 1979) as show in Fig.3.16. The results of the true

triaxial experiments on marble obtained by Michelis (1985, 1987) are shown in Fig.
3.17.

a)
{MPa)
6895

TFy=352MPa

O3=17.2MPa
9,=27.6MPa
00
344.7 250
g wf
£
s g
Trachvte
65
0 0
68.0 137.0 206.8 275.8 344.7
o, (MPa) o; (MPa)
Fig. 3.16 Effect of o, for rock Fig. 3.17 Effect of o, for rock
(Hoskins 1969, see: Jaeger and Cook 1979) (Michelis 1985, 1987)

It is obvious that when o, increases from the minimum value of o, = o3 to
the maximum value of ¢, = o under constant o; , the strength of the rock
gradually increases and reaches a peak. The strength then gradually decreases to
the ending strength, which is (o, = o >03 ) slightly higher than the beginning
strength (o, >0, = 03).

To test the effect of the intermediate principal stress on scarlet sandstone, Gao
and Tao (1993) performed three groups of experiments with a rigid true triaxial
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machine. The minimum principal stresses were 0.4 and 8 MPa, respectively. The
relation curves between the maximum principal stress strength limit o, and the
intermediate principal stress o, are shown in Fig. 3.18. The rule is the same as the
experimental results of Hoskins and Michelis for rock (Li and Xu 1990). Some true
triaxial experimental results from various rocks under different conditions were
summarized by Gao and Tao (1993). These results are shown in Fig. 3.18.
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Fig. 3.18 The o, effect curves of the true triaxial experiments (Gao and Tao 1993)

It can be seen from these results that all experimental results indicate remarkable
effects of the intermediate principal stress. The effect of the intermediate principal
stress, which ranges from the minimum value of 18% to the maximum value of 75%.
Normally, it is about 25%~40%. This rule is similar to the rule for concrete that is
discussed in next section.

Research on the intermediate principal stress for rock began with Foppl and
Boker and von Karman at the beginning of the twentieth century. However, it has
been discussed with various opinions until the late 1960s. Jaeger and Cook felt that
the effect of the intermediate principal stress should be solved, since it is a problem
of great significance in theory and practical matters. They also pointed out, "it can be
surmised that the effect of increasing the intermediate principal stress is to increase
the strength from that obtained in triaxial stress conditions to a higher value. An
analytical formulation of this transition is so complex that its meaning is not
obvious.” (Jaeger and Cook 1979).

The effect of the intermediate principal stress has been confirmed and is
considered a significant feature of the yield of rock.

1. The intermediate principal stress has an obvious influence on the strength of rock.
Let the minimum principal stress o3 equal a certain value, then the strength of
rock under various increasing o, (03< 0,<0,) is greater than the strength under
confining compression (c;=0,<0,). Therefore the value of strength of rock from
confining triaxial tests is lower, and the strength of rock is increased by 20-30 %
when the effect of the intermediate principal stress is taken into account. The
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higher the minimum principal stress is, the greater the effect of the intermediate
principal stress.

2. When the intermediate principal stress o, increases from the lowest limit ¢,=0;
to on =07, the strength of rock will first increase to a certain peak value, and then
decrease after that value. The yield strength of rock under o,=0,>0;3 is somewhat
greater than that with o3=0,<0,.

3.5.3
Concrete

True triaxial testing of concrete developed the same as that for rock in the 1960s
because their test facilities and results are very similar. For the true triaxial test, in
which the three loads can be separately controlled, Michelis began his experiment
with o3 unchanged, and then increased o, with o, equal to 3.15 MPa, 6.89 MPa,
13.8 MPa and 27.58 MPa, respectively. He then plotted four stress—strain curves as
shown in Fig. 3.19 with his test results. Fig. 3.19 also gives the relationship between
& and (o—03). It can be seen that o, obviously increases the strength and
deformation of concrete.

Michelis obtained various stress—strain curves at different intermediate principal
stresses when o5 equals 3.45 MPa, 3.89 MPa and 13.79 MPa, respectively. Figure
3.19 shows the o, effect when o, =3.15 MPa (Michelis 1985).
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Fig. 3.19 The o, effect when o3 =3.15 MPa (Michelis 1985)

Glomb’s results showed that the intermediate principal stress does affect the yield
strength of concrete, and the magnitude is risen up to 23-26%. Mier (1986) and
Wang et al. (1987) determined the effect of biaxial strength they got an increase of
magnitude of about 1.385-1.622 times, while other researchers obtained values of
1.2-1.6 times.

All of the above tests for the effect of biaxial strength were made in the plane
stress state. In this case, because one of principal stresses equals to zero, i.e., the
minimum principal stress o3=0, the effect of the two—dimensional stress is also the
effect of the intermediate principal stress. Many true triaxial tests have been done
over the past three decades. Fig. 3.20 is a strength curve made by Launay and
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Gachon (1972). The changes in the strength of concrete under different intermediate
principal stresses when the minimum principal stress oy is 0;=0, 0;=0.20,
0,=0.40,, 0,=0.60,, 0,=0.8¢, and o,=0,, respectively were given. All of these data
show that the intermediate principal stress has a marked effect on the strength of
materials.

Fig. 3.20 The o effect curve for concrete under different o3 (Launay and Gachon 1972)

The effect of intermediate principal stress on soil was also observed by Shibata
and Karube (1965), Ko and Scott (1968), Sutherland and Mesdary (1969), Green and
Bishop (1969), Bishop (1971), Butterfield and Harkness (1971), Ergun (1981) and
Matsuoka and Nakai (1974, 1985).

The effect of intermediate principal stress is an important characteristic of
materials (Michelis 1985).

3.6
Effect of Intermediate Principal Shear-Stress

The effect of intermediate principal shear-stress T, Or T3 on sand was studied by
Bishop (1966) and Green and Bishop (1969). The variation of friction angle of sand
with intermediate principal shear stress 2t,3=(c6,—03) is shown in Fig.3.21. The
friction angles of shearing resistance ¢ with (c2~03) at porosities of n=0.37,0.38,
0.39, etc., to n=0.42 are plotted. The results of tests show that the peak strength of
dense Ham River sand increases as the intermediate principal shear-stress
21,3=(0,—03) increases.
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Fig. 3.21 Variation of friction angle with intermediate principal shear-stress (Bishop 1966)

Fig. 3.22 shows the same result given by Green and Bishop (1969). They

indicated that:

"The commonly used Mohr-Coulomb theory will tend to

underestimate the strength by about 5° over most of the range. This would be a
significant error in many analyses of field problems" (Green and Bishop 1969).
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Fig. 3.22 Peak strengths of Dense Ham River sand (Green and Bishop 1969)

The similar results are summarized by Ergun (1981) and Ramamurthy-Tokhi

(1981), as shown in Fig. 3.23.
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Fig. 3.23 Variation of friction angle with intermediate principal shear stress

The effect of intermediate principal shear-stress on rock was found experimentally
by Kwasniewski, Takahashi and Li (2003). The fine- to medium-grained Slask
sandstone was taken from the Upper Silesian Coal Basin, Poland. The results of true
triaxial compression tests show that the ultimate strength of sandstone increases as
the intermediate principal shear stress 21,:=(0,-03) increases, as shown in Fig. 3.24.
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Fig. 3.24 Effect of intermediate principal shear stress on the strength of sandstone
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The effect of intermediate principal shear-stress is similar to the effect of
intermediate principal stress; however, it is more complex than the effect of
intermediate principal shear stress. In point of fact the effect of intermediate
principal shear-stress can be obtained from the true triaxial test; unfortunately, the
relation of ultimate strength of rock with intermediate principal shear-stress
7,,=(6,-03)/2 or 1,,=(6,-6,)/2 has not been given before Kwasniewski, Takahashi
and Li (2003).

3.7
Bounds of the Convex Strength Theories

The function of strength theory for an isotropic material F(o,)=0 is a symmetric
function of the principal stresses o; (i =1, 2, 3). The yield loci must have three-fold
symmetry for the three stresses axes oy, 03, 63, as shown in Fig. 3.25. It represents a
cross section of the yield loci in the deviatoric plane. The projections of the
coordinate axes oy, op, 03 on the deviatoric plane are designated by o', o2/, 03" It
should be noted that interchanging the arbitrarily chosen indices 1, 2, 3 on the
coordinate axes will not alter the physical conditions under which yield occurs.
When performing experiments, it is only necessary to explore one of the six
60°-sections shown in the figure; the other sections are then given by three-fold
symmetry.

The effect of the strength difference (the SD effect) does not require the limit
stress in tension to be the same as the limit stress in compression. This means that the
distances OT and OC would not have to be equal, as shown in Fig. 3.25(a). If the
yield stresses in tension and compression are identical, the yield loci must have
six-fold symmetry. In this case, in order to determine the yield locus experimentally,
it is only necessary to explore any one of the typical 30°-sectors shown in Fig.
3.25(b).

(a) SD materials (b) non-SD materials

Fig. 3.25 Two bounds of the yield loci
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A fundamental postulate concerning the convex of yield surfaces was proposed
by Drucker (1951) with the convexity of the yield surface determined.

According to convexity, the yield surface can be convex and satisfy the other
requirements only if it lies between the two bounds as illustrated in Fig. 3.25. The
lower bound is the yield locus of the Mohr-Coulomb strength theory; it can be
thought of as the inner limit of convexity. The upper bound is the yield locus of the
twin-shear strength theory proposed by Yu et al. in 1985; it can be thought of as the
outer limit of convexity and will be described in Chap. 4. Most of the experimental
results are situated between these two limit loci.

Two bounds of the yield criteria for isotropic materials with same yield stresses in
tension and compression (non-SD material) are shown in Fig. 3.25(b). The inner
(lower) bound is the yield locus of the single-shear yield criterion (Tresca 1864).
The outer (upper) bound is the yield locus of the twin-shear yield criterion (Yu
1961a). The Huber-von Mises circle circumscribes the inner bound and inscribes the
outer bound.

Summary

Some characteristics of yield of materials under complex stresses are discussed in this
chapter. They are the SD effect, the effect of hydrostatic stress, the effect of normal
stress, the effect of intermediate principal stress, the effect of intermediate principal
shear-stress, symmetry and the convexity of yield surfaces. The research on the SD
effect, the effect of hydrostatic stress and the effect of normal stress have developed
rapidly because they can easily be carried out with relatively ordinary experimental
facilities, and can be explained by theory on hand. However, research on the effect of
intermediate principal stress has been more difficult and time-consuming. This is
because its experiments are difficult, and it requires more accurate as well as more
expensive facilities. Research on the effect of the intermediate principal stress and the
effect of intermediate principal shear-stress will have to continue, and has become an
interesting as well as significant topic for scholars.

Strength theory deals with the yield of materials under the complex stress state. It
is difficult to find a general law for the varieties of yield of materials under the
complex stress. However, considerable experimental and theoretical studies have
provided us with valuable data for comparison, verification and study of the avaiable
criteria.
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4 Unified Strength Theory and Its Material
Parameters

4.1
Introduction

Great effort has been devoted to the formulation of strength theories, failure criteria and
yield criteria. Many versions of these were presented during the past 100 years. The
single-shear criterion (Tresca 1864), the Huber-von Mises criterion (1904, 1913) and the
twin-shear criterion (Yu 1961a) can be suitable for those materials that have the identical
strength both in tension and compression. For these materials the shear yield stresses are
770.50;, 770.577 0, and 7,=0.667c,, respectively, where 7, is the shear yield strength
and o, is the uniaxial yield strength of materials. The Drucker—Prager criterion
contradicts the experimental results of geomaterials. The Mohr—Coulomb strength theory
(1900) and the twin-shear strength theory (Yu 1985) are two bounds of the convex
strength theory. Each one mentioned above is suitable for only a certain type of materials.

What is the relationship among various strength theories? Can we propose a
unified strength theory that adapted to more kinds of materials?

Before the study, we should to discuss the general behavior of yield functions of
materials under complex stress state.

For an isotropic material, the yield function can generally be expressed in terms
of the three principal stresses or stress invariants as

F(o,,0,,03)=0,0or F(,J2J3)=0 4-1)

The general yield function can also be expressed in terms of cylindrical
coordinates (Haigh—Westgaard coordinates) as

F(&,p,0)=0 (4-2)

It is evident that all the effects of the three components oy, o,, o3 must be
included in the general yield function. It means that the three stress invariants [y, J,
J3 have to be incorporated into the expressions of the general yield function. In
other words, the general mathematical expression of yield function must include all
the three components of o, oo, o3 0r I}, J2, J3.

The basic characteristics of material under the complex stress have been summarized
in Chap.3. The following general behaviors must be considered in yield function.

1. SD effect;
2. Hydrostatic stress effect;
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3. Normal stress effect;

4. Effect of the intermediate principal stress;
5. Effect of intermediate principal shear stress;
6. Three-fold symmetry of the yield surface.

The mathematical expression of a yield function for isotropic materials F (o, o5,
03)=0 is a symmetric function of the principal stresses o; (i=1, 2, 3). So, the limit
surface of yield function is three-fold symmetry.

The yield function may also be expressed in the form of the principal shear
stresses as follows:

S (213, 719, T93) =0 or [(7y3, 715, Tp35 043, 0135 053) =0 (4-3)

4.2
Mechanical Model of the Unified Strength Theory

Mechanical and mathematical modelling are powerful means for establishing and
understanding the development of a new theory. Mechanical modelling is an abstraction,
a formation of an idea or ideas that may involve the subject with special configurations.
Mathematical modelling may involve relationships between continuous functions of
space, time and other variations (Tayler 1986; Meyer 1985; Besseling and van der
Liesen 1994).

To express the general nature of the strength theory, the cubic element is often
used. It is clear that there are three principal stresses o}, o,and o5 acting on the
cubic element as shown in Fig. 4.1a. Fig. 4.1b shows the single-shear element. The
Tresca-Mohr—Coulomb strength theory can be introduced from this model. The
effect of the intermediate principal stress o, and the effect of intermediate principal
shear stress (7, or 7,3) however, was not taken into account in the Tresca-Mohr—
Coulomb strength theory.

A new twin-shear stress element and multi-shear element were proposed by Yu
(see: Yu 1983, 1985, 1992). It is shown in Fig. 4.2a. The principal stress state (o,
0,, 03) can be converted into the principal shear stress state (z;3, 75 7,3) as shown
in Fig.4.3(a) and (b). Since there are only two independent principal shear stresses,
the shear stress state can also be converted into the twin-shear stress state (73, 7,5
013 0, ) Of (713 7p3, 0|3 Oy3). This stress state corresponds to the model shown in
Fig. 4.2a. The eight sections that two groups of shear stress act on consist of the
orthogonal octahedral elements, so the twin-shear mechanical model can be
obtained as shown in Fig. 4.2a.
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Fig. 4.2 Twin-shear element and multi-shear element

The twin-shear stress model is different from the regular octahedral model
proposed by Ros and Eichinger (1926) and Nadai (1947). The orthogonal
octahedral model consists of two groups of four sections that are perpendicular to
each other and are acted on by the maximum shear stress 73 and the intermediate
principal stress 7, Or 753,

The multi-shear element is shown in Fig.4.2 (b). It is clear that there are three
principal shear stresses 713, 7); and 7,3 in the three-dimensional principal stress
state o, 0, and o3 However, only two principal shear stresses are independent
variables among 73, 715, 7»3 because the maximum principal shear stress equals the
sum of the other two, that is,

T3 =7 73 (4-4)

The effect of intermediate principal shear-stress (7, or 7,3) can be taken into
account naturally in the twin-shear element and the multi-shear element.
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4.3
Unified Strength Theory

Considering all the stress components acting on the element and the different
effects of various stresses on the failure of materials, the unified strength theory
assumes that the yielding of materials begins when the sum of the two larger
principal shear stresses and the corresponding normal stress function reaches a
magnitude C. The mathematical modelling is given as follows

F=Tl3 +bT12+ﬁ(0'13 +b0'12)=C, when T1p +ﬂ0’12 2T23+ﬂ0'23
(Extended tension stress state) (4-5a)

F'=1,3+bTy;+ B(013+b0oy3)=C, when 15+ f0 |, <193+ P00
(Extended compression stress state) (4-5b)

where b is a parameter that reflects the influence of the intermediate principal
shear stress 7, or 7,3 on the failure of material; g is the coefficient that
represents the effect of the normal stress on failure; C is a strength parameter of
material; i3, 71, and 7,3 are principal shear stresses and o3, o1, and o»; are the
corresponding normal stresses acting on the sections where 73, 7, and 7,3 act.
They are defined as

1 1 1
a3 :E(O-l —03)s 7, :E(Ul —0)), 7, :E(Uz —03)

1 1 1
O3 =E(al +0'3), oy =5(a1 +0'2) s Oy =5(02 +0'3) (4-6)

The magnitude of § and C can be determined by experimental results of uniaxial
tension strength o, and uniaxial compression strength o, , the experimental
conditions are:

c

0 =0,, 0

0, =0, =0, 0y =—0, 4-7)

:o‘3 :0

So the material constants 8 and C can be determined:

— 1- 2 2
ﬁ:u—_a,C:ﬂ— o, (4-8)

g +g l+a g +g 1+

Substituting £ and C into the Eq. (4-5a) and (4-5b), the unified strength theory is
now obtained. It can be expressed in terms of principal stresses as follows:

o o1+ ao;
F:O'l—m(b% +03,):0} ,when (& S11+—a3

(Extended tension stress state) (4-9a)



54 4 Unified Strength Theory and Its Material Parameters

1 o tac
F' =— (6 ,+bo,)—ac,=0,, when ¢,>—1——-3
75 2)—ao3 =0, 22—
(Extended compression stress state) (4-9b)
F'"=0,=0,, when o0,>0,>03>0 (4-9¢c)

The unified strength theory with the tension cutoff (similar to the Mohr—
Coulomb theory with tension cutoff suggested by Paul in 1961) has to be
supplemented in the state of three tensile stresses. It is expressed as Eq. (4-9c¢).

The relationship among shear strength 7, the uniaxial tensile strength o, and
uniaxial compressive strength o, can be determined as follows:

b=(l+a)70 -0, =l+a—B’a=0'_;’B:0'_t:m (4-10)
o, -7 B-1 o, Ty 1+b

The ratio of shear strength to tensile strength of materials can be introduced
from the unified strength theory as follows:

_To _ 1+b

_ 4-11
o, l+b+a @11

or
It is shown that:

1. The ratio of shear strength to tensile strength «,=7, /0, of brittle materials
(a<1) is lower than that of ductile materials («=1). This agrees with the
experimental data.

2. The limit surface may be non-convex when the ratio of shear strength to tensile
strength a,< 1/(1+a) or o> 2/(2+a).

3. The shear strength of the material is lower than the tensile strength of material.
This is true for non-SD materials. It needs, however, further study for SD
materials.

4.4
Special Cases of the Unified Strength Theory

4.41
Special Cases of the Unified Strength Theory (Varying b)

The unified strength theory contains a series of yield criteria for metal materials
(a=1) and for other materials (& 7 1).

It is worthy to point out that the parameter b is an important parameter in the
unified strength theory.

The b is a parameter of intermediate principal shear stress 7, or 7,3in Eq. (4-8).
It reflects the influence of the intermediate principal shear stress on the failure of a
material.
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The b is also a parameter of intermediate principal stress o, in Eq. (4-12). It also
reflects the influence of the intermediate principal stress o, on the failure of a material.

We can see below that b is also the parameter that determines the formulation of
a failure criterion. A series of convex failure criteria can be obtained when the
parameter varies in the range of 0<h< 1. The parameter b has the clear physical
meaning. The unified strength theory give us a possibility to choose a reasonable
yield criterion for research and applications.

The five types of failure criteria with the values of b=0, b=1/4, b=1/2, b=3/4 and
b=1 are introduced from the unified strength theory. In addition, the unified
strength theory can also introduce a family of non-convex failure criterion when
b<0orb>1.

1. b=0

The Mohr—Coulomb strength theory can be derived from the unified strength
theory with 5#=0 as follows:

F=F'=0 —ao, =0, 4-12)
2. b=1/4

A new failure criterion is obtained from the unified strength theory with b=1/4 as
follows:

a o tao
F=0,-—(0, t40y)=0,, 0, < 1 3
5 1+«
(Extended tension stress state) (4-13a)
1 o1 +003
F’=§(4a1 +0,)-00; =0, 0 271+a

(Extended compression stress state) (4-13b)

3. b=1/2

A new failure criterion is derived from the unified strength theory with 5=1/2 as
follows:

o o, too
F =0, ——(0, +20y)=0,, 0, <1 —3
3 1+«
(Extended tension stress state) (4-14a)
1 o] +ao
F=—Q0,+0,)-a0y=0,, 6,21 "3
(201 10y)-a03 =0, 0y 2 ———
(Extended compression stress state) (4-14b)

Since the Drucker—Prager criterion cannot match with the practice for geomaterials,
this criterion is more reasonable and can be substituted for the Drucker—Prager
criterion.
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4. b=3/4

A new failure criterion is deduced from the unified strength theory with b=3/4 as
follows

o, tao
1+a
(Extended tension stress state) (4-15a)

F =0, —%(30’2 +405)=0,, 0, <

1
F ==(401+30y)-ao3=0,, 0, > 911003
7 I+«

(Extended compression stress state)  (4-15b)
5. b=1

A new failure criterion is deduced from the unified strength theory with b=1. The
mathematical expression is

o o, too
F=0,——(,+0;)=0,, when 0'2S173
2 1+«
(Extended tension stress state) (4-16a)

, 1 o1 +a0
F’'==(0y+0,)-a0o3=0,, when 0,223
2 l+a

(Extended compression stress state) (4-16b)

This is the generalized twin-shear strength model proposed by Yu in 1983 (Yu
1983; Yu et al. 1985).

4.4.2
Special Cases of the unified strength theory (Varying o)

1. =1, The Unified Yield Criterion for non-SD materials

When the tensile strength and the compressive strength are identical, the tension—
compressive strength ratio a=o/o. equals 1. A unified yield criterion can be deduced
from the Yu unified strength theory. The mathematical expression of the unified yield
criterion is expressed as follows. It also contains a series of yield criteria.

1 o +o
F=0,——(bo,+03)=0, o, <3
1 1+b( 2t03) =0 2 2
(Extended tension stress state) (4-17a)
1 o+o
'=——(0y+bo,)-03=0, o213
1+b( 1 2) =03 =0 2 5

(Extended compression stress state) (4-17b)
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in which b is a parameter that reflects the influence of the intermediate principal
shear stress 73 or 733 on material strength. It can be determined from the shear
yield strength 7, and the tensile strength o, of the materials:

In general cases, the unified yield criterion can be expressed by 12 equations as
follows

feoy———

. 1
1+b(b0'2+0'3)=i0'y > f=0 —m(a2 +boy) =1%o,

1 ; 1 4-18
f=0'2—m(b0'1+0'3)=ic7y’ f=o0, —m(0'1+b0'3)=i0'y ( )

f=0,-

1
" b(bO' +to,) =10, s f= o5 = 1+b(02+b01)=iay

The Tresca yield criterion and the twin-shear yield criterion are special cases of
the unified yield criterion when »=0 and b=1, respectively. The Huber-von Mises
criterion can be approximated by the unified yield criterion by letting »#=0.5. In fact,
the unified yield criterion contains a series of yield criteria that are varying the
parameter b. The unified yield criterion with b=0, b=1/4, b=1/2, b=3/4 and b=1 can
be adapted to most kinds of metallic materials whose tensile strength is the same as
its compressive strength.

The relations among the tensile yield stress oy, shear yield stress 7, and the
parameter b in the unified yield criterion (0=1) can be determined from the ratio of
shear yield stress to tensile yield stress

2t, —0

b= Gy __Ty , (4-19)
y y
or
; b+1
Y he2 Y

Inversely, the ratio of shear yield stress to tensile yield stress can be given as

7,
o =L = b+l (4-20)

"oy b+2

Some conclusions for non-SD materials can be made from this condition:

1. The shear yield stress is lower than tensile yield stress for metallic materials.

2. Yield surfaces are convex when 0<h<1 or 1/2<a,<2/3.

3. Yield surfaces are nonconvex when b < 0 and b >1, or the ratio of shear yield
stress to tensile yield stress «,< 1/2 and a, > 2/3.
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For example, if the ratio of the shear yield stress to the tensile yield stress of
material is o, = 7,/0y, = 0.45, it can be determined from Eq. (4-19) that the
parameter b= —1/6. This means that the yield criterion is nonconvex.

2. o =1/2, new series of failure criteria

The main disadvantage of the unified yield criterion is that it is only suitable to
metallic materials having the same strengths both in tension and in compression. It
cannot adapt to those materials that have different strength in tension and
compression, or to the cases where the strength is pressure dependent, such as iron,
high-strength steels, polymers and geomaterials. It can be solved by using the
unified strength theory with 0<o<l. A series of failure criteria can be obtained
from the unified strength theory with 0<o<l. For an example, we take the o =1/2.
A new series of failure criteria can be obtained as follows

1 o tac
=o,———(bo, +0,)=0,, when o,<—1——3
! 2(1+b)( 2 Fo3) =0, 7 l+ta

(Extended tension stress state) (4-21a)

1 o, +oo
—0; =0, when 0,21 3
2 l+a

(Extended compression stress state) (4-21b)

F (0, +ba,) -

L
1+b

Fig. 4.3 shows the relationship among the unified yield criterion, the unified
strength theory, the single-shear yield criterion (the Tresca yield criterion), the
single-shear strength theory (the Mohr—Coulomb strength theory), the twin-shear
yield criterion (Yu 1961), The twin-shear strength theory (Yu 1985) as well as
some new failure criteria. A great number of new failure criteria can be introduced
from the Yu unified strength theory. Three new failure criteria are introduced from
the Yu unified strength theory when b=1/4, b=1/2 and b=3/4 as shown in the third
row in Fig.4.3.

Example 4.1
Consider a metallic material with the same yield stress in tension and compression.

If its shear yield stress is zy = 0.630, and Poisson’s ratio is v =0.3, find an
available yield criterion

Solution

1. Find an available yield criterion

The Tresca yield criterion (single-shear yield criterion) predicts the shear yield
stress is 7, = 0.50y, and the Huber-von Mises yield criterion (octahetral shear
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stress yield criterion) predicts the shear yield stress is 7y = 0.6770y. Obviously,
these two yield criteria do not fit this kind of material with z,= 0.63 0.

The parameter b in the unified yield criterion can be determined by using Eq.

(4-19)
. Uni,ﬁed, Twin-Shear
Single-Shear Yield Criterion Yield Criterion
. . . _ 1 _ _
Yield Criterion b=0 01—‘1‘_._—b(bdz+as)—<’.v b=1 01—% (Grta) =5,
01— 03=0y 1
m(al+baz)—o‘3=0'y %(01-’—02)—03:")'
e i
a=] b= N\E=1 a=] = /b=1 a=]
Unified '
Single-Shear Strength Theory . TW'"}'IS][’}?ar
trengt eory
Strength Theory a—1 i b(bdz +ag)=a
b=0 g1+aoy b=1 _a _
01— ao3 =0 o when 02 < T+a 9175 (gz+03) =0
1 —
1_'{"b(0‘1+b62)_a63_dt %(01+G2)_ﬂ3=01
when o, ;%
=vls 1 _3
b 7 b 3 b_Z
|
new new new
failure criterion failure criterion failure criterion
01—%(02""‘403):0' al—%(ag+203)=d¢ 61—%(3dz+463)=ﬂz
%(401+dz)—a63=01 %(2”1+”2)_""3=‘7‘ %(4014—302)—“‘73:“1

Fig. 4.3 Unified strength theory and its special cases

_2ty-0y 2a-1_2x0.63-1_

0.7

o, —T

y y

l-a

1-0.63

(4-22)

substitution of 5=0.7 into Egs. (4-19a) and (4-19b), a new available yield criterion

is obtained as follows
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. 1
/=0 _%(0.702 oy =0y I 0y <2(0 +0y) (4-23a)

’ 1 1 1
= 40700, =0, T 022500t @-23b)

4.5
Material Parameters of the Unified Strength Theory

The use of a yield function is always connected with the material parameter. These
parameters are required to be simple and easy to get. The uniaxial tensile strength
Oy is used for the material parameter in the Tresca yield criterion (1864), the
Huber-von Mises yield criterion (1904, 1913) and the twin-shear yield criterion
(Yu 1961). It is the same for the unified strength theory in the case of o=1. The
Tresca criterion, the Huber-von Mises criterion and the twin-shear stress criterion
can be suitable for those materials that have the identical strength in tension and
compression.

The uniaxial tensile strength G, and the ratio of tension strength and compression
strength o are used for the Mohr-Coulomb strength theory, the Drucker-Prager
criterion and the twin-shear strength theory which are two-parameter criteria. The
two parameters in the unified strength theory remain the same. Some other material
parameters are also used in different applications. It needs some transfermation of
the mathematical expressions of yield function.

The unified strength theory expressed in terms of principal stresses has been
described in Eq. (4-9). The materials parameters are uniaxial tensile strength 6, and
the ratio of tension strength and compression strength a. Other material parameters
can also be used.

4.5.1
Unified strength theory with Principal Stress and Compressive
Strength F(¢,,0,,6;,0,6,)

In soil and rock mechanics and engineering, the compressive strength o, is often
adopted. Rewriting Eq. (4-9a), (4-9b) in terms of the principal stress and
compressive strength o, we have

1 1 o, too
F=—¢,—— (o, +0,)=0,, when o, <1 —3 4-24a
o ! 1+b( 2 3) ¢ 2 l+o ( )
, 1 o, +ac,
F :70!(1+b) (o‘l +bo'2)—o'3 =0.» when 0'2 >— (4-24b)
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The unified strength theory can be expressed in terms of another material
parameter m as follows:

mo, + 0
“l_ma+bfb02+”9:°} (=) (4-252)

1 o mo,+o
Tp b @R @)

where m=c /0, is the compressive-tensile strength ratio of the material. The
ratio m is an index of the material strength difference effect and m=1 in
general. The unified strength theory can also be expressed by other terms.

45.2
Unified Strength Theory with Stress Invariant and Tensile Strength
F(I1s JZ! 0 ;O-t! 0{)

The principal stress state (o, o,, 03) can be converted into the principal shear stress
state (713, 715 73), invariates of stress tensor ([, [, ) or invariates of stress tensor
(I;,1,,15). The principal shear stress state can be described in terms of stress invariant.
The unified strength theory can also be expressed in terms of stress invariant F(/;,
J,, 8) and material constants o, o as follows:

F =(1—a)%+a?—_bb)1ljz sin@ +(2+a)wf% cos@ =o,, 0°<eo <6, (4-26a)
+

b
1+b

: 2-b J -
] Jr Sln9+(m+a] %cos@zdt, 6,<6<60 (4-26b)

F:O—m%H{a+
where I, is the first stress invariant, J is the second deviatoric stress invariant and
6 is the stress angle corresponding to the twin—shear parameter u,=7,,/7,; or
1{=7,y75 The stress angle at the corner 6, can be determined by the condition
F=F".

Ba+p) | -«

9, = arct S 4-27
b g 35 B ta (4-27)

4.5.3
Unified Strength Theory with Stress Invariant and Compressive
Strength F(1,,J,,0,a,6,)

The unified strength theory can also be expressed in terms of stress invariant F(/,,
J, 0) and material constant ¢, o, as follows:
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-b 24+a
F=—x-I1+——4Jysind +——=,/J,cos80 =0, 0°<6<¢o 4-28a
30 1 1+h 2 a«/g 2 b ( )
1- a+oé)+b 2+a+ab-b o
F=—= = <0<60 (4-28b)
3a 20+ D) —————\|Jpsinf+ af(l b —————Jrcos6=06, <6<
4.5.4

Unified Strength Theory with Principal Stress and Cohesive
Parameter F(¢,,6,,6;,C,0)

In Eq. (4-9a) (4-9b), we adopt the material constants o, and the tension—
compression ratio «. In geotechnical engineering the cohesion Cyand the friction
angle coefficient ¢ reflecting the material properties are used. The relationships
among the tensile strength o;, the tension-compression ratio «, the material
parameter Cy and ¢ can be obtained as follows:

=2C0~.c05(p , (Z:l—s%nqo (4-29)
1+sing 1+sing

By substituting Eq. (4-29) into Egs. (4.9a) and (5.9b), the Yu unified strength
theory can be expressed in terms of Cyand ¢ as

F=o - 1—51n(e (bo-2+o-3):2CO(fos¢,
(I+b)(1+sin ) 1+sin ¢
1 sin
when o, SE(O'I +o, )——¢((7] —0oy) (4-30a)

—sin @ o = 2Cycos ¢
, =

F':L( +b0'2)—

1+b 1+sin @ l+sing ’

sin ¢

1
when o, 2 ;((71 +toy)— (o, —0y) (4-30b)

4.5.5
Unified Strength Theory with Stress Invariant and Cohesive
Parameter F(1,,J,,0,C,,¢ )

The unified strength theory can be also expressed by the stress invariant, stress
angle and material parameters cohesion C, and friction angle ¢ .
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2 2
F:&sin(ﬂ ‘/J_z[sin(9+%j—bsin(e—£ﬂ+ ‘/J_2 .

3 14b 3)] (1+b03
. r . T )
{smq;cos[ﬁ +?j+bs1n(pcos(6—?]}=2C0005(p, 0<o<9, (4-31a)

2
7 =gn, +@[sin[e +%) —bsine}

2/ [ . PN }
+ sing cos(6+=)+bsin ¢ cos |=2C,cosp, 6, <6 <60
+h)3 9 cos( 3) [ 0COSQ, 6

(4-31b)

4.6
Other Material Parameters of the Unified Strength
Theory

The unified strength theory in terms of three principal stresses Eq.(4.9) is
introduced from the mathematical modeling equation (4.5) as follows

F=1,+b7,+p(c,3+bo,)=C, when «7,+p0,,27,5+p0,,
(Extended tension stress state) (4-5a)

F'=1,+bty, +B(0,; +bo,;)=C, when 1,+f0, <1y +f0
(Extended compression stress state) (4-5b)

The material parameter # and C are determined by experimental results of
uniaxial tension strength o, and uniaxial compression strength o, the experimental
conditions are:

o,=0,, 0, =0, =0 (uniaxial tension)

o =0,=0, o

| 5 =0, (uniaxial compression) (4-32)

3
So the material constants 8 and C can be determined.

The material parameters £ and C can also be determined by other experimental
results. A lot of experimental results may be used for the determination of the
material parameter in the unified strength theory.
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4.6.1
Material parameter S and C are determined by experimental results
of uniaxial tension strength o, and shear strength 7,

The material parameter S and C of the unified strength theory can be determined
by experimental results of uniaxial tension strength ¢ and pure shear strength 7o,
the experimental conditions are:

o, =o0,, 0, =0, =0 (uniaxial tension)

1
0,=-0,=0, 0, =7, (pure shear) (4-33)

%)

4.6.2
Material parameter S and C are determined by experimental results
of uniaxial compressive strength 0, and shear strength 7,

The material parameter 4 and C of the unified strength theory can be determined
by experimental results of uniaxial compressive strength o, and pure shear strength
Ty, the experimental conditions are:

o, =0,=0, 0, =—0, (uniaxial compression)

0 =-0,=0, 0, =1, (pure shear) (4-34)

4.6.3

Material parameter # and C are determined by experimental results
of uniaxial compressive strength o, and biaxial compressive
strength o,

The material parameter 4 and C of the unified strength theory can be determined
by experimental results of uniaxial tension strength ¢ and biaxial compressive
strength o, the experimental conditions are:

C?
o, =0,=0, 0, =—0, (ur.ua).(lal compres.smn)
0,=0, 0,=0,=0, (biaxial compression) (4-35)

4.6.4

Material parameter S and C are determined by experimental results
of uniaxial compressive strength 0, and biaxial compressive
strength o0,

The material parameter S and C of the unified strength theory can be determined
by experimental results of uniaxial tension strength ¢ and biaxial compressive

strength o, the experimental conditions are:
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o, =0,, 0, =0, =0 (uniaxial tension)

0,=0, 0,=0,=0,,  (biaxial compression) (4-36)

4.6.5

Material parameter § and C are determined by experimental results
of uniaxial compressive strength o. and biaxial compressive
strength o,

The material parameter § and C of the unified strength theory can be determined
by experimental results of pure shear strength 1o and biaxial compressive strength
oo the experimental conditions are:

0,=-0,=0, 0, =7, (pure shear) (4-37)
0, =0, 0, =0, =0, (biaxial compression) (4-38)

4.6.6

Three-parameter unified strength theory

The unified strength theory can be generalized to as a three-parameter unified
strength criterion. The mathematical modeling equation of the three-parameter
unified strength criterion is:

F=1,+bt, + (0, +bo,)+ 4o, =C,
when 7, + fo,, 217, + fo,, (4-392)

F'=1,+bt,, + f(0,; +boy, )+ 4o, =C,
when 7, + fo, <7,; + fo,, (4-39b)

where b is again the parameter that reflects the influence of the intermediate
principal shear stress 7], or 73 on the failure of material; g is the coefficient that
represents the effect of the normal stress on failure; o, is average stress; A is the
coefficient that represents the effect of the average stress on failure; C is a strength
parameter of material; 713, 712 and 7,3 are principal shear stresses and o3, o and
o073 are the corresponding normal stresses acting on the sections where 713, 712 and
773 act.

Another kind of the three parameters criterion of the unified strength theory can
be obtained by using the different parameters f, and f,. The mathematical
modeling equation of this kind of three-parameter unified strength criterion is:

F =z53+bt,+ p,(c3+boy,)=C,
when 12 +ﬂ0'|2 2T23+ﬂ0’23 (4-403)

F'= T3+ bryy+ (03 +boy) =C,
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when 712 + ﬂo'lz < 773 + ﬁ0'23 (4'40b)

The three material parameters £, C and A or f8,, fy and C can be determined by
three experimental conditions. Interesting readers may be referred to the recent
book (Yu 2004).

4.7
Yield Surfaces and Yield Loci

Yield criterion is a function of three principal stresses 6, 6, 03 as follows:
F =F(0,,0,,03,K;,K;)=0 (4-41)

It can be interpreted for an isotropic material in terms of a geometrical
representation of the stress state obtained by taking the principal stresses as
coordinates, as shown in Fig. 4.4. The yield surface in a three-dimensional
principal stress space was introduced by Haigh and Westergaard in 1920.
Sometimes, it is called the Haigh—Westergaard space. The advantage of such a
space lies in its simplicity and visual presentation.

Every point in this principal stress space corresponds to a state of stress (o, oy,
03), as shows in Fig.4.4.

Fig. 4.4 Eight quadrants in principal stress space

The three-dimensional principal stresses (o}, 02, 03) can be regarded as a three-
dimensional space of principal stresses. If we take the tensile stress as positive
while taking the compressive stress as negative, the stress state may combine
the space stresses into various magnitudes and signs of stress combinations. The
stress point P(oy, 0,, o3) of different signs could combine up to eight quadrants of
(49, (), (=), (+—-), =+ 5), (= +-), (== F) and (- —-). A stress point
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could be situated anywhere within the three-dimensional space of the principal
stresses.

The uniaxial tensile and compressive tests can give us two limit points in the three-
dimensional ~stress space, that is, 4 ( o,=0;,0,=0,03=0 ) and B
(01=0,0,=0,03 =—0), as shown in Fig. 4.5.

In stress space the yield criterion defines a surface that is generally referred
to as the yield surface. If a stress point is situated in the yield surface, it means
the yield function f< 0, and the material will be elastic; if a stress point reaches
the yield surface, it means the yield function f= 0, and yield of the material
will occur.

Gl
o, =0,
A o’z:o,z()//
o, =0,=0, ~
gy =-0, // G3
B — — ——
0, |

| S(-a,o,crzo,a_.,u)

Fig. 4.5 Tensile limit point and compressive limit point

The state of stress at any point in a body or a structure may be represented by a
vector emanating from the origin O (Fig. 4.6). The isoclinic axis ON is equally
inclined to the three axes, its direction cosines are (1/3, 1/43, 1/\6 ). The stress
vector Or, whose stress components are (o, o7, 03), may be resolved into a vector
00’ along isoclinic asis ON and a vector Or, in a plane that is perpendicular to
ON and passes through the origin. The vector OO’ is of magnitude /35, and
represents the hydrostatic stress with components (o, om, om). The vector Or,
represents the deviatoric stress with components f'(S), Sy, S3) and magnitude \/ﬁz .
For any given state of stress , the deviatoric stress vector will lie in the plane
passing through O and perpendicular to ON. This plane is known as the deviatoric
plane in stress space or the mg-plane. Its equation is o)+ o7 + o3= 0 in the
principal stress space. The planes that are parallel to the my-plane are called the n-
planes and are given by o+ o, + o3= C, where C is a constant.
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Fig. 4.6 Cylindrical coordinates and a yield surface for metal in principal stress space

If a hydrostatic stress has no effect on yielding, it follows that yielding can
depend only on the magnitude and the direction of the deviatoric stress vector Or,
in the my-plane or the deviatoric stress vector O'r in the n-plane. The yield surfaces
are therefore regarded as a prismatic surface whose generators are perpendicular to
the deviatoric plane. Any stress state in which the stress point lies on the prismatic
surface corresponds to a state of yielding. Any point inside the prismatic surface
represents an elastic state of stress.

The general shape of a yield surface in a three-dimensional stress space for
metallic materials with same strength in tension and compression can be
determined by its cross-sectional shapes in the deviatoric planes, because the
shapes on any m-plane are identical. The cross sections of the yield surface are the
intersection of the yield surface with the deviatoric plane, called the yield locus.

The shape of yield loci on the m-plane are similar for linear pressure sensitive
material, as show in Fig.4.7(a). The shape and size of yield loci on the n-plane are
different for non-linear pressure sensitive material, as show in Fig.4.7(b).

(a) Linear pressure sensitive (b) Nonlinear pressure sensitive

Fig. 4.7 The yield surface of the linear and non-linear pressure sensitive material
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Consider the yield locus together with the orthogonal projections of the stress
axes on the deviatoric plane, the yield locus is symmetrical with respect to the
projections of the o, o,, o, axes. The yield locus, therefore, is threefold symmtric.
The yield loci on the deviatoric plane,the axes x,y and projections of the stress
axex o/, 0,’, oy are taken in the plane of the paper (Fig. 4.6).

4.8
Yield Loci of the Unified Strength Theory in the n-Plane

The relationships between the coordinates of the deviatoric plane and hydrostatic
stress axis z with the principal stresses are:

1
x:—ﬁ(0'3 —0'2),
1
y=—+Q20, -0, —0'3) R (4-42)

N

1
z=—=(o, +0, +03)

5
o1 =3 (6y ++32)

o, = %(2\/52 - x/gy - 3«/5x) (4-43)

oy = %(Sﬁx —«/gy + 2x/§z)

The ratio between the tensile radius and the compressive radius in 7 plane is
given by

r, _1+2a 3-—sing
7 24a 3+sing

c

(4-44)

By substituting Eq. (4-42) into the unified strength theory Eq. (4-25a) and
(4-25b), the equations of the unified strength theory in the deviatoric plane can be
obtained:

. ﬁ(l—b)aH£(2+a)y+ﬁ(l3—a)2=6t (4-452)

2(1+b) 6
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b V2 Vo 3d-a) 4-45b
——(—b+a)7x+(—b+a)— 3 =0y ( )

A great number of new failure criteria can be generated from the unified strength
theory by changing « and b. The shape and size of yield loci of the unified
strength theory are changed with «,b and hydrostatic stress axis z. The shape of
the yield loci is similar for a certain values of « and b, but the size of the yield
loci are changed with different hydrostatic stress Oy,

The variation of the unified strength theory with b is shown in Fig.4.7. Ten
special cases with values of »=0, »=0.1, 5=0.2, b=0.3, b=0.4, b=0.5, b=0.6, b=0.7,
b=0.8, b=0.9 and b=1 are given.

The two bounds of convex yield loci are the Mohr-Coulomb theory and the
twin-shear strength theory proposed by Yu in 1985. The yield locus of the twin-
shear strength theory is the upper bound of the convex yield loci, as shown in
Fig. 4.7.

Twin-Shear Theory (b=1, Yu1985)
Single-Shear Theory(b=0, Mohr-Coulomb1900)

Non-convex
Failure Criterion

b<0 7

Non-convex Failure Criterion b>1
Fig. 4.7 The various yield loci of the unified strength theory (Yu 1992)

The single-shear strength theory, the twin-shear strength theory and a series of
new failure criteria can be obtained from the unified strength theory in the range of
0<h<1, 0< « < 1. The smooth-corner models can also be approximated by the
unified strength theory when 5=1/2 or b=3/4.
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The convex failure criteria can be obtained by varying the value of o (a<1) and
b (0<h £1).

If « =0,/0 ~1, that is, the tensile strength equals the compression strength, then
the radii » of the yield locus of the unified strength theory on the axes oy, o, 03
and —o|, —0,, —o; are identical. The ratio between the tensile radius and the
compressive radius is given by

_1+2a _3-sing _,
24+a 3+sing

which means that the irregular dodecahedron is converted to regular dodecahedron,
and the yield surfaces of the unified yield criterion for & =0, /0 =1 materials
change to a series of infinite prisms.

A new unified yield criterion can be deduced from Eqgs. (4.45a) (4-45b). The
equations of the unified yield criterion for & =0,/0 .=I materials on the deviatoric
plane can be obtained as follows.

Fz—mx-i—ﬁy:a, (4-46a)
2(1+b) 2

_N20+2p N6 4-46b

F=—3h " a1sp” " (4-46b)

A series of yield loci for & =0,/0.=1 materials with =0, b=0.1, »=0.2, »=0.3,
b=0.4, b=0.5, b=0.6, b=0.7, b=0.8, b=0.9 and b=1 on the deviatoric plane can be
obtained as shown in Fig.4.8.

Twin-shear yield criterion := 10
) =09
b=038
G\ b=07 [ Ne¥
b= b=06
b=3/4 =05

Non-convex yield loci of the
unified yield criterion ( b>1 )

Fig. 4.8 A family of the yield loci of the unified yield criterion for &#=0,/0,=1 materials in the
T-plane (Yu et al. 1992)
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4.9
Yield Surfaces of the Unified Strength Theory in
Principal Stress Space

The yield surfaces in stress space of the unified strength theory are usually a
semi-infinite hexagonal cone with unequal sides and a dodecahedron cone
with unequal sides, as shown in Fig 4.9. The shape and size of the yield
hexagonal cone depends on the parameter b and on the tension-compression
strength ratio a.

In engineering practice, the compressive strength of materials o.is often
much greater than the tensile strength o, for brittle materials,since the region
in tension becomes smaller, while it becomes larger in compression.
Assuming the compressive strength is positive, the yield surfaces of the UST
(unified strength theory) with different values of b are shown in Figs. 4.9 and
4.10. Figs. 4.9 and 4.10 show the yield surfaces of the unified strength theory
with =0, b=1/4, and b=1/2, b=3/4 and b=1, respectively. The latter is the
yield locus of the twin-shear strength theory.

Fig. 4.9 Yield surfaces of the UST and two special cases (b=0 and b=1/4)
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Fig. 4.10 Three yield surfaces of three special cases of UST with b=1/2,b=3/4 and b=1

The unified yield criteria can be deduced from the unified strength theory when
o =1, as follows.

1
f=0 —lj_(—b(bd2 +0,)=0y, when o, 25(0'1 +03) (4-47a)

1 1
f‘zm(O']'f'bO'z)_O'?, =O';/,When (o) SE(O']+O'3) (4_47b)

Their yield loci of the unified yield criterion for & =o;/0 =1 materials in the 7-
plane have been shown in Fig. 4.8.

Six typical yield criteria for metallic materials can be obtained from Egs. (4-47a)
(4-47b) when o =1 and b=1, b =3/4, b =1/2, b =1/4 and b =0. Their yield loci in the
n-plane are shown in Figs 4.11 to 4.13. The five yield loci in deviatoric plane are
shown in Fig. 4.13 (b). The middle yield locus is the linear approximation to the
Huber-von Mises yield criterion.
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o

e
A

Fig. 4.12 Yield surface and yield loci of two cases of UYC with b=1/2 and b=3/4



4.10 Yield Loci of the Unified Strength Theory in the Plane Stress State 75

(a) Twin-shear yield loci (b=1) (b) Five typical yield loci

Fig. 4.13 Yield surface and yield loci of UYC with b=1 and five typical yield loci

410

Yield Loci of the Unified Strength Theory in the Plane
Stress State

The yield loci of the unified strength theory in the plane stress state are the
intersection line of the yield surface in principal stress space and the o, —0 ,
plane. Its shape and size depend on the values of b and «. It will be transformed
into hexagon when b =0 or b=1, and into dodecagon when 0< b <1.

The equations of the 12 yield loci of the unified strength theory in the plane
stress state can be given as follows. A series of new failure criteria and new yield
loci in the plane stress state can be obtained from the unified strength theory

ab o
O'1 —mo'z :O't m(o'l +b0'2)20't
ab a
0'2 —mo'l =O't m(gz +b0'1)=0't
2 0,=0 ——o0| -0, =0
1 279% 17¢C, =09
1+b 1+b (4-48)
(72 —mdl =O't m(}'z —0(()'1 =O't
o b
m(b0'1+0'2)=—0't mal -ac, =0,
o b
m(l)o‘2 +o0,)=-0, maz —ao, =0,

The yield loci of the unified strength theory (UST) in the plane stress state with
different values of b are shown in Fig. 4.14 (for o=1/2 material) and Fig.4.15 (for
o=1 and a=1/4 materials).



76 4 Unified Strength Theory and Its Material Parameters

Fig. 4.14 Variation of yield loci of the UST in plane stress ( & #1 materials)

0y

(a) & =1 material (b) & =1/4 material

Fig. 4.15 Yield loci of the UST in the plane stress state (& =1/4 material)

Various yield loci of the unified strength theory in the plane stress state are
shown in Fig. 4.16. The unified yield criterion, the Mohr—Coulomb strength theory,
the twin-shear strength theory and a series of new failure criteria as well as the
non-convex failure loci can be obtained from the unified strength theory.
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o, 2
o,
o,
|
0| ‘o, (A o LA
Non-convex Non-convex
Strength Theory| Strength Theory
o,
(cA
b<0
b>1
o, Oy
3 ,/7
A 0 o, %1 o (A 0 CA
Unified
Mohr-Coulomp —_— .
—0 [Strength Theory /Jf — Twin-shear
Strength Theor b=0 & b=%[0 2 Ty b=1 Strength Theory
b=1 4 bl B
2 b=7
L1 oy o,
(204 o, g Gl o, 0| S
New failure criterion New failure criterion New failure criteripn
o, G,

Fig. 4.16 Variation of the UST in the plane stress state

If the tensile strength is identical to the compressive strength, the unified
strength theory will be transformed into the unified yield criterion. Its yield
surfaces can be described in Fig.4.11, 4.12 and 4.13.

In the general case, The unified yield criterion for & =o,/0 =1 materials in the
plane stress state (o}, o) can be expressed by 12 equations as follows:

b
=o0,——— o0, == oy; =——o0,— 0, =120,
fi=a 1+b ° i S T 4
1 . b
Do T Ty T AT e g TR ()
1
fi=0———0,=%0, > =——o0,—0,=%o0
5 T, 2 v Je 170 72 y

The yield loci of the unified yield criterion (0=1) in the plane stress state with
different values of b are shown in Fig. 4.15(a).
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A series of the yield loci of the unified yield criterion when o =o,/0 =1 in the
plane stress state can be given. These yield loci cover all the regions of the convex
yield criteria and also include the nonconvex yield criteria, which have never been
formulated before. Varieties of the yield loci of the unified yield criterion in the
plane stress states can be seen in Fig. 4.17.

Gy

o, oy

Nonconvex
Yield

Nonconvex
Yield Criterion
o) o, 0 o, o,

Single Shear Stress
Oc Yield Criterion /0, o,

O

g,

Twin Shear
Yield Criterion

o

—b=1/2
- Mises

fo. 0
Weighted Twi
\ Yield Criterion,

O 0 o, o

Weighted Twin Shear
Yield Criterion

5 lo/e1d

/Weighted Twin Shear,
\  Yield Criterion

o=y

Fig. 4.17. Varieties of the UST for & =07/ 0~ materials in plane stress

4.1
Unified Strength Theory in Meridian Plane

The unified strength theory can also be expressed in other terms, such as by the
octahedral normal stress ogand octahedral shear stress 7g in plasticity, or by the
generalized normal stress o, and the generalized shear stress z, (or g) in soil
mechanics and geomechanics.

The relationships between the three principal stresses o, o, o3 and the
cylindrical polar coordinates &, », 6 in the principal stress space are:
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oy cosé

oy = %5 +\/gr cos(6 —2m/3) (4-50)

o3 cos(@ +2m/3)

in which ¢ is the major coordinate axis in the stress space, and r is the length of
the stress vector in the m-plane. They are given as follows:

(o1+0,+03)

1
Ry

(4-51)
1
V=E\/(01 ~0,)*+(6,-03) +(03-0))°
The relationship among the different variables is
(4-52)
r=4/ 2J2 \/_1'8 = \/7q 21'
The principal stress can be expressed as
o 1 cosé
o, [1/J2 cos(@ —2m/3)¢;
03 cos(@ +2m/3)
o cosé@
o, —p+ q cos(@ —2n/3); ;
o3 cos(6 +2n/3)
o cosé
Oy r=0g +\/_TS COS(H 27'[/3) 5
03 cos(@ +2m/3)
o cosé@
or o, rm cos(@ —2m/3) (4-53)
o3 cos(6 +2m/3)
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Substituting the above equations into the expression of the unified strength
theory, the unified strength theory can then be expressed in other terms. Fig. 4.18

shows the yield loci of the unified strength theory in the meridian plane with
6=0"and 6=60".

Vi .
L
‘/1 ' 6Co0sp_ -
I, 3+sing ' D
L 6Cosg _
J3 3—sing °
3 Cooty Cootg
(a) I, —4/J, plane (b) p-g plane
r Tg

ﬁCmt¢ C cotp

(¢) &—r plane (d) oy — 75 plane

Fig. 4.18 Yield loci of the UST in the meridian plane

The yield meridian loci with 6 =0°and @ =60° are also called the tension yield
meridian locus and the compression yield meridian locus, respectively. It is useful
to understand the relationship for various kinds of equations, figures and tables.

In some books on soil mechanics and geomechanics, (o;—03) is often used as
coordinate, then the figure (o,—03) ~p can be drawn. In the case of triaxial
confined pressure experiments, the stress state is axisymmetric, i.e., o, =c3. The
generalized shear stress ¢ is

q =\/%[<m ~02)?+(0y-03) 4 (03 -0 ] =0, -0 (4-54)

The g ~ p coordinate and the (6;—G3) ~ p coordinate are identical in the case of
triaxial confined pressure. It is worth noting, however, that they are not identical in
other cases.
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4.12
Yield Surfaces of the Non-linear Unified Strength Theory

The unified strength theory can also be extended into various multiple—parameter
criteria for more complex conditions. The expressions are

F=r3+bty+ B1(03+boy)+ Ao, +BIG£ =C, (4-55a)
F'=13 +bty; + s (013 +boay) + Ay, +Byo 2 =C,  (4-55a)

or
F=(r;3+f03) +b (1p+B01,) + A1, 2= C (4-56a)
F=(r13+B013) 4+ b (13340 53)" + Moo, 2 =C (4-56b)

Equations. (4-55a) and (4-55b) can be simplified to the unified strength theory
when A4=4,=0, B1=By=0 and p=4, . In this case, it becomes the single-shear
strength theory (Mohr—Coulomb strength theory) when =0, or the twin-shear
strength theory when b=1.

When 41=4=0, Bj=B,=0 and 8;=8,=0, Eqgs. (4-55a) and (4-55b) are simplified
to the unified yield criterion. In this case, the twin-shear yield criterion and the
single—shear yield criterion (the Tresca yield criterion) are introduced when b=1
and b=0, respectively.

Equations (4-55a), (4-55b) and (4-56a), (4-56b) are nonlinear equations. It is
not convenient for analytical solution in plasticity and engineering applications.

These formulations are the nonlinear unified strength theory. A yield surface of
the nonlinear unified strength theory is shown in Fig. 4.7(b). The yield surface of
the linear unified strength theory is the special case of the nonlinear unified
strength theory, as shown in Fig. 4.7(a).

Example 4.2
Consider a metallic material with the same yield stress in tension and compression.
If its shear yield stress is 7, = 0.630y and Poisson’s ratio is v =0.3, find an

available yield criterion and draw its yield loci in the deviatoric plane, plane stress
state and plane strain state.

Solution

1. Find an available yield criterion

The Tresca yield criterion (single-shear yield criterion) predicts the shear yield
stress is 7y = 0.50y , and the Huber-von Mises yield criterion (octahetral shear
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stress yield criterion) predicts the shear yield stress is 7y = 0.6770y. Obviously,
these two yield criteria do not fit this kind of material with z, = 0.63 oy.

According to the unified yield criterion Eq. (4-21a) and (4-21b), the parameter
b in the unified yield criterion can be determined as follows

2, - _
p=y %y 2X06-1 5 (4-57)
oy -7y 1-0.63

Substituting b=0.7 into Eqs. (4-17a) and (4-17b), a new available yield criterion is
obtained as follows

. I
1.201-%(0.702”3):0%, if 0,22(0,+05) (4-582)

. 1
f’:%(01+0.702)_03=6y7 lf 0'2 25(0’14‘0'3) (4-58b)

2. Draw the Yield Locus in the Deviatoric Plane

The n-plane is a special plane that makes equal angles with the coordinate &; o,
and o axes. The projections of the axes upon this plane must make equal 120°
angles with each other (Fig. 4.19). The equation of the n-plane is o +0; +0;3 =C.
The coordinates are threefold symmetric.

The relations between the threefold symmetric coordinates and the rectangular
coordinate are

1 1 1
Xx=—=(03-0,); y=—=(201-0,-03); z=—=(0,+0, +03) (4-59)
;393792 g 01702703 o1To2tes

The inverse relations are

01 =3 W6y +332); 2= 23z -6y -320);
os :%(3\/2—\/3 y+24/32) (4-60)

Substituting these relations (Eq. 4-60) in the equations of the unified yield
criterion (Eq. 4-17), we obtain the expressions of the unified yield criterion in the
rectangular coordinates as follows:

V20-b) Ve

—ﬁ(l_b)x+£ =0
2+b) 2 ==

/== 20+ 2 y

y=2%o,; f=
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TT T ey T 2wyt T 2+ 2040 %
2(1+b) 2(1+b) 2(1+b) 2(1+b)
(4-61)
In the case of 5=0.7, the expressions of the yield criterion are
0 J6
f=-0125x+=y = oy 3 [ =0125x+ =y =0,
S =-1.123x-0.504y =t0, ; f=-0.998x-0.7204y = to, (4-62)

S =0998x-0.7204y =t0, ; [ =1.123x-0.504y =0,

The yield locus of this yield criterion (b=0.7) in deviatoric plane is shown in
Fig. 4.19.

(a) Deviatoric plane

(b) Plane stress state

Fig. 4.19 Yield locus of a new yield criterion (b=0.7)

3. Draw the Yield Locus in the Plane Stress State

The unified yield criterion in plane stress state is given in Eq.(4-49). In the case of
b=0.7, the expressions of this yield criterion are

f=01-04120, =%0,; f=04120 -0, =i0'y

f=0.5880; +0.4120, =%0, ; f=04120, +0.5880, =to, (4-63)

f=0,-0.5880, :iay ; £ =0.5880, -0, :iay
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The yield locus of this yield criterion (b=0.7) in the plane stress state is shown in
Fig. 4.19(b).

Example 4.3

Introduce an available yield criterion and draw its yield loci in deviatoric plane,
plane stress state and plane strain state when the shear yield stress is 7, = 0.590,
and the Poisson'’s ratio is v =0.2.

Solution

The parameter b in the unified yield criterion can be determined by using the
relationship

_ 2ty —oy  2x0.59-1

b=
oy — 7y 1-0.59

=0.44 (4-64)

Substituting »#=0.44 into Eq. (4-17a) and (4-17b), an available yield criterion is
obtained

1

. 1 i - -
f=o _m(0,440.2 +0, )=O.y, if o, < 2(01 +o,) (4-65a)
’ 1 1 l -
S =1.m(0'1 +0.440'2 )—0'3 =0, if g, 22(0'1 +0'3) (4-65b)

The yield loci of this yield criterion in deviatoric plane, plane stress state and plane
strain state are illustrated in Figs. 4.20 and 4.21.

o 77

Fig. 4.20 Yield locus of a new yield criterion in the deviatoric plane (5=0.44)
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(a)plane stress state (b) plane strain state

Fig. 4.21 Yield loci of the unified yield criterion with 5=0.44

Summary

Based on the concepts of the multiple slip mechanism, the twin-shear model and
multi-shear model, a new unified strength theory was proposed by Yu in 1991 (Yu
and He 1991; Yu 1992). This unified strength theory (unified strength theory) is
not a single yield criterion suitable only for one kind of material, but a completely
new system. It embraces many well-established criteria as its special or
approximate cases, such as the Tresca yield criterion, the Huber-von Mises yield
criterion, and the Mohr—Coulomb strength theory, as well as the twin-shear yield
criterion (Yu 1961a), the generalized twin-shear strength theory (Yu et al. 1985),
and the unified yield criterion. The unified strength theory forms an entire
spectrum of convex and nonconvex criteria, which can be used to describe many
kinds of engineering materials. The unified strength theory has a unified
mechanical model and a simple and unified mathematical expression, which can be
adapted to various experimental data. It is easy to use in both research and
engineering.

The unified strength theory establishes very clear and simple relations among
the various yield criteria, as show in Fig.4.22. It also provides a method to choose
the appropriate yield criterion.
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Fig. 4.22 Varation of the unified strength theory and the relationships among the criteria

The SD effect, hydrostatic stress effect, normal stress effect, effect of the
Intermediate principal stress and the effect of intermediate principal shear stress
are all taken into account in the unified strength theory.

The unified strength theory is a completely new theory system. The significance
of the Yu unified strength theory is summarized as follows:

—_

It is suitable for more kinds of isotropic materials.

2. It contains various strength theories and forms a new system of yield criteria
and failure criteria. It gives a relation among the single-shear criterion, the twin-
shear criterion, and a series of new criteria.

3. It gives good agreement with experimental results for various materials.

A series of new results can be obtained by using the unified strength theory.

5. The unified strength theory is easy to use for analytical solutions of plastic

problems. The applications of the unified strength theory are described in

Chapter 8 to Chapter 15. It is convenient for elastic limit design, elasto-plastic

analysis and plastic limit analysis of structures.

>
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The mathematical expression of the unified strength theory can be expressed
into various forms. More than ten kinds of expressions are discussed in this chapter.

The parameters of unified strength theory are the same as the parameters used in
the Mohr-Coulomb strength theory (1900), Drucker-Prager criterion (1952), the
twin-shear strength theory (Yu et al. 1985). The two parameters, i.e. the tensile
strength o, and the compressive strength o, (or o,, a) or friction angle ¢ and
cohesion Cj are the most widely used material parameters in engineering.

The yield function can be interpreted for an isotropic material in terms of a
geometrical representation of the stress state obtained by taking the principal
stresses as coordinates. The yield surface in a three-dimensional principal stress
space was introduced by Haigh (1920) and Westergaard (1920). Sometimes, it is
called the Haigh-Westergaard space. The advantage of such a space lies in its
simplicity and visual presentation.

The yield surface of the unified strength theory in stress space and yield loci on
plane stress, deviatoric plane, and meridian plane are illustrated in this chapter.
Unified strength theory embraces many well-established yield surfaces and yield
loci as its special or asymptotic cases, such as yield surfaces of the Tresca yield
criterion, the Huber-von Mises yield criterion, and the Mohr—Coulomb strength
theory, as well as the twin-shear yield criterion (Yu 1961a), the twin-shear strength
theory, and the unified yield criterion. The unified strength theory forms an entire
spectrum of convex and nonconvex criteria, which can be used to describe many
kinds of engineering materials.

The yield surfaces and yield loci of the unified yield criterion, the twin-shear
strength criterion, the twin-shear yield criterion, the single-shear strength criterion
(Mohr—Coulomb theory), the single-shear yield criterion (Tresca yield criterion)
and many empirical failure criteria are special cases or linear approximations of the
yield surface of the unified strength theory. A series of new yield surfaces and
yield loci are also can be drawn based on the unified strength theory.

Problems

Problem 4.1
Introduce the well-known Mohr—Coulomb strength theory from the unified
strength theory when b =0.

Problem 4.2
Introduce a new failure criterion from the unified strength theory when b=1/4.

Problem 4.3
Introduce a new failure criterion from the unified strength theory when b=1/2.

Problem 4.4
Introduce a new failure criterion from the unified strength theory when b=3/4.

Problem 4.5
Introduce the twin-shear strength theory from the unified strength theory when b=1.
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Problem 4.6
Compare the unified strength theory when b=1/2 with the Drucker—Prager criterion.

Problem 4.7
Introduce a new failure criterion from the unified strength theory taking any value of b.

Problem 4.8.
Introduce a new yield criterion from the unified yield criterion taking any value of
parameter b and o=1.

Problem 4.9
Introduce the unified strength theory in terms of stress invariant F (1}, J,, 8 ) and
materials parameters o, and «

Problem 4.10
Introduce the unified strength theory in terms of stress invariant F (11, J», 6 ) and
material parameters ¢ and ¢

Problem 4.11
Introduce the unified strength theory by using the experimental condition of pure
shear and uniaxial tension strength.

Problem 4.12
Introduce the unified strength theory by using the experimental condition of pure
shear and uniaxial compression strength.

Problem 4.13
Introduce the unified strength theory by using the experimental condition of pure
shear and biaxial compression strength.

Problem 4.14
Introduce the three-parameter unified strength theory.

Problem 4.15.

The five kinds of yield loci of the unified strength theory (UST) are shown in
Fig.P4.1. Indicate the mathematical expressions of the parts AC and CB of the
unified strength theory with b=1.

Fig.P4.1 Yield loci of UST in T-plane
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Problem 4.16.

The five kinds of yield loci of the unified strength theory (UST) are shown in
Fig.P4.1. Indicate the mathematical expressions of the parts AC and CB of the
unified strength theory with b=3/4.

Problem 4.17.

The five kinds of yield loci of the unified strength theory (UST) are shown in
Fig.P4.1. Indicate the mathematical expressions of the parts AC and CB of the
unified strength theory with b=1/2.

Problem 4.18.

The five kinds of yield loci of the unified strength theory (UST) are shown in
Fig.P4.1. Indicate the mathematical expressions of the parts AC and CB of the
unified strength theory with b=1/4.

Problem 4.19.

The five kinds of yield loci of the unified strength theory (UST) are shown in
Fig.P4.1. Indicate the mathematical expressions of the parts AC and CB of the
unified strength theory with b=0.

Problem 4.20.
The yield equation in m-plane of the unified strength theory with b=0 (Mohr-
Coulomb theory) is

Fopo Y2, 6 V3

—ax+—(2+a)y+—(1 a)z=0;

Draw the yield locus in ©t-plane.

Problem 4.21.
A new failure criterion equation in z-plane of the unified strength theory with
b=1/4is

3J_ V6 V3

F=- (2+ )y +—(1 a)z=o0,

1f ff

f—( +a)—x+( + )—y+—(1 a)z=0y

Draw the yield locus in n-plane.

Problem 4.22.
A new failure criterion equation in m-plane of the unified strength theory with
b=1/21is

E i

F= +—(2+ )y +—(1 a)z=o0,
V2 V6 3

——( +a)—x+(1+a)—y+—(l a)z=0;

Draw the yield locus in w-plane.
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Problem 4.23.
A new failure criterion equation in m-plane of the unified strength theory with
b=3/41is

g B

F= +—(2+ )y +—(1—a)z_a,
V2 V6 I

=—( +a)—x+( +a)— (1 a)z=o0,

Draw the yield locus in n-plane.

Problem 4.24.
A new failure criterion equation in n-plane of the unified strength theory with b =1
(the twin-shear strength theory) is

N

F=?(2+a)y+§(l—a)z=at

e V2 V6 43

—( +0:)—x+( +a)—y+—(l a)z=o0,

Draw the yield locus in n-plane.

Problem 4.25.

Show the cross-sectional shapes of the unified strength theory when =1 and o=1/3
(new strength criterion) on the meridian planes and on the o, —o, plane with
o3 =0.

Problem 4.26.

Show the cross-sectional shapes of the unified strength theory when »=3/4 and
0=1/3 (new strength criterion) on the meridian planes and on the o, —o, plane
with o 5=0.

Problem 4.27.

Five kinds of yield loci of the unified yield criterion when « =0,/0 =1 and in plane
stress are shown in Fig.P4.2. These yield equations and yield loci of the unified
yield criterion of & =0,/ =1 materials for any value of parameter b can be obtained.
For example, the 12 yield equations of the unified yield criterion under the plane
stress state when b=1/2 can be given as follows. The yield loci of this yield
criterion are illustrated in Fig. P4.2.

1
Si7 =01—;0'2 =i0y; fhy=20,1t0, =iay
1 . 1 _
39 :g(fn +20,)=20y5 f410 =3017%2 =+o, (4-59)

2 I S
fS,II_EO-I_O-Z_—Gy’ f6,12—01—§0'2—+0'y
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Writing out the 12 yield equations of the unified yield criterion under the plane
stress state when 5=0, b=1/4, b=3/4, and b=1.

Fig.P4.2. Yield loci of UST in plane stress

Problem 4.28.
The unified yield criterion in plane stress state can be divided into three cases as
follows:

1. 04 20, >0, 0, =0
The unified yield criterion with & =o,/0 =1 in the plane stress state is

. 1
fzo_l_lbbo_zzo-y, if O'ZSEO'I (4-55a)
+
1
’_ 1 b _ Oy, lf (o) 2—0'1 (4-55b)
f_1+b l+l+b02_ g 2

2. 0,20, 0,=0, 0,<0

The unified yield criterion for « =o,/0 =1 materials in plane stress state is

1
fmoi———0y=0 it (o1+03) 20 (4-56a)

1+b ¥
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1
=0, it (o) +0,)20 (4-56b)

3.06,=0, 6,20,<0
The unified yield criterion for « =o,/0 ~1 materials in plane stress state is

. 1
1 if o <— 4-57a
f:—m(bd2 +oy)=0, 9, 20' 3 ( )
,_ b ) it o >lg (4-57b)
S =152 7% =, 2703

Draw a yield locus in plane stress state for b=1 and « =0,/0 =1 material.

Problem 4.29.
Draw a yield locus in plane stress state for 5=3/4 and o =0,/0 =1 material.

Problem 4.30.
Draw a yield locus in plane stress state for 5=0.6 and « =0,/ =1 material.

Problem 4.31.
Draw a yield locus in plane stress state for 5=1/2 and & =0,/0 =1 material.

Problem 4.32.

Draw a yield locus in plane stress state for 5=1/4 and & =c,/0 =1 material.
Problem 4.33.

Draw a yield locus in plane stress state for =0 and « =o,/0 =1 material.
Problem 4.34.

Show the cross-sectional shapes of the unified strength theory when « =1 and
b=1/2 (new yield criterion) on the deviatoric planes and on the meridian planes.

Problem 4.35.
Show the cross-sectional shapes of the unified strength theory when « =1 and
b=3/4 (new yield criterion) on the deviatoric planes and on the meridian planes.

Problem 4.36.
Show the cross-sectional shapes of the unified strength theory when =1 and o=1/3
(twin-shear strength theory) on the deviatoric planes, on the meridian planes and on

the o, —o, plane with o, =0.

Problem 4.37.

Compare the unified strength theory when »=1/2 and a=1/3 with the Drucker—
Prager criterion (and a=1/3).

Problem 4.38.
Draw a yield locus of a new failure criterion from the unified strength theory
taking any value of b.
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5 Reasonable Choice of a Yield Function

5.1
Introduction

Ayield criterion is a function of stress state and material parameters. The suitability of
any proposed yield criterion must be examined by experiment results.

A great many experiments and investigations on yield criteria of metallic materials
were done by Guest (1900,1940), Scoble (1906, 1910), Hancock (1908), Smith (1909a,
1909b), Lode (1926), Taylor and Quinney (1931), Ivey (1961), Mair and Pugh (1964),
Paul (1968), Bell (1973), Michno and Findley (1976), Pisarenko and Lebedev (1976),
Winstone (1984), Wu and Yeh (1991), Ellyin (1993), and others.

The experimental results of rock, concrete, soil and other geomaterials were
given by many researchers. The discrepancies between different experiments and
different materials are great.

The reasonable choice of a yield criterion is very important for calculation and
applications. An example is given in the following:

Four sets of the initial yield surfaces of the cast nickel superalloy Mar-M002 at
750 C were given by Winstone (1984) in UK, as shown in Fig. 5.1. They lie within a
tight scatter band. The ratio of shear yield stress 75 to the tensile yield stress oy is 75
los=0.7.
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Fig. 5.1 Initial yield surface of Mar-M002 alloy (Winstone 1984)

Winstone pointed out that this value was surprisingly high when compared with
the values of 73/05=0.58 and z;/05=0.5 expected from the Huber-von Mises yield
criterion and the Tresca yield criterion, respectively. Clearly neither of these
criteria can accurately model the yield behaviour of this material. These results,
however, are close to the value of the twin-shear stress yield criterion. The ratio of
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shear yield stress 7y to the tensile yield stress oy for the twin-shear yield criterion is
75/05=0.667.

The initial yield surfaces of the cast nickel superalloy Mar-M002 indicated a ratio
of shear yield stress to tensile yield stress of 0.7. The comparisons of this
experimental result with the three yield criteria are as follows. The deviation are:

Tresca yield criterion: % =40%
)
von Mises yield criterion: w =21%
0.577
Twin-shear yield criterion: 0.7-0.667 =4.9%
0.667

Many experimental results for various materials under complex stress states have
been published, and they are very valuable. These experimental results and the
unified strength theory give us a possibility to choose a reasonable yield criterion for
research and applications.

5.2
Some Experimental Data of Metallic Materials

A great many experiments and investigations on yield criteria of metallic materials
were done in the 20" Century.

The initial yield locus of aluminum alloy 19S found by Ivey (1961) is shown in
Fig. 5.2. The experiment data for mild steel found by Taylor and Quinney (1931) are
also shown in Fig. 5.2.

Twin-shear stress Criterion{Yu 1961}

Mises Criterion(1913)

Tresea Criterion(1864)

Ivey H. 1. Taylor and Quinney

Fig. 5.2 Experimental results of Ivey (1961) and Taylor and Quinney (1931)

The ratio of the shear yield stress to the tensile yield stress equals approximately
two-thirds. This agrees well with the twin-shear yield criterion, i.e., a special case of
the unified strength theory when o =b=1.
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Winstone (1984) presented some new research results using the acoustic emission
technique, which provides an accurate and sensitive method for determining yield
surfaces. Combined tension and torsion tests were carried out on a servohydraulic
testing machine capable of applying a maximum tensile load of 50 kN and a
maximum torque of 200 Nm. The testing was undertaken using constant rates of
tension and torsion. An acoustic emission transducer was used. All the yield surface
tests used tubular test pieces.

The sequence of a typical test to determine the initial yield surface of the cast
nickel superalloy Mar-M002 at 750 C was given by Winstone in UK, four sets of test
results are shown in Fig. 5.3. This material is usually used for gas turbine blades.
The yield surface was obtained by probing the plastic region under various
combinations of tensile and torsional loads. Experimental points were obtained in
the first and third quadrants of the yield surface, but the second and forth quadrants
have been completed by symmetry (Winstone 1984).

The yield loci of the Tresca yield criterion and the von Mises yield criterion are
also shown. The deviations of the experimental result from the Tresca yield criterion
and the Huber-von Mises yield criterion are significant.

GO0) Ly |
test
o 7l 6 test 400) 144121
00 M|
¢ S Y] aom N4
y.a s A /] il Sy,
201 - o 200
& vorfMises| 7~ Qg2 = [ / \Ri
= o 8 Tregea 1 ;‘ 0 1 Tresga P
= / L )
—20 —20 5
104 8 d
s L . i i3 |
ok T1273 14 —
— 600 —GOO|
— 800 =400 400 800 — 800 —400 1] 400 800
o/MPa a/MPa
GO0, G0
0 Test 40’\ test
4 0|
L M~ ———
s 200 /7 - ‘3-\\. o 20 BSOS
[ corl Mises) P o von Mises -
= [ VOT Iw’["vw.‘l S / = /\
=0 K\ / = 0 K }
— 200 N v —20 4
—400 —"] — 400} e, —
_GOU _-60
—|8-_00 —A00 100 800 =800 =400 400 800

&/MPa a/MPa

Fig. 5.3 Initial yield surface of Mar-M002 alloy at 750°C (Winstone 1984)

Numerous experiments of metallic materials under complex stresses have been
carried out. The experimental data are summarized in Table 5.1. Some data before
1975 are taken from the historical survey article of Michno and Findley (1976).
The ratio z5/0s0f the shear yield strength z; with tensile yield strength ogare also
given.
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Table 5.1. Summary and comparison of the yield criteria with experimental results

. . Suitable
Researchers Materials Specimen T, /o, ..
criterion
0.474 T
Guest 1900 Steel, brass, etc. Tubes ’ resea,
0.727 no one agreed
Hancock Mild steel Solid rods
’ ’ 0.50-0.82 [ N d
1906 1908 unannealed tube O one agree
Scoble 1906 Mild steel Solid rods 0.45-0.57 Tresca
Smith 1909 Mild steel Solid rods 0.55-0.56 > Tresca
Turner 1909, 1911 Annealed steel Tubes 0.460-0.572
Review von Mises to
Turner 1909, 1911 Steels 0.55-0.65 .
work twin-shear
Mason 1909 Mild steel Tubes 0.64 —
Scoble 1910 Steel — 0.38—-0.45 | No one agreed
Becker 1916 Mild steel Tubes — No one agreed
Seeley & Put
e ey] 919u nam Steels Bars & tubes 0.6 > von Mises
Seigle & Creti
cgle retn Mild steel Solid bars 0.45-0.49 Tresca
1925
Iron, mild steel, .
Lode 1926 . Tubes - von Mises
nickle, copper
Ros & Eichinger 1926 Mild steel Tubes — von Mises
. Aluminum, von Mises
Taylor & Quinney .
1931 copper, Tubes — von Mises
Mild steel near twin shear
Revi
Marin 1936 Mild steel eview - No one agreed
work
Morrison Tresca, von
Mild steel Tub - ’
1940, 1948 rasiee Hoes Mises
Davis 1945 Copper,
Davis and Parker medium carbon Tubes - von Mises
1948 steel
Osgood 1947 Aluminum alloy Tubes — von Mises
Cunningham et al. . .
Magnesium alloy Tubes - von Mises
1947
Bishop and Hill 1951 Polycrystals Tubes 0.54 von Mises
Fikri and Johnson . .
Mild steel Tubes - > von Mises
1955
Marin and Hu 1956 Mild steel Tubes - von Mises
Naghdi et al. 1958 | Aluminum alloy Tubes — > von Mises
Hu and Bratt 1958 | Aluminum alloy Tubes — von Mises
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Table 5.1. (Continue)

Researchers Materials Specimen T,/6, |Suitable Criterion
Ivey 1961 Aluminum alloy Tubes 0.66 Twin shear
Bertsch and Findley 1962 [Aluminum alloy Tubes — von Mises
. von Mises
Mair and Pugh 1964 Copper Tubes - .
Twin shear
Miastkowski 1965 Brass — — von Mises
Rogan 1969 Steel tubes 0.5 Tresca
. Low .
Pisarenko et al. 1969 |Copper, Cr-steel - von Mises
temperature
Dawson 1970 Polycrystals — 0.64 near Twin shear
Phillips et al. . Elevated between Tresca and
Aluminum 0.53 .
1970, 1972 temperature von Mises
. Aluminum, Low .
Deneshi et al. 1976 0.6 > von Mises
Copper temperature
. . Elevated .
Winstone 1984 Nickel alloy 0.7 Twin shear
temperature
Ellyin 1989 Titanium Tubes 0.66 Twin shear
Alumi 0.58 Mi
Wu and Yeh 1991 'ummum Tubes VOl"l 158
stainless steel 0.66—0.7 Twin shear
Ellyin 1993 Titanium Tubes 0.62-0.7 —
Ishikawa 1997 Stainless steel Tubes 0.6-0.63 > von Mises

The unified strength theory under o —7 combined stress can be expressed as

f_22+§’b,/ 72+ o, when ¢ >0 (5-1a)
f—22+2bb = 12— c=q, when ¢ >0 (5-1b)

The corresponding yield loci are shown in Fig. 5.4.

L N
=10 =05 0 0.5 1.0 o/

Fig. 5.4 Yield loci of the unified yield criterion under o — 7 combined stress state
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It is seen that:

1. The unified yield criterion almost encompasses various yield criteria of
materials under (o —7 ) combined stresses.

2. The yield loci are convex when the parameter b varies from 0 to 1. It should be
noted that the yield loci in the three—dimensional stress state and the plane stress
state will be nonconvex when b >1 or b < 0. The nonconvex yield surfaces have
been discussed in Chap. 3.

3. The differences between various yield functions are obvious under simple shear
stress. The ratios of pure shear yield stress zgto tensile yield stress o, of some
typical yield criteria are shown as follows: single-shear yield criterion (Tresca
yield criterion): 73 = 0.505; Huber-von Mises yield criterion: z=0.57705;
twin-shear yield criterion: 7z = 0.66705; maximum tensile strain theory:
7=0.769 o5 (v=0.3); maximum normal stress theory: 7y=1.00.

After the comparison of the shear yield strength and tensile yield strength among the 30
materials, Kishkin and Ratner (see Onksov 1963) divided the metals into four kinds
according to the ratio of the shear yield strength to tensile yield strength 7_ /o, as follows:

1. /o5 =0.50 (0.48 - 0.53, five materials), which agrees with the single-shear yield
criterion (Tresca yield criterion) or with the unified yield criterion when 5=0.

2. 1/os =0.58 (0.54 - 0.62, nine materials), which agrees with the Huber-von Mises
yield criterion, or with the unified yield criterion when b =1+ 1/(1+ \/5 ) or b=1/2.

3. 75/05 =0.68 (0.67 - 0.71, eight materials), which agrees with the twin-shear
yield criterion, or with the unified yield criterion when b =1.

4. 75/05<0.40 (0.31 - 0.41, eight materials), which gives a nonconvex result that
does not agree with existing criteria. This kind of result is not indicated by any
theoretical criterion, but matches the unified yield criterion when b= - 1/3.

With regard to the ratio of shear strength to tensile strength of metals, the values in
some manuals are 0.52~0.63 (carbon steel) and 0.65~0.78 (alloy steel).

Generally, the ratio of shear yield stress z to the tensile yield stress oy is different
for different materials. According to the convexity of yield surface, shear yield
strengths are in the range of 7=(0.5~0.667) 0 for those metallic materials that have
same strength both in tension and compression. Yield stresses of metallic materials
are higher than z5/0=0.5.

Many yield stresses of high-strength steel, high-strength alloys, and non-metallic
materials are higher than z=0.667. These kinds of materials may be the SD (strength
difference in tension and in compression) materials.

5.3
Reasonable Choice of a Yield Function for Non-SD
Materials

Because of the significant differences in shear strengths of materials, the yield
function can be selected on the basis of the ratio of the shear yield stress z; to the
tensile yield stress os.
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According to the unified yield criterion

1 . 1
fzdl —m(bO'Z +63)=O'S7 lf 0-2 SE(O-I-’_O-}) (5'23)

1 . 1
f'=——(o,+0by)—0y, =0,> if o,2—(0)+03) (5-2b)
I+b 2

where b is a yield criterion parameter that represents the effect of the intermediate
principal shear stress on the yield of materials and lies in the range of 0 < 5 < 1 when
the yield surfaces are convex.

In the case of critical state in pure shear o, =7, 0,=0, o; = -7 and
r =7, we have

01=7%,0 =0363 =7 and 0-2 =(O'1+0'3)/2:0 (5'3)

hence, we can use the anyone of Egs. (5-2a) or (5-2b).

Substituting Eq. (5-3) into the equation of the unified yield criterion Eq.(5-2a) or
Eq. (5-2b), the relation among the tensile yield stress oy, shear yield stress 75 and the
parameter b in the unified yield criterion is obtained as

@2+b)z, =(1+b) o, (5-4)

The parameter b can be determined from the ratio of shear yield stress to tensile
yield stress as follows:
2z, — o, 2a.—1
b=— =—T , (5-5)

G ~%5 l-eo

Inversely, the ratio of shear yield stress to tensile yield stress can be given as

7 b+1
o =——=— (5-6)
o, b+2
The unified yield criterion establishes clear and simple relations among the
various yield criteria. It also provides a method to choose the appropriate yield
criterion. It can be obtained from the unified yield criterion as follows:

(1) First, we need know the tensile yield stress o and shear yield stress 7

(2) Second, the ratio of the shear yield stress to the tensile yield stress «,= 75/0 can
be determined ;

(3) then, substituting «, into Eq. (5-5), the parameter b is determined;

(4) at last, substituting & into Eq. (5-1a) and (5-1b),anappropriate yield criterion is
obtained.

For example, if the ratio of the shear yield stress to the tensile yield stress is o, = 75
/os = 0.6, the parameter b can be determined from Eq. (5-5) is 5=1/2. Substituting
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b=1/2 into Eq.(5-2a) and (5-2b), then an appropriate yield criterion is given as
follows:

: 1 1
J‘ =0 —5(62 +20—3):ay’ when o, SE(O'I +O'3) (5-73)
1 when >l( +0,) (5-7b)
f =§(20'1 +to,)-0y =0, 0, 2 2 0 +0;

This means that a new yield criterion is introduced. This new yield criterion can
be approximated to the Huber-von Mises yield criterion.

If the ratio of the shear yield stress to the tensile yield stress is «,= 75/05=0.667,
the parameter b can be determined from Eq. (5-5) is b=1. Substituting b=1 into
Eq.(5-2a) and (5-2b), the yield criterion is given as follows:

1 . 1
f =0 —z(o-z +0'3 ): o, if o, SE(O-I +0'3) (5-8a)
, 1 i 1 b
f :;(0'1 to0,)—0, =0, if o, —5(0'1 +03) (5-8b)

It is the twin-shear yield criterion proposed by Yu in 1961.
Various new yield criteria may be introduced when the ratio of the shear yield
stress to the tensile yield stress is different.

5.4
Experiments for Iron under o~7 Stress State

A combined o—7 stress state can be produced in thin tube under axial force and
torsion. For brittle materials, such as iron, the limit locus of the materials is
asymmetrical in the z—coordinate because its tensile strength is different from its
compressive strength. Since the ratio of the tensile-compressive strength is different,
two material constants are required, such as tensile strength o, and compressive
strength o., tensile strength o; and the tensile-compressive ratio « =o; /0., or
compressive strength o . and the compression-tension strength ratio m=o,./0;,. For
example, the limit loci corresponding to different tension-compression strength
ratios of twin-shear yield function are shown in Fig. 5.5. The comparison of the
experimental results of iron with the twin-shear yield function are given.

A series of experiments of iron under o—z combined stress states were conducted
by Grassir and Cornet (1949), Mair (1968) and Coffin (1950). Their experimental
results are shown in Fig. 5.6.
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Fig. 5.5 Comparison between experimental results for iron and twin-shear strength theory (Grossir
and Cornet 1949; Coffin 1950)

5.5
Experiments for Concrete under Complex Stress

The experimental results of concrete with the twin-shear yield function are shown in
Fig.5.6.

Fig. 5. 6 Comparison between experimental results for concrete and twin-shear stress theory

The primary experiments on limit loci in the n-plane on concrete were conducted
by Gachon and Launay of the French National Institute of Technology. A series of
limit loci in the m-plane for concrete are given under different hydrostatic pressures.
Figs. 5.7 and 5.8 show the limit loci in the m-plane for concrete (Gachon1972,
Launay and Gachon 1973).

It can be seen from Figs. 5.7 and 5.8 that although smooth curves can
approximate the results, the polygonal line in Fig. 5.8 is closer to the experimental
results. Fig. 5.8 shows three groups of experimental limit loci and compares them
with yield function. The limit locus of yield function shown in Fig. 5.8 is the unified
strength theory with 5=1/2. In order to enable comparison, the limit locus of the
unified strength theory with /=0 and b=1 under 3p=4 and 8 are also given. Although
there are only two data points when 3p=1, which cannot be compared with yield
function, other experimental results all agree with the estimation of the unified
strength theory with b=1/2. As to the experimental results in Fig. 5.8, they also agree
with the unified strength theory with 5=1/2.
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Fig. 5.7 Limit loci in the n-plane for concrete (Gachon 1972)

Fig. 5.8 Comparison between experimental limit loci of concrete and the unified strength theory
with b=1/2

In the 1990s, many true triaxial experiments were conducted. Faruque and
Chang conducted three groups of experiments on plain concrete. The stress states
of these three groups of experiments were (o,=05, 0,), (6,=—03, 0,) and (c,=0),
03), i.e., triaxial tension, shear and compression, respectively. Their experimental
results can be connected as shown in Fig. 5.9. It can be seen that the experimental
results agree with the unified strength theory with »=1. The experimental results
for steel fiber concrete obtained by Dong et al. (1993) also agree with twin-shear
stress theory.
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Fig. 5.9 Concrete (Faruque and Chang 1990)

From the above experimental results, it can be deduced that the limit loci of
concrete in the m-plane lies between the unified strength theory when b=1/2 and
b=1. There are lots of experimental data on meridian lines for concrete (see Chen
WF 1982). It can be expressed approximately by a two-parameter criterion,
giving a straight limit meridian line. Generally, it must be expressed by
three-parameter, four-parameter or five-parameter criteria, giving curved limit
meridian lines.

5.6
Experiments for Rock under Complex Stress

Michelis (1985, 1987) conducted many fine true triaxial experiments on rock and
concrete. The results show that the effect of intermediate principal stress o, is an
important characteristic for geomaterials. According to the three series of
experimental data (Michelis 1985, 1987) three limit loci may be drawn as shown in
Fig. 5.10.
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Fig. 5.10 Marble (Michelis 1987)

The biaxial experiments of rock have also been conducted at the same time. Fig.
5.11 shows the experimental result published by Amadei and Kuberan in the 24"
Conference of Rock Mechanics of American in 1984. The dotted line in the figure is
the limit line of Mohr-Coulomb strength theory in plane stress state. The solid line is
the limit line of the unified strength theory with h=3/4. Compared with the
experimental results, there is a large difference between the Mohr-Coulomb theory
and the experimental results. Mohr-Coulomb strength theory is too conservative.
The limit surface of the unified theory with 5=3/4 is close to the experimental results,
but in the region of biaxial compressive stress state, it is also too conservative.

]

(-]
(-]
_\..,_
-
3

o0

Fig. 5.11 Experimental results under biaxial condition for limestone (Amadei et al, 1984)

A granite with properties such as high hardness, high density, high strength and
high elastic modulus can be found in the upstream of the Yellow River (China). Its
uniaxial compressive strength is o, =157 MPa; it has elastic modulus G=50 Gpa,
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tensile strength 0,=7.8 MPa, shear strength parameter Cj=16 MPa, 71g¢=0.96, the
unit weight 7=2680 kg/m’ and Possion’s ratio v = 0.2 .

A series of experiments on rock corresponding to different high pressures under
the same stress angle were carried out by the Northwest Design and Research
Institute (China) and the Wuhan Institute of Rock and Soil Mechanics of the Chinese
Academy of Science. The failure strength of rock corresponding to different
hydraulic pressures with the same stress angle can be obtained, and then the limit
meridian lines of rock under this stress angle can then be obtained. Five stress angles
6 =0°, 13.9°, 30°, 46.1°, 60° are adopted, and the corresponding five limit meridian
lines are shown in Fig. 5.12. Six sections are adopted in Fig. 5.12 within the range of
p=80-200 MPa, and then six limit loci in the m-plane corresponding to different
values of p are obtained as shown in Fig. 5.12.

500f

400)

q/MPa
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100
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Fig. 5.12 Limit loci in meridian lines and the n-plane
It can be seen that:

1. The strength of granite increases with increase of the hydraulic pressure p.

2. The length of vector ¢ differs corresponding to different stress angles 6 in the
n-plane when the hydraulic pressure p is constant. Granite shows an obvious
stress angle effect. There is an obvious distinction between the circular limit loci
of the Drucker—Prager criterion and the experimental results.

3. All the experimental points are located outside the limit loci of the
Mohr—Coulomb yield function, and they are closer to that of the twin-shear yield
function.

4. The limit meridian line changes with the stress angle.

5. In the process of varying stress angle from 6=0° to 6=60°, the value of ¢
increases and reaches ¢=262.2 MPa, and then decreases to ¢ =255 MPa. This
result agrees with the twin-shear stress theory.



108 5 Reasonable Choice of a Yield Function

5.7
Experiments on Clay and Loess under Complex Stress

Soil is a widely used material in structural engineering and geotechnical
engineering. The yield function is the basis of soil mechanics and foundation
engineering. At present, the axisymmetric triaxial experiments on soil are the
elementary tests in soil mechanics and have gradually developed into true
triaxial experiments.

The early research on failure criteria for soils under true triaxial stress states or
plane strain states was done by Shibata and Karube (1965) at Kyoto University,
Roscoe (1968), Roscoe and Burland (1968), Wood and Roth (1972) at Cambridge
University, Ko and Scott (1967) at Colorado State University, Brown and Casbarian
(1965), Sutherland and Mesdary (1969) at the University of Glasgow, Bishop (1971)
and Green (1972a) at Imperial College. Fig. 5.13 indicates the experimental results
for normally consolidated soil carried out by Shibata and Karube (1965). The
experimental results on normally consolidated soil lie almost between the unified
strength theory with 5=1/4 and b=1/2. They do not agree with the Mohr-Coulomb
yield function.

Fig. 5.13 Soil (Shibata and Karube 1965)

Fig. 5.14 shows the experimental results for compactive loess given by Fang in
1986. Fig. 5.15 shows the experimental results under true triaxial conditions for
undisturbed loess and remolded loess given by Xing et al. at Xi’an Science and
Technological University. The experimental results all agree with the unified
strength theory with 5=1/2.
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b=1
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0
Fig. 5.14 Compacted loess (Fang 1986) Fig. 5.15 Loess (Xing et al. 1992)

Recently, the limit loci in zm-plane of undisturbed loess soils is obtained by
Yoshimine et al. at Tokyo Metropolitan University, Tokyo, Japan. It is shown in
Fig.5.16. It is in agreement with the twin-shear strength theory or the unified
strength theory with b=1.

O3

Undisturbed
Loess Sail

Fig. 5.16 Loci in 7-plane of undisturbed loess soils (Yoshimine et al. 2004)

5.8
Experiments on Sand under Complex Stress

A well-known experiment on sand was carried out by Green and Bishop (1969). Fig.
5.17 shows the experimental results. Fig. 5.18 shows the dynamic strength for sand
obtained by Zhang and Shao (1988). The results are close to the unified strength
theory with 5=3/4 and b=2/3, respectively.
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Fig. 5.17 Sand (Green and Bishop 1969) Fig. 5.18 Dynamic strength of sand (Zhang and Shao)

Fig. 5.19 shows the comparison between the unified strength theory (b=3/4) with
experimental limit locus in the n-plane for sand obtained by Nakai and Matsuoda
(1983) in Japan.

\_/

Fig. 5.19 Limit locus in the n-plane for Toyoura Sand (Nakai and Matsuoka)

Fig. 5.20 a, b shows the experimental results on loose sand and dense sand, given
by Dakoulas and Sun (1992). The results agree with the unified strength theory with
b=1/2 and b=3/4, respectively.
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(a) loose sand (b) dense sand

Fig. 5.20 Limit loci for Ottawa fine sand: (a) loose sand; (b) dense sand (Dakoulas and Sun 1992)

The limit loci in the m-plane for sand obtained by Ko and Scott (1968) are shown
in Figs. 5.21. The results agree with the unified strength theory with b=1/2.

o (kpa)
b=1

300 medium
sand

Fig. 5.21 Limit locus in the n—plane for medium sand (Ko and Scott 1968)

Fig. 5.22 shows the static and dynamic strength for saturated sand under complex
stress states obtained by Zhang and Shao (1988).
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Fig. 5.22 Static and dynamic limit loci for saturated sand (Zhang and Shao 1988)

These experimental data are situated between the limit loci of the unified strength
theory with »=1/2 and b=1.

5.9
Reasonable Choice of a Yield Function for SD- Materials

It is difficult to choose an appropriate failure criterion for SD (Strength Difference in
tension and in compression) materials.

The unified strength theory (unified strength theory) establishes a clear and
simple relation among the various yield criteria. It also provides a method to choose
the appropriate yield criterion. The reasonable choice method can be obtained from
the unified strength theory as follows.

First, we need know the tensile strength o and compressive strength o, ;

Second, the ratio & =0y /0, , i.e. the ratio of tensile strength o; to compressive
strength o, can be determined

Third, if the ratio « =c; /0,=1, it means that the tensile strength equals the
compressive strength. We can use the unified yield criterion and choose a resonable
parameter b, as described in section 5.3 this chapter.

At last, if the ratio & =0y /0,71, or 0, 7 o, it is the material with SD effect (effect
of Strength Difference in tension and in compression). We have to use the
two-parameters yield function. The unified strength theory can be used as a
two-parameters yield function. The mathematical equation is expressed as follows:

_ o _ when 5, <J11%% 5-9
F—O'l—“_b(bo'2 +03)=0, o, < ra (5-9a)
F=L(O' +bo))—ao,=c when o, ZM (5-9b)
1+b 1 2 377 1+a
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It is linear and simple. The difficulty is how to choose the failure criterion
parameter b. A method is using the true triaxial test for every material, however, it is
expensive and difficult. One simple method is choosing the intermediate value of b,
which is a mediated criterion between the lower bound (the Mohr-Coulomb strength
theory) and upper bound (the twin-shear strength theory). The mathematical
equation is also linear and simple, it is shown as follows:

+
F =0 —1(0'2 +20,)=0,, 0, <A 7% (5-10a)
3 l+«
F'=%(20‘1 +0,)—ao0; =0,, 0, ZJ—“I:O{G (5-10b)
o

This is a new failure criterion deduced from the unified strength theory with 5=1/2.
Since the Drucker—Prager criterion cannot match with the practice, this criterion is
more reasonable and can be substituted for the Drucker—Prager criterion.

According to the experimental data described in sections 5.4 to 5.8. The strength
theory parameter b can be recommended as follows:

b=1/2 to b=1 for concrete, rock and high strength steel and alloy; i.e. 1/2<bh <1

b=1/4 to b=3/4 for soils and soft rock, i.e. 1/4< b < 3/4.

5.10
The Beauty of the Unified Strength Theory

What is the beauty of a thing? Beauty is the qualities that give pleasure to the senses
or lift up the mind or spirit (Longman Dictionary of Contemporary English 1978).
Beauty is the combination of qualities that give pleasure to the senses or to the moral
sense or the intellect (The Oxford Advanced learner’s Dictionary of Current English
1963). A thing of beauty is a joy for ever (Keats, John 1795-1821).

What is the beauty of science? Six elements of the beauty of mathematics and
physics were described by Tzanakis (1997), Kosso (1999), Shen (2004) and others.
Six relevant points about the beauty of mathematics and physics are:

(a) Clarity: the conceptual clarity in the foundations and the development of a
theory.
(b) Simplicity, Elegant and economic reasoning. It is also said that: “Science
advocates simplicity” (Shen ZJ 2004).
(c) Unification of a priori unrelated concepts, methods, theories or phenomena.
(d) The “naturality” of a theory.
() Symmetry.
(f) Analogy
The beauty of the unified strength theory was first proposed and studied by Fan,
et al. (2001) of Nanyang Technological University in Singapore. Fan, etal. (2001)
a lecture at an International Congress on Computational Mechanics held at Sydney
in 2001, Australia. The power and unification of the unified strength theory are
discussed.
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A closing lecture was delivered by Yu et al. at the International Symposium on the
Developments in Plasticity and Fracture, Centenary of M.T.Huber Criterion, in
Cracow, Poland (Yu et al. 2004). The Beauty of Strength Theories was discussed.

The unified strength theory was derived based on the concept of multiple slip
mechanism and the multi-shear element model or twin-shear element. Multi-shear
element and twin-shear element are spatial equipartition available for continuum
mechanics, which are shown in Fig. 5.23.

Fig. 5.23 Multi-shear element and twin-shear element

It is obvious that this element model is different from the principal stress element
used in common continuum mechanics. There are three sets of principal shear stress
and normal stress acted on the sections, on which the principal shear stress is acted
respectively. However, there are only two independent components in three
principal shear stresses, because the maximum shear stress 7,5 equals the sum of
the other two, i.e. 7.3 = 17 |, + 7 ,5.

Considering the two larger principal shear stresses and the corresponding normal
stress and their different effects on failure of materials, the mathematical modeling
of the unified strength theory can be formulated as (Yu-He 1991; Yu 1992, 1994)

F=1,+br, +B(o5 +bo,)=C,when 7, + fo,, 27y + f0,, (5-11a)
F'=z5 +bt,, + (05 +boy;)=C, when 7, + fo,, <1)5 + fo,, (5-11b)

where b is a coefficient of the effect of the other principal shear stresses on the
strength of materials. Introducing a tension-compression strength ratio & =0, /0, .
The unified strength theory is expressed in terms of three principal stresses as
follows

+ao
__ _ when 5 <%17%9% (5-12a)
F=o, —1+b(b0'2+0'3)—0't, 2 4o
1 when o. >21.1%% (5-12b)
Fi= 5@ +hoy)—acy =g, VRO o3 270
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The mathematical expression of the unified strength theory is simple and linear,
but it has rich and varied contents, and can be easily changed to suit many new
conditions. It possesses fundamentally all the expected characteristics for a unified
strength theory.

A series of limit loci of the unified strength theory on the deviatoric section are
shown in Fig.2 and Fig.3 in Preface of this book. Several characteristics of the
unified strength theory are discussed as follows:

(1) Linearity and Simplicity

It is physically meaningful and can be expressed by mathematically simple equation.
The formulation of the unified strength theory is linear and convenient to use in
applications to analytical solution of plasticity and plastic analysis of structure and
computational implementation for numerical solution.

(2) Unification

According to Tzanakis (1997) one of six relevant points about the beauty of
mathematics and physics is unification of a priori unrelated concepts, methods,
theories or phenomena.

All the yield criteria and failure criteria are single criterion having various model
and expression. The limiting loci of the unified strength theory cover all regions
from the Mohr-Coulomb theory to the twin-shear strength theory. The unified
strength theory is not a single criterion. It is a series of failure criteria, a system of
strength theory. This theory gives a series of new failure criteria, establishes a
relationship among various failure criteria, and encompasses previous yield criteria,
failure models and other smooth criteria or empirical criteria as special cases or
linear approximations. The famous Tresca yield criterion, the Mohr-Coulomb
strength theory, the twin-shear yield criterion, the twin-shear strength theory and
some others are special criteria of the unified strength theory.

The unification can be seen from Figs. 2 and 3 in the Preface and Fig.4.22 in
Chapter 4. The relation among the single-shear theory, the twin-shear theory and a
series of new failure criteria can be seen in Fig. 5.24.
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O<b<l

b=1

N

Twin-shear theory
b=1

b=0

New yieldcriteria
a=land0<b<1
New failure criteria

azl,0<b<1

Single-shear theory
b=0

Unified strength theory
0<b<1

Fig. 5.24 Relation among various yield criteria

(3) Clarity and Naturality

The unified strength theory is a result of continual studies for 30 years from 1961 to
1991. It is the natural developments of the twin-shear yield criterion (1961),
generalized twin-shear strength theory (1985) and multi-parameter twin-shear
criteria (1988-1990) to the unified strength theory (1991). The SD effect (strength
difference at tension and compression), the effect of hydrostatic stress, the effect of
intermediate principal stress and the effect of intermediate principal shear-stress on
failure of materials are taken into account in the unified strength theory.

The limit locus of the twin-shear strength theory at z plane is the upper (external)
bound of all the convex limit loci.

The non-convex failure surfaces can also be given from the unified strength
theory when <0 or b>1. This kind of failure criterion has not been studied before.

(4) Symmetry
The mechanical model of the unified strength theory can be illustrated by a
multi-shear element model or twin-shear element, they are symmetric as shown in

Fig.5.22. The yield surface and yield loci of the unified strength theory are also
symmetric.

(5) Analogy

There is an analogy between the unified strength theory and previous failure criteria.
It is the same when we make a comparison between the Mohr-Coulomb theory and
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the unified strength theory with b=0. It is also the same when we make a comparison
between the twin-shear strength theory and the unified strength theory with b=1. A
series of yield criteria and failure criteria can be introduced from the unified strength
theory. They are ranged between the single-shear theory and the twin-shear theory.

This unified strength theory agrees with experimental results over a wide range of
stress state for many materials including metal (when o=1), rock, soil, concrete and
others.

The unified strength theory forms an entire spectrum of convex and non-convex
criteria, which can be used to describe many kinds of engineering materials.

The unified strength theory is beauty in its clarity, its simplicity and linear, its
analogy, its symmetry and its unification.

Summary

The experimental verification and reasonable choice of failure criteria for various
materials are discussed in this chapter.

The suitability of any proposed yield criterion must be examined by experiment
results. A comprehensive description of the experimental investigations on yield
surfaces may be found in the literatures. Experimental results from different
researchers from 1900 to 1997 are briefly summarized in Table 4.1. The differences
between various materials are great. No single yield criterion was found to be fully
adequate. The single-shear yield criterion (Tresca yield criterion) can be adopted
only for non-SD materials and the ratio of shear yield stress 7, to the tensile yield

y
stress oy is 7,/0,, =0.5. The Huber-von Mises yield criterion can be adopted only for

non-SDymatz:rials with the ratio /o, =0.577. The twin-shear yield criterion (Yu
1961) can be adopted only for non-SD materials with the ratio z,/0, =0.667. The
values of the ratio of shear yield stress to tensile yield stress (z,/0,=0.4~0.7) differ
from the values of 0.50, 0.577 and 0.667 expected from the the Tresca yield criteria,
the Huber-von Mises yield criterion and the twin-shear yield criterion, respectively.
Clearly, no single yield criteria can accurately model the yield behaviour of various
materials. All the yield criteria, including the Tresca yield criterion, the Huber-von
Mises yield criterion, the twin-shear yield criterion and the unified yield criterion,
are one-parameter criteria.

The yield surfaces of the unified yield criterion (Yu et al. 1991, 1992) cover all the
convex regions and are extended to the non-convex region. Therefore, it can match
most experimental data. More experimental data regarding the yield of materials
under complex stress are expected.

High-strength steel, high-strength alloys, and most nonmetallic materials, such as
polymers, ceramics, rock, concrete and soil are dependent on hydrostatic pressure,
and their yield stresses in tension and compression are not identical. Therefore a
generalized yield function or two-parameters failure criteria are needed for these
materials. Reasonable choice of a yield function for geomaterial is more complex
than the metallic materials with the identical strength in tension and in compression.
The unified strength theory is compared with various experimental data. The choice
of failure criteria parameter b and the beauty of the unified strength theory are
discussed.
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The study of the strength of materials under complex stress states is complicated
both in theory and in tests. The experimental verification of strength theories is of
paramount importance. If one proposes a failure criterion, a material model or a
yield function, it is better that it is verified by others. The independent proofs of
strength theories are of great importance.

Problems

Problem 5.1.
What is the lower bound of the convex failure criteria adopted for hydrostatic
stress-sensitive material?

Problem 5.2.
What is the upper bound of the convex failure adopted for hydrostatic
stress-sensitive material?

Problem 5.3.
What is the lower bound of the convex yield criteria for those materials in which the
yield stress in tension and compression are equal?

Problem 5.4.
Compare the limit loci for various strength theories on the deviatoric plane.

Problem 5.5.
What is the upper bound of the convex yield criteria for those materials in which the
yield stress in tension and compression are equal?

Problem 5.6.
Why can we not use failure criteria arbitrarily?

Problem 5.7
+
o, +ao, or

Explain why we have to determine the stress state condition o, < ;
+a

o, +ac . .
oy > % when we using the unified strength theory?
+a

Problem 5.8.

How do you choose between the two equations in the unified strength theory?
Problem 5.9.

What is the result if you use the second equation of the unified strength theory for
o, tao,

the stress state of o, <
1+
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Problem 5.10.
What is the result if you use the first equation of the unified strength theory for the

o) +oo
stress state of o, >—1—3.
I+a
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6 Elasto-plastic Constitutive Relations

6.1
Introduction

The previous chapters described the yield functions and the corresponding yield
surfaces that characterize material initial yielding. The post-yielding,
loading-and-unloading behavior of the materials is related to the stress-strain
relation for plastically deformed solids, namely the constitutive relations for plastic
deformation of engineering materials. Classical plasticity theory discusses plastic
flow rules such as Levy-Mises and Prandtl-Reuss equations, Drucker’s stability
postulate, isotropic, kinematic and combined hardening rules, and derives general
stress-strain relations for plastic deformation of different materials.

In this chapter, the solving of singularity of piece-wise linear yield functions,
the associated flow rule and the incremental constitutive relations for the unified
strength theory will be mainly developed.

6.2
Plastic Deformation in Uniaxial Stress State

For a stress-strain curve shown in Fig. 6.1 of an elasto-plastic material, the behavior
can be characterized an elastic region with an elastic modulus £ until yielding
commences at the axial yield stress oy, and a plastic region with a continually
varying local tangent Et to the curve. Et is termed as the elasto-plastic tangent
modulus. The hardening law & = k(x) can be readily derived in terms of the plastic
work done for the material for strain hardening hypothesis. In the elastic region, the
stress-strain relation has a linear form,

o =E¢ (6-1)

In the plastic region, the total strain increment strain in the uniaxial stress state is
the sum of the elastic strain increment and the plastic strain increment, i.e.

de =de® +de? (6-2)
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Assuming that the plastic deformation is rate insensitive, the stress increment is
linearly related to the elastic strain increment in the plastic region and can be
expressed by

do = Eds® = E(ds —de?) (6-3)

The initial yield point oy differentiates the elastic and plastic regions. The stress
in the plastic region can be determined by a hardening rule,
oc=0oy(x) (6-4)
where « is a hardening parameter. In the uniaxial stress state, the plastic strain £”is
usually used for the hardening parameter, i.e. k=&, The plastic strain £”is history or
path dependent, it can be calculated by

P = jdgp (6-5)

Considering the strain decomposition Eq. (6-2), it can be derived that

del =de —ds® =d—o-—d—6= L—L do (6-6)
E, E \E, E

The tangent modulus E7 is considered to be a function of stress and plastic

strain &7,

Er =Ep(o,6”) (6-7)

which should be determined experimentally from a simple uniaxial yield test. Based
on Egs. (6-6) and (6-7), an incremental constitutive relation of the material can thus
be derived.

Stress, O Slope E p—Elastoyplasti¢c tangent modulus
v Y,
7 /|
! /7
do /’ lll
A J > l <
LS| der TIST def
II
oy de

Slope E—Elastic modulus

Strain, &

Fig. 6.1 Uniaxial elasto-plastic stress strain curve
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The constitutive relation differs for plastic loading and elastic loading or
unloading. It is necessary to identify the process as belonging to plastic loading or
elastic unloading. Loading and unloading represent a deformation process starting
from a plastic state and continuing to deform plastically and then returning to the
elastic region. A previous plastic state is always implied. The loading and unloading
criterion in the uniaxial stress state can be represented as

odo >0 for loading (6-8)

odo <0 for unloading (6-9)

It is seen that the fundamental elements of the plastic deformation includes initial
yielding of the material, strain hardening and subsequent yielding, incremental
constitutive equation and loading and unloading criterion, etc. In three-dimensional
case, the constitutive equations can be represented in tensor notation, which will be
discussed in the following sections.

6.3
Three-dimensional Elastic Stress-strain Relation

The plastic theory in the uniaxial stress can be extended to the three-dimensional
case. The elastic stress-strain relationship in the three-dimensional case can be
given by the generalized Hooke’s law in the Cartesian coordinate system for
isotropic materials. In tensor notations, it has the form of

o 3v
£y :ﬁ—fpa,.j (6-10)

where o is the Kronecker delta and p=c/3 is the mean stress or hydrostatic
pressure in the material. E, G and v are the elastic modulus, the shear modulus and
the Poisson’s ratio, respectively. They have the following relation,

E

¢= 2(1+v) (©-11)

Eq. (6-10) can be rewritten as

1
€ :E[(1+V)O-ii —3‘/[?5,']']

1 (6-12)
= E[(l +V)SpS ;i —v3 S ]Ukz

=M o u

where My :L[(l+v)5ik§ ji —V5ik5k1]~ The elastic stress tensor can then be
deduced from Eq. (6-12) as
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_E 3y
T PR
£ , (6-13)
=L | Gl T ik [Fk
=Cijusn
in which Cjy is the stiffness tensor of the fourth order, and, &,=¢i/3is the mean
strain, and

E v
Cijkl :ml:éikdil +E5[j5klj| (6-14)

The stiffness tensor Cjjq has 21 independent components for anisotropic
materials. The components depend on two independent constants only for isotropic
materials.

The stress tensor can also be written using Lame constant,

o= ZGs,-j +AE 0 (6-15)

where A is the Lame constant and can be expressed in terms of £ and v as,

Ev

A= (6-16)
1+v)1-2v)
The elastic stress strain relation can also be expressed by an incremental form, i.e.,

dejj =M yydo (6-17)
or

do; = Cypdz; (6-18)

6.4
Plastic Work Hardening and Strain Hardening

The total strain increments in three-dimensional case can be generalized as
— . r
dsij = d‘gij + dsij (6-19)

where de;j is the elastic strain increments and dsijp is the plastic strain increments.
The decomposition is correct for cases of infinitesimal strain only in the case of
finite strain, there will be geometrical elasto-plastic coupling between the elastic
and plastic strain measures so that the Eq. (6-19) will lose its conventional physical
meaning.
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After initial yielding, the stress level at which further plastic deformation occurs
may be dependent on the current degree of plastic straining. Such a phenomenon is
termed work hardening or strain hardening. Thus the yield surface will vary at each
stage of the plastic deformation, with the subsequent yield surfaces being dependent
on the plastic strains in some way. Due to its dissipation feature the plastic
deformation process is history or path dependent. In other words, there will not be a
one-to-one correspondence between stress-strain during plastic deformation. Some
alternative models which describe strain hardening in a material are illustrated in
Fig. 6.2. A perfect plastic material means that the yield stress level does not depend
in any way on the degree of plastic deformation. If the subsequent yield surfaces are
a uniform expansion of the original yield curve, without translation, the strain
hardening model is said to be isotropic. On the other hand if the subsequent yield
surfaces preserve their shape and orientation but translate in the stress space as a
rigid body, kinematic hardening is said to take place. Such a hardening model gives
rise to the experimentally observed Bauschinger effect on cyclic loading.

S . . .
Isotropic strian hardening

o

Kinematic strain hardening

Perfectly plastic

G, G3

Fig. 6.2. Representation of Strain Hardening Behavior

The progressive development of the yield surface can be defined by relating the
yield stress £ to the plastic deformation by means of the hardening parameter «. This
can be postulated to be a function of the total plastic work W), only. Plastic
deformation can also be associated with the dissipation of energy so that it is
irreversible. Then

© =W, (6-20)

where

W, = Iag/ (ds})) (6-21)
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in which def are the plastic components of strain occurring during a strain
increment. Alternatively x can be related to a measure of the total plastic
deformation termed the effective, generalized or equivalent plastic strain which is

defined incrementally as
1
dz, ,/ [(dg )def] T (6-22)

A physical insight of this definition is proved where uniaxial yielding is
considered. For situations where the assumption that yielding is independent of any
hydrostatic stress is valid, deif = 0 and hence ds;f” = deif’, where de;f” is the
deviatoric plastic strain increments. Consequently the above equation can be

rewritten as
d, ‘f [(dg )de ! (6-23)

Then the hardening parameter « , is assumed to be defined as

k=g (6-24)

where ¢, is the result of integrating de, over the strain path. This behavior is
termed strain hardening.

Strain states for which /= k represent plastic states, while elastic behavior is
characterized by f < k. At a plastic state, f = k, the incremental change in the yield

function due to an incremental stress change is

df = %do , (6-25)

ij
Then if
df < 0 elastic unloading occurs and the stress point returns inside the yield
surface.
df'= 0 neutral loading and the stress point remains on the yield surface.
df> 0 plastic loading for a strain hardening material.

6.5
Plastic Flow Rule

The general mathematical treatment of the constitutive equation for plastic
deformation or flow was proposed by Huber-von Mises in 1928. In elastic theory
the strain tensor was related to the stress tensor through an elastic potential function,
the complementary strain energy U such that
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ou

&y =
iy 60'1-]-

(6-26)

By extending this idea to plasticity theory, Mises proposed that there existed a
plastic potential function Q (oy), and the plastic strain increments de;i” can be
derived similar to Eq. (6-26),

de? = dr 22 (6-27)
y P
ojj

where di is a proportional positive scalar factor. To determine di, the yield
function should be used. The plastic flow rule shown in Eq. (6-27) is called plastic
potential theory. The plastic potential Q () =C, or a constant, represents a surface
in the six-dimensional stress space, and the plastic strain dg;” can be represented to
a vector which is perpendicular to the surface Q (oy) =C.

A common approach in plasticity theory is to assume that the plastic potential
function Q (oy) is the same as the yield function F' (),

O(o;)=F(oy) (6-28)
Eq. (6-27) can then be rewritten as
dgl-‘/’-’ =di o (6-29)
' 0o

and the plastic flow vector is normal to the yield surface. This is called the
associated flow rule. On the other hand, if QO # F, the flow rule is called
nonassociated.

The association of Q with F' is based on an assumption whose validity can be
verified empirically. Experimental observations show that the plastic deformation
of metals can be characterized quite well by the associated flow rule, but for some
porous materials such as rocks, concrete, and soils, the nonassociated flow rule may
provide a better representation of their plastic deformation. Mathematically it can
be proved by using Drucker’s stability postulate that if the material is stable in
Drucker’s sense, the flow vector must be associated.

The Prandtl-Reuss equation is a special case of the associated flow rule. Indeed
applying the Huber-von Mises yield criterion yields

¥, _ S (6-30)
0o '

where Sj; is the deviatoric stress tensor. Eq. (6-29) then gives

dgl.j.’ =di oF =dAis; (6-31)
O '




6.6 Drucker’s Postulate — Convexity of the Loading Surface 129

which is the Prandtl-Reuss equation, or the Levy-Mises equation if the elastic strain
rate is ignored. Thus, within the general frame of the plastic potential theory, the
Prandtl-Reuss or the Levy-Mises equation implies the Huber-von Mises yield
function and the associated flow rule.

The complete incremental relationship between stress and strain for
elasto-plastic deformation is found to be

de

1 00
i ==E[(1+v)5,.k5j, 15 54y P g +d . (6-32)

6.6
Drucker’s Postulate — Convexity of the Loading Surface

Drucker (1951) proposed a unified approach based on his stability postulate to
establish the general plastic stress-strain relations. One major consequence of
Drucker’s posulate is that the flow rule for stable materials is associated (i.e., 0 =
F). For a stable material, it can be proved that the yield surface must be convex
(Drucker 1952, Mendelson, 1968).

Considering a material element in equilibrium with a given state of stress aijo
inside the loading surface as shown in Fig. 6.3, first it is necessary to define a stress
cycle or a closed loading-unloading path in stress space. Let some external agency
add stresses along some arbitrary path inside the surface. Only elastic changes have
taken place so far. Now suppose the external agency to add a very small outward
pointing stress increment doi; which produces small plastic strain increments de;;”,
as well as elastic increments. The external agency then releases the doij” and the
state of stress is returned to oj; along an elastic path.

Fig. 6.3 A closed loading-unloading path



130 6 Elasto-plastic Constitutive Relations

The work done by the external agency over the cycle is
— _ 0 P )4
If the plastic strain coordinates are superimposed on the stress coordinates as in
Fig. 6.4, §W may be interpreted as the scalar product of the vector o-ij-o-ijo and the

vector deif’ plus the scalar product of dojj and deif’. Now, from the strain-hardening
definition,

dojde >0 (6-34)

or

|daij”d£l§"cose >0 (6-35)

and —t/2 <6 < m/2.

That is, the vector dojj and dei’ make an acute angle with each other. In a similar
fashion, since the magnitude of o-ij-aijo can always be made larger than the
magnitude of day;, it follows that

(0 —o)del >0 (6-36)
or

‘aij - o-,»(}“dgif‘cosx// >0 (6-37)

hence —n/2 <y < m/2.

Fig. 6.4 Stress and plastic strain increment vectors
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Thus the vector oy- o-,JO makes an acute angle with the vector dglf’ for all choices
of a,J Therefore, all points auo must lie on one side of a plane perpendicular to deu ,
and, since d.sup is normal to the yield surface, this plane will be tangent to the yield
surface. This must be true for all points o on the yield surface, so that no vector
o-ij—oijo can pass outside the surface intersecting the surface twice, as shown in Fig.
6.5. The surface must therefore be convex. On the other hand, if the surface is not
convex, there exist some points oj and o-ijo such that the vector o-ij—aijo forms an
obtuse angle with vector daojj;, as shown in Fig. 6.6. This completes the convexity
proof.

Fig. 6.5 Convex yield surface

obtuse angle

Fig. 6.6 Non-convex yield surface

The associate plastic flow rule implies that the yield surface has a unique
gradient. It may happen, however, that the yield surface has vertices or corners
where the gradient is not defined. For example, the Tresca hexagon has no unique
normal at the corners, where two of the stresses are equal. Such points are called
singular points or singular yield conditions. Process of the singularity of the yield
functions will be discussed in Sections 6.9 - 6.12.
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6.7
Incremental Constitutive Equations in Matrix Formulation

To various engineering materials, a yield criterion indicating the stress level at
which plastic flow commences must be postulated. A relationship between stress
and strain must be developed for post-yield behavior, i.e. when the deformation is
made up of both elastic and plastic components. The yield surface separates the
plastic region from the elastic region. The change of the stress state from the yield
surface toward its interior will cause elastic unloading. Plastic loading will occur
only if the increment of the stress is directed toward the outside of the yield surface.
The yield function can be represented by

(6-38)

F(o;:,k)=0 or f(d,-j)Zk

ij

where k is a material parameter which may be determined experimentally. It can be
a function of a few material strength coefficients, or a constant for
elastic-perfect-plastic material. The term k can be defined a function of a hardening
parameter &; thus the yield function can be extended to describe post-yield of the
material, or k = k().

For simplicity, the yield function in Eq. (6-38) can be rewritten in terms of the
three principal stresses,

F(0,,0,,04,k)=0 (6-39)

For isotropic material, the yield function is independent of the orientation of the
coordinate system employed, therefore, it is usually presented by a function of the
three invariants, i.e.,

F(I,,73,75,6) =0 (6-40)

where /) is the first invariant of the stress tensor, J, and J3 are respectively the
second and the third invariants of the deviatoric stress tensor. Alternatively, the
above yield function is represented as

F(I,,7,,0,k)=0 (6-41)

in which 6 is a Haigh-Westergaard coordinate or Lode angle termed in the
geotechnical engineering.

For the elasto-perfect-plastic material, the parameter k in the yield functions is a
constant. It means that the yield surface is independent of the plastic strain, thus the
geometry and the size of the yield surface will not change with the successive
deformation of the material. The post-yielding surface is exactly the initial one. The
stress point retains at the yield surface means under loading condition, and the stress
point moves into the inside of the yield surface implies unloading. For plastic
hardening material, k can be defined by a work-hardening or strain-hardening
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parameter x. The post-yielding surface is thus different from the initial yielding
surface.

The equation is termed the normality condition since dF/dgj; is a vector directed
normal to the yield surface at the stress point under consideration.

Differentiating the a hardening yield function, it has

oF oF oF oF oF oF
dF =——do; +—dk =——do| + ——do, + ——doy; +——dx =0 (6-42)
aaij ) do, do, doy 7 ok
. 1 oF .
Introducing a parameter A, where A = —————dk , the above equation can be
rewritten to a matrix form, da dk
(6-43)
a—chrl.j —Ad2 =0
O..
ij
Converting Eq. (6-43) to a vector form by denoting
{O_}T — {O'x 30y 507 s Tay 5 Tyz 5 Tsx } , it has
oF JF OF OJOF OJoF OJF OF
fa} =——= —_— (6-44)
do{c} do, 80'), do, arxy aryz ar,
where {a} is termed the flow vector. Thus,
{aY d{c}-Adr=0 (6-45)
The strain increments can then be derived as follows,
d{e}=[D] " d{c} +{a}dr (6-46)

where [D]is the usual matrix of elastic constants. Premultiplying both sides of
Eq. (6-46) by {a}'[D].

) (p1dtey = (o} d{o}+dafa) [DHa} (6-47)
= AdA +d/1{a}T [D]{a}
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The plastic multiplier is then obtained as

L __fa) Dwte) (4

A+{a} [DHa}

Substituting dA into Eq. (6-46), the complete elasto-plastic incremental
stress-strain relation can be derived to be

d{o})=[D], d(e) (6-49)
in which the elasto-plastic stiffness matrix [D]ep is

_ [pYfafa} (D] (6-50)

P! A+laf 1D1a)

ep_[

It now remains to determine the explicit form of the scalar term A. A is a
function of the hardening parameter k. Employing the work hardening
hypothesis and the normality condition,

dix = (o) d{e?} = {0} dMa}= dMa}" {0} (6-51)

For uniaxial case, 0 =0 =0y, de, =de_p , o and e_p are respectively
the effective stress and plastic strain.

dx =0, d, =di{a} {o} (6-52)
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The effective stress o isafunctionof ¢, ,ie. o = H(e,), differentiating it,
we obtain

— (6-53)
df _ do_‘Y _
dep dsp

Using Euler’s theorem applicable to all homogeneous functions of order one, it has
(6-54)
T
' o) =0y

Substituting Egs. (6-53) and (6-54) into Eq. (6-52), we obtain

(6-55)
da =d5p and A=H'

The parameter A is determined by the local slope of the uniaxial stress strain
curve as

(6-56)

6.8
Determination of Flow Vector for Different Yield Functions

For convenience of numerical simulation implementation, the yield functions in
Egs. (6-39)-(6-41) are often used (Nayak and Zienkiewicz 1972; Owen and Hinton,
1980). The principal stresses can be calculated by

6
o, o cos I |
o, = V-2 cos 0—2—” +-L (6-57)
NE) 3 3,
o

3 2r
cos| 8 + —
3
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with 6; 2 0,2 03 and 0 <0 < 7/3.
The flow vector can thus be expressed as,

OF OF 0I, . OF 04J, OF 06

L =— - 6-58
W =ty o ate) Ty, ater a6 ate) (59
=C{a;}+Cy{ay} +Cs{as)
where
oF
Ci=—,
a1,

C[B_Fﬁa_FJ

AT

c, ___ 3 e
2sin364/7] 99

O (1,1,1,0,0,0)
o)

{al}T =

Lo
{a,}' = =

{0" o ,o.27
o) ays, T

aJ J J J
T _ 3 _ TR 2 2 R 2 2 o 2 2
{a3} —a{o_}—{(ayaz Ty +—3 j,(axaz Ty +—3 J,(O'xay Thy +—3 j,

Z(szrxy o xT yz )’ (TxyT vz -0 ysz )’ (T sz pod -0 ZT vz )}

27 Zx,ery }

and

o} 2sin3e \/?3{0‘} 7,2 3o}

26 NG 1 9J;  3J5 04/

For different yield function, the vectors {a;}, {a»}, and {as} are consistent and
only the constants C, C; and C3 need to be determined. In Table 6.1, the constants
for six different yield functions are given.
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Table 6.1 Parameters Cj, Coand C; for 6 different yield functions

Yield ol c, c,
function
. V4 T V3 cos(a +”j
Tresca 0 |2si 9+§ +co ¢9+§ cot36 _73
J,sin36
Mises 0 V3 0
3siné
<6 3siné(cotd —cot30 —
Yu ) ° J3sine : 27, 5in36
a= Ty . V4 . T
b=1626, 0 ﬁ{co{9—3j —51{6—3}069} 3s1n[0—3j
2.]2 Sin 39
sin ¢ T
+cot 39) cos(e + ]
Mohr- sing ( V3 3 Sin[ﬁ +7§jsin(p -3 00{6 +7§j
Coulomb ;
owom 3+ 1—L cot 36 sin ¢ sin(e +”J 2J,sin30
3 3
Drucker-
a
Prager 1 0
6<6, Zsing L(3+sin(p)sin6?(coté?—cot367) M
Yu 3 |3 2J,sin30
1 4
a#l — (3—sing) sin(a——j ) ] z
b=1|g > g,|2sing V3 3 (3—sin (p)sm(e —3)
3 . cot[ﬁ - ZJ —cot 39} 2J,sin36
6.9

Singularity of Piecewise-linear Yield Functions

The plastic flow vector exists singular points for the piecewise-linear yield
functions, such as the Tresca yield function, the Mohr-Coulomb yield function and
the unified strength theory. The flow vector at the corners is not unique when the
normality condition is applied. Some smooth corner models have been proposed to
eliminate the singularity of plastic flow for piecewise-linear yield functions. These
smooth corner models can be divided into two categories (Koiter and Hinton,
1953; Nayak and Zienkiewicz, 1972; Zienkiewicz and Pande, 1977; and Owen,

1980).
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One category is that the projection on the deviatoric plane of the yield surface is
simply approximated by a circle (the Huber-von Mises and Drucker-Prager criteria
fall in this category). It assumes same tensile and compressive meridians, thus, can
not agree the experimental results for geomaterials which always give different
vector lengths for different meridians with different angle 6 on the deviatoric plane,
as shown in Fig. 6.7.

Fig. 6.7 Different vector lengths for different angle 6 on deviatoric plane

The other category is a kind of smoothening model, which smoothen the corners
using very complex mathematical models. It lacks physical concept, and is not
convenient to be used in analytical and numerical derivations. The following will
introduce some convenient ways to solve the corner singularity problem for the
piecewise-linear yield functions, which can be readily implemented into
elasto-plastic finite element analysis.

Considering the associated flow rule, the flow vector is normal to the yield
surface. At the corners of the piecewise-linear yield functions, the flow vectors from
different sides are thus not consistent. For the unified strength theory, there are three
corners on the deviatoric plane as shown in Fig. 6.8, i.e. 6 = 0 (point A), 6 = 0y
(point C), and 8 = 60° (point B). At the corners, the derivative of the yield function
does not exist, the value and the direction of plastic strain increment vector of
corner can not be determined directly from the plastic flow rule.
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Fig. 6.8 Singular points on the deviatoric plane

The process of the singularity function includes
1. Vector summation method (Koiter and Hinton 1953). Its mathematical
expression is

oF] oF, (6-59)

2. Partially smoothening method (Nayak and Zienkiewicz, 1972). When dealing
with the singularity of the Tresca and the Mohr-Coulomb functions, Nayak and
Zienkiewicz (1972) expressed the yield function as F' = F(I; J, 0, k), where I is
first stress invariant, J, is second partial stress invariant, 6 is the angle of
deviatoric plane. The plastic strain increment of the corner (6=6,) can be
expressed as

dFgg, aI, +3Fe:eo NI, +aFe:eo 00

de ;P = d\ -
i o1, do,  oay1, 9o, o8 o, (6-60)
The third item of Eq. (6-60) is simply set to 0.
3. Linear combination method, i.e.
ey =@, ), +1-Rd(e," ), =y (1 -pydhy L2 (661)
G 0 i

where 0 < 1 < 1, the direction of deif’ is between d(&if)| and d(&) ».
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These three methods can eliminate the singularity of yield surface in some cases;
however, each of them has some drawbacks and sometimes may introduce
additional errors. For method (1), when the piecewise-linear function is the special
case F = F, the plastic strain increment is two times of the real value, which is not
unreasonable. An average of the vector summation is suggested to solve the
problem. Method (2) eliminates the singularity of 06/dgy, but it made the

=0 . Thus its application is limited. Method (3)
6=6,

. oF
assumption that a—
4

introduced an uncertain parameter W, and from a practical analysis, this method can
not eliminate the singularity in some cases. Besides, Zienkiewicz (1972) and
Zienkiewicz and Pande (1977) proposed some smooth corner model to replace the
piecewise-linear yield function.

Invariant expressions of the unified yield theory has the following form,

2 1-b I
F=l1+Z 227, coso +MJ21/2+—1(1—0:)=0, (6-62a)
2 )3 1+b 3

. - I
F =[u+a]LJ2U2 cosé +[a +%)J21/2 sin6+?1(1—a) =0, (6-62b)
+

The projection curve on the deviatoric plane of Egs. (6-62a and b) is shown in Fig.

3
6.7. From F = F’, it has 6, =arctan
2 +

condition, only the singularity of the three points A, B, and C should be discussed.
For the Tresca criterion and the Mohr-Coulomb criterion, there are two singular
points A, B only.

Using the plastic flow vector defined in Eq. (6-58), when F > F’, or 0 <0 < 0, it
has

. According to the symmetrical

c =%(1—oc) (6-63a)
C, = 1+2 icosG+0€(1_b)Sin6
2 1+b
+cot 30| — 1+g isin6+(x(1_b)cose
2)3 1+b

Cs =—L.3 —(1+g)isin9+ ol=b) cos® (6-63¢)
2J,sin30 2 )43 1+b

(6-63b)

When F< F, or )< 0 < /3, it has

o1
€ =50-a) (6-64a)
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v (2=-b) 1 b .
C) =| ——|—=cosf +| a +——|sind
1+b )3 1+b
2-b) 1 . b
+cot3¢| —| —— |—=sind +| a + —— |cosd
1+b )43 1+b

\ _ (6-64c¢)
G = ikl |:—(2 b+(x)Lsin9+(0c+%jcose}
+

2J,sin30| (145 J3

On the two lines AC and BC except the corners, Cj, Co, C3or Cy, C;, C3 have
unique value, and the plastic strain increment is unique. The singularity at the three
corner points A, B, C is discussed separately below.

(6-64b)

Point A, the corresponding stress state is ¢, 2 6, = 05 and 6=0
when b #1

sind =0,cosd =1,cot36 — (6-65)

So, C; — o, C3 — oo, the plastic vector is a singular function.

when b=1
¢, =Lti-w, lim C,=—>—2+w), lim C, L oty (6-66)
3 0—>(1/3) 33 0->(x/3) 6J,
Then
G| =i(2+oc),C3| =L(2+oc) (6-67)
=033 =0~ 67,

So, when b=1, there is no singularity for point A.

Point B, the stress state is o; 2 0, = 03, and 6 = /3.
When b #1,

sin(e — gj =0, cos(e — gj =1,cot30 — (6-68)

So, C’, = o0, C’3 — oo, there is singularity for the plastic flow.
when b =1,
2

1 ,
C,=—(l-a), I C, = 20 +1), 1 _
! 3( @) 9%1(1}:1/3) 2 3\/5( a+1) 0%1(21/3) (6-69)

, 1
C; =———Qa +1
R TRGAS
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So that,
; = 6-70
¢, .= 3\/_(204+1) . 62(2a+1) (6-70)
So, when b =1, there is no singularity for point B.
Point C, F=F’,6 =6, = arctan
2a +1
when b # 0,
C,=C,,C,#Cy C;3#C; (6-71)
There is singularity for the plastic flow.
when b =0, F = F, it is the Mohr-Coulomb criterion,
C,=C,,.C,=C, C3=C4 (6-72)

There is no singularity for the plastic flow.
So, for the three singular points A, B, C, when b=1, there is no singularity for
points A, B; when b = 0, there is no singularity for point C.

6.10
Process of the Plastic Flow Singularity

The three different methods discussed in Section 6.9 are first adopted to solve the
singularity at the three point A, B, C.

Point A

If method (1) is used,

1 :%(l—a) (6-73a)

C,' = lim C, + lim C, = 4 Q+a) (6-73b)
00" 00" 3\/5

C,' = lim C;+ lim C, =—(2+a) (6-73c¢)
60" 60" 3J,
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When b=1, there is no singularity for point A. When b—1, ClI R CZI R

C3I should be equal to C1|h:O,C2|h:O,C3|h:O . However, ClI =2Cy|b=0 ,
6=0 6=0 6=0 6=0
CZI =2C, |h:0 R C3I = 2C3|h:0 , so, method (1) is actually unreasonable.
6=0 6=0
If method (2) is used, it has
o= % (1-a) (6-74a)
w_4 6-74b
C, —§(2+a) (6-74b)
C, T_p (6-74¢)

ie., ClII =C1|b:1 , C2H #Cyo=1 C3H #C3|b=1 , so, method (2) is also
6=0 6=0 6=0

unreasonable.
If method (3) is used, it has

¢ m _ % (—a) (6-75a)

¢, =u lim €, +(1-u) lim C, (6-75b)
6—0 60

"=y lim C3+(1-x) lim C; (6-75¢)
6—0 6—-0

When 4=1/2, C;""' =C[p=1,C," =Cylp=1 ,C3™ = C3]p=1 . So, the singularity
6=0 6=0 6=0

of point A is eliminated. When pu#1/2, C ZIH —o, C 3HI — oo, the singularity of

point A can not be eliminated. So, method (3) is not suitable for some instances.

Point B, after some derivation, it can be obtained

1 2 1 4 ,
C, =§(1—a)’ C, =——Qa+1), C3I=—L(2a+1) (6-76a)

3\5 3J,

I _ L (6-76b)
V3

a ] , i
¢ =10-a), G Qa+l) C; =0
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”‘_—(1 @), 2”‘:;4 11m C, +(1-x) lim ,C,

(7/3)* 6—(7/3)”
M=y lim C;+(1-x) lim c3' (6-76¢)
0—(m/3)* 0—(z/3)"

It can come out similar conclusions as for point 4.

Point C
If method (1) is used, it has

c! :§(1 —a) (6-77a)
- ,
Gyl =Colpy +Cs ‘6290 (6-77b)
- ,
C3' =G,y +Cs ‘9:60 (6-77¢)
It b limC,'=2¢,| ,limC,'=2C,| ,limCl=2C] . H :
can DE Sseen bl_l’)r(l) 1 1|b:0 bl_r)r(l) 2 2|b:0 bl_r)r(l) 3 3|b:0 owever.

when 6=0, there is no singularity for point C, so, method (1) is unreasonable.
If method (2) is used,

Al
a"=¢ 2%(1—01) (6-78a)
o, =1+< icoseo+ ) sing, (6-78b)
2)3 1+b
C e 2—_b+0: Lcosé? + a+L sin@
2 " 1+b 3, 0 1+6) ° (6-78¢)
il
cl'=c; =0 (6-78d)

i
For C 2” #C, (b#0), so the method (2) can not eliminate the singularity at

point C.

If method (3) is used, it has
C1m :%(l ) (6-79a)
M =4y +1-10C| . (6-79b)
M = u Gy +01- ﬂ)c3'\9:90 79
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This method can eliminate the singularity of point C and lim sz =G,y
b—0 -

. il
limC; =C .
b0 o 3|b:0

6.11
Suggested Methods

From the above discussion, method (1) and (2) are unreasonable, method (3) can not
eliminate the singularity in some cases. Two simple methods are suggested to
eliminate the singularity for the piecewise-linear yield functions.

Method (4), using the average of the flow vectors, i.e. assuming # = 1/2 in method 3.
At point 4, it has

4 1
G =20-a)

1
C,W=—(Q+a
2 6.]2( )

(6-80)
o 1
;0 = s-a)
At point B, the constants are
@ =La-g)
3
' 1
" =—=Qa+1)
SN ) (6-81)
;™ L a1
6J-
They are equal to the corresponding parameters when b =1.
At point C, the constants become
@_1 ‘ L
G0 =7 Cilgeg, +C1 vt )73 (-a)
@_1 !
G 7 =7 Calpg, +Ca . (6-82)
1
oW=2lc e
2 ( 3|9*90 3 6=6,
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And it satisfies that CI(A) =Cl|

b=0" b=0"

. A . A
zlfl%cz( )=, ;133)03( '=Cil, -
The constants based on method (4) are reasonable because they can be degraded to that
for the special cases when b =1 at corners A and B, and when b = 0 at corner C.

Method (5): simply use the constants of the case of »=1 for points A and B,
and the constants of b =0 for point C.

For point A, it has

1
CI(B)=§(1—a)

B __1
C =——Q2+a)
2 3\/5 o

®__1
C3 —5(24'6() (6-83)

For point B, the constants are

Cl'(B)%(l—a)
Cz'(B) ST
343
(B 1
C3 =?(2a+l) (6-84)

2

For point C, they are

(B) (B)
2

1
c=—(-a)
3

1+a] 2 6, + in 6,
= — |——=CO0S o S1n
2 \/g 0 0
(B) N ( aj 2 . ]
C =————|—|1+— |—=sinéf, + a cosf,

3T o sinse | L2 B 0 | (6-85)

These two methods are shown in Fig. 6.9, average of the piecewise-linear yield
function flow vector is used for the method (4); the corner of the yield function is
‘cut’ by using the method (5).
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(b)

Fig. 6.9 Process of singular points

Table 6.2 shows the values of the parameters C,, C,, C; for different methods.
From the table, it can be found that the parameters C;, C,, C; of points A, B for
method (4) and method (5). These two methods are more reasonable than method
(1) and method (2) and more applicable than method (3). It is very simple and
physics concept is clear.

Table 6.2 Values of the parameters

Point A Point B
Metho C G, Cs C G G
2 4 1 2 4
1 ~(1- 2 2 Z(l-a)|—=Qa +1)|[-—Qa +1
M 3( a)3\6(+a)3]2(+a)3( a)3\@(a+) 12(a+)
1 1 1 1
2 —(-a)|—= —(-a)|=Qa+1
2 3(1 a) \/§(2+af) 0 3( a) \@(a+) 0
PN PR I PR
U 5 u 5 u > H >
1 =l —i 1 :l :l
@ o=y =) g(l—a)” 2 )
2 1 1
2 2 —— Qa+D|-——Qa+1
3f(+a)612(+a) 3[(“) 6]2(a+)
1 1 1 1
4 g(l—a) 3\F(Zm) o/, 2+a) 5(1—01) —3\6(2a+1) oA Qa+1)
1 1 1 2 1
—(1- 2 2 ~(l-a)|—=Qa+)[-——Qa +1
6) 3( @) 3\f( +a) 6J2(+oz)3( @) 3\5((”) 612('”)
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Table 6.3 shows the parameters of method (4) and (5) when «, b are given
different values. From this table, it can be found that the method (5) is independent
of the parameter b, and is close to method (4) when b is near 0.

Table 6.3 Comparison of the parameters

Method (5) Method (4)

0<b<1 b=0 b=025 b=0.5 b=0.75 b=1

Cp|C3 72| Co[C3Ta| Cp [C3°72] Cp|C3°Tp] € [C3/5[Cy [C3°T>
a=1 2 0 2 0 1.8] 0 [167] O |16] O |15] O
a=075]181| 026 | 1.8] 026 [1.62] 021 | 1.5] 0.17 | 1.4 0.15 | 1.3] 0.13
a=051178] 058 | 1.8] 0.58 |1.58| 047 [1.44| 039 [ 1.4| 033 [ 1.3| 029
a=025|232] 131 | 23] 1.31 [1.98] 1.05|1.76] 0.88 | 1.6] 0.75 | 1.5| 0.66

6.12
Unified Process of the Corner Singularity

From the above analysis, it can be found

1. The expression of the piece-linear yield function is simple and easy to use. It can
be adopted for various close-form analyses for various classical elasto-plastic
problems. However, the singularity of plastic flow for the piecewise-linear yield
function may cause some troubles to the elasto-plastic flow vector calculation.
Process of singular points for the piece-wise functions is necessary.

2. Traditional methods used to eliminate singularity are unreasonable or can not be
used in all cases. There exist obvious errors and drawbacks.

3. The two suggested methods are easy to handle the singularity problem and can
be used conveniently to eliminate the singularity of the present piecewise-linear
yield function plastic flow.

4. Using the unified strength theory as the yield potential function and adopting the
suggested unified process of the flow vector singularity can solve the singularity
of all kinds of corner which improves the calculation efficiency. The processing
method of the singularity problem can be implemented into a computer program
conveniently and in a unified form.

Different results of single yield function can be obtained as follows:

Tresca Yield Criterion

When 6 =0°, 8 =60°, it has

=37, -0, =0 (6-86)



6.12 Unified Process of the Corner Singularity 149

Derivation as Egs. (6-80) - (6-82), it has
C=0,C, =4/3,C5 =0 (6-87)

Comparing with Table 6.1, it can be found that in the corner of Tresca, this result
is the same with the one of Huber-von Mises.

Mohr-Coulomb Yield Criterion

9=0",F =§Il sing +%‘/%(3+sin(p)—co cosp =0

(6-88)
0 =60°,F =111 sing +l‘/£(3—sin(p)—co cosp =0
3 2\ 3
Derivation as Egs. (6-80) - (6-82), it has
6=0",C 1sin C ! (B+sing),C; =0
= s == Q, =7 ?), =
173 2 2ﬁ 3
| ) (6-89)
8 =60°,C, =—sing,C, =——=(B3-sing),C; =0
1 3 ?,L»o 2\/5( (/’) 3
Twin-shear Yield Criterion
At the corner
6, = arctanﬁ =z 6-90
b 36 (6-90)
3
=1 =754/2=03=0 (6-91)
Then
C,=0,C, =/3,C; =0 (6-92)

Generalized Twin-shear Stress Yield Criterion

The corner is not at @ = /6 for the generalized twin-shear stress yield criterion.
From F = F | the angle can be obtained as Fig. (6-9).

ﬁ(1+sin¢)]

- (6-93)
3—sing

0y = arctan(
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At the corner

F=F =%[1 sing + ‘/%(3+sin(p)coseb —2C,cosg (6-94)

From Egs. (6-80) - (6-82), it has

2 1
C, ==sing,C, =—=(3+singp)cosd,,C; =0 (6-95)
1 3 ¢,L) \/5( (/’) b>+3

After the handling of the generalized twin-shear yield criterion, the direction and
relative value of plastic flow vector on the deviatoric plane are shown in Fig. 6.10.
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Fig. 6.10 Plastic flow of the unified strength theory (b=1)
From the above singularity process, it can get a certain value of the flow vector
for any single criterion.

For the unified strength theory, the constants can be derived with unified
solution. The constant C; of the unified strength theory is shown in Table 6.4.



6.12 Unified Process of the Corner Singularity

The direction and the relative value of plastic flow vector for the unified strength
theory are shown in the solid lines of Fig. 6.11. It can be seen, the singularity
processing method can lead to a reasonable, uniformly, continually variable flow

vector on the yield surface.

Table 6.4 Parameters for the unified strength theory

0 b Cl C2 C3
1 2 1
b=1 |-(l-a) —Q2+a) —QQ+a)
. 3 343 6/,
=0 1 1 @ )
0<bh<ll-a- —2+a
3( a) \/5 0
1 2 1
2 e —_(a+1) ~ L g
b=1 3= 33 61, 0t
6 =60° N 7
0<b<l—(-a) — 1+ 2a)
3 3 0
(2+a)cose
2+
0=0, 0<bS11(1_a) \/5 ( . @) -
3 | (2+a)cos3e 2J,(3cos” 6 —sin” 6)
V3(3cos? 6 —sin? 0)

a’

Fig. 6.11 Plastic strain increments of the unified strength theory (0<b<l1, Yu 1998)
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Summary

The plastic stress-strain relation is an important part of plasticity. The associated
flow rule and the incremental constitutive relations for the unified strength theory
are described. The mathematical expression of the unified strength theory is simple
and linear, however, the yield surface of the unified strength theory is piece-wise
linear. The plastic flow vector exists singular points for the piecewise-linear yield
functions. The flow vector at the corners is not unique when the normality condition
is applied. A simple and unified method is suggested for solving the singularity. The
plastic strain increments of the unified strength theory in whole region are shown in
Fig.6.11.

The plastic deformation in uniaxial stress state, three-dimensional elastic
stress strain relation, plastic work hardening and strain hardening, plastic flow
rule, Drucker postulate and convexity of the loading surface, incremental
constitutive equations in matrix formulation, determination of flow vector for
different yield functions, singularity of piecewise-linear yield functions,
process of the plastic flow singularity, and the suggested unified process of the
corner singularity are described in this chapter.

Problems

Problem 6.1.
Express the Tresca criterion (b=0, a=1) and the Huber-von Mises criterion in the
form of f (I, Jp, 0) =k.

Problem 6.2.
Express the Mohr-Coulomb criterion (b=0,0#1) and the Drucker-Prager criterion in
the form of f (I}, Jo, 0) = k.

Problem 6.3.
Express the twin-shear criterion (b=1,0=1) in the form of f (I}, J,, 0) = k.

Problem 6.4.

Express the generalized twin-shear criterion (b=1, a #1) in the form of f (I, J», 0)
=k

Problem 6.5.

Express the unified strength theory in the form of f (I}, J,, 0) = k.

Problem 6.6.
Derive the incremental elasto-plastic stiffness matrix for the Tresca and the
Huber-von Mises criteria.

Problem 6.7.
Derive the incremental elasto-plastic stiffness matrix for the Mohr-Coulomb criteria.
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Problem 6.8.
Derive the incremental elasto-plastic stiffness matrix for the twin-shear yield
criterion.

Problem 6.9.
Derive the incremental elasto-plastic stiffness matrix for the generalized twin-shear
yield criterion.

Problem 6.10.
Derive the incremental elasto-plastic stiffness matrix for the unified strength
theory.
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71
Introduction

The unified strength theory and its associated flow rule have been introduced in
details in the preceding chapters. The unified strength theory has the advantage
to be applied to different materials. The yield function for a certain material,
however, must satisfy experimental result obtained in some special stress states.
For geomaterials, there is a large amount of test data reported by different
researchers. To fit the test data, various multi-parameter yield functions have
been proposed. In this chapter, a multi-parameter unified yield criterion based on
the unified strength theory (Wang 1998; Fan and Wang 2002) will be
introduced. Its associated flow rule as well as strain softening simulation will be
presented.

Strength criterion determines the stress level at which the material behavior
changes drastically. Due to infinity of combinations of stress components, it is
impossible to determine all strengths of a certain material by experiments in
every stress combination. So assumptions based on material deformation and
failure characteristics must be promoted. Generally, limit strength surface of an
isotropic material is convex, its tensile and compressive meridians are different
for brittle materials such as concrete and rock (Chen 1998; Yu 1998). The yield
surface is three-fold symmetric about hydrostatic axis in principal stress space
because the three principal stresses have reciprocal relationship. To meet these
requirements, trajectories of a strength theory must pass through three
symmetric radii 7 and 7, respectively and go between the two hexagons as
shown in Fig 7.1. It is seen that any trajectories outside this range will break
the rule of convexity. The upper limit hexagon in Fig. 7.1 is the twin shear
strength criterion (Yu et al. 1985), while the lower limit hexagon is the Mohr-
Coulomb criterion. Many strength theories that satisfy the aforementioned
requirements have been suggested. With introduction of a strength criterion
coefficient ‘b’, this strength theory embraces or approximates all convex
trajectories between the two hexagons in Fig. 7.1 with different values of b. It
is suitable for any isotropic materials. So it can be said that the unified twin
shear strength theory unified the exiting isotropic material strength criteria.
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O1

Ic

07]

Fig. 7.1 General upper and lower limit strength surfaces of an isotropic material

This strength theory has a clear mechanical background because its definition is
that when a function of all the independent stress components on orthogonal
octahedral twin shear element reaches a certain value, material will yield or fail. Its
shape function has two pieces of linear segments in the deviatoric plane makes the
strength theory comparatively easier to use. However, there comes out the problem of
the determination for meridians. The unified twin shear strength criterion may take on
different form of formula for its meridians to cater for different material failure
behaviour. Some materials like concrete may require a curvilinear formulation. Till
now, the application of the general form of the unified strength criterion is limited to
linear formulation for meridians only. The application of multi-parameter unified twin
shear strength criterion to take in non-linear term of the hydrostatic stress is restrained
to certain form of unified strength criterion with specific value of =1, i.e. twin shear
strength criterion instead of unified strength theory. Herein, unified form of multi-
parameter unified strength criterion with curvilinear term of hydrostatic stress is
derived for concrete material. The determination of coefficients in the criterion is very
complicated, it is suggested that the concept of unified twin shear strength theory is
applied for deviatoric shape functions only with meridians take complete separate
formulae. The meridians take different form for different materials, it may be
determined by experimentally-fitted curves. In the following sections, discussion on
the multi-parameter unified yield criterion is mainly with respect to concrete material.
The multi-parameter unified yield criterion based on the unified strength theory can
be conveniently extended to other geomaterials if the required test data is available.

Considering the traditional yield criteria for geomaterials, the Mohr-Coulomb
strength criterion is an irregular hexagonal pyramid. Its deviatoric sections are
irregular hexagons as show in Fig. 7.2. The Drucker-Prager strength criterion is a
simple adaptation of the Huber-von Mises criterion for materials that has different
tensile, compressive properties by introduction of an additional term to reflect the
influence of the hydrostatic stress component on failure (see Fig. 7.3). The
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disadvantage of this criterion is that its projection on the deviatoric plane is a
circle. Its tensile and compressive meridians are therefore the same straight line,
implying that the Lode angle # has no effect on the material strength. Thus its
application is very limited.

6=0°

6=60°

Fig. 7.2 Meridians and deviatoric loci for the Mohr-Coulomb criterion and twin-shear criterion

A g ;
0=0"

0=60"

Fig. 7.3 Meridians and deviatoric section for Drucker-Prager criterion

7.2
Multi-Parameter Yield Criteria

7.21
Ottosen Four-Parameter Criterion

To meet the complicated geometric requirements of the failure surface for concrete
materials, Ottosen (1977) suggested the following criterion accounting for the
effect of all the three stress invariants,



158 7 Concrete Plasticity

L

FNAA L (7-1)
72

Je

where A is a function of cos30,

n cos{%cosl(nz cos3¢9)} for cos36>0
(7-2)

1
nlcos{(g—gcos 1(—n2cos39)} for cos36=0

here a, b, n;, n, are material constants. The failure surface of this criterion has
curved meridians and noncircular cross sections on the deviatoric plane as
shown in Fig. 7.4. The cross sections have the geometric characteristics of three-
fold symmetry, convexity and changing shapes from nearly triangular to nearly
circular along the hydrostatic stress axis, which meet the concrete failure
characteristics. It has several strength criteria as its special cases, e.g., when
a=b=0, A=constants, it becomes the Huber-von Mises criterion, when a=0, b#0
and A=constants, the Durcker-Prager criterion is obtained. In general, this four-
parameter criterion is suitable for concrete in a wide range of stress
combinations. However, the expression for the A-function makes the criterion
very inconvenient. And it gives over-estimated predictions at high hydrostatic
stress.

Fig. 7.4 Meridians and deviatoric section for Ottosen criterion
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7.2.2
William-Wranke Five-Parameter Criterion

William-Wranke five-parameter criterion has separate expression for meridians
and shape functions. It has parabolic tensile and compressive meridians expressed

by

1 =ay+ a0, + a0 (7-3)
r,=by+bo,, + bza,i (7-4)

in which ag, a az bo b1 b>are material constants. Since tensile and compressive
meridians should intersect the hydrostatic axis at the same point, only five stress
points are required to determine the six parameters. William-Wranke’s suggestion
for the strength constants is that ¢=0.15, & =1.8 and two strength points on
tensile and compressive meridians respectively, i.e., (&, 1, 6;)=(=3.67, 1.5, 0°),
(&, 1, 0:)=(-3.67, 1.94, 60°). Here . is the ratio of uniaxial tensile strength f; to
uniaxial compressive strength f,, o is the ratio of equal bi-axial compressive
strength f;. to uniaxial compressive strength f.. On the above assumption, the
material constants are derived as a, =0.081143, a, =-0.52553, a, =-0.03785,
by=0.11845, b=-0.76444, b,=-0.07305. William-Wranke five-parameter criterion
has a critical hydrostatic stress at about & = —12.02. Its trajectories on deviatoric
planes have elliptical expression of

ZrC(rc2 - r,z)cose +7, (21— rc)[\/4(r62 - r,z)coszﬁ + S;ft2 —4r,r, } (7-5)

H@)=
4(rC2 — r,z) cos? 9 + (r.— 2r,)2

The failure surfaces of this criterion are convex and smooth everywhere (see Fig.
7.5). The limitation of this criterion is that the ellipse degenerates into a circle when ¢/
r~1 (similar to the deviatoric trance of the von Mises and Drucker-Prager criteria), and
when the ratio 7/r, approaches the value of 0.5, the deviatoric trace becomes nearly
triangular (similar to that of maximum tensile-stress criterion). Besides its expression
for the shape function on the deviatoric plane is very complicated and not convenient to
be used in analytical and numerical analyses.
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6=0’
0
g
G3
%} 6= 600
Fig. 7.5. Meridians and deviatoric section for William-Wranke criterion
7.2.3

Podgorski Concrete Criterion

Studying on the existing failure criteria, Podgorski found out that the shape of
deviatoric cross section of the failure surface of existing criteria just adopt one
parameter, which is not enough to capture the complex features of concrete strength
surface. He suggested a general form of yield or failure criterion for most of the
materials such as metal, rock, concrete, clay, etc. Specific form of failure criterion for
concrete is also given. In his concrete criterion, two parameter, i. e. A, ¢ are used in the
shape function, which are the ratio of radius at 8 = 0° and 8 = 30° to that at & = 60°
respectively.
The expression of the Podgoski concrete criterion is

o9 —Cy+CPry+Corg =0 (7-6)
in which

P =cos((arccosa'J)/3—- ") (7-7)
And Cy, Cy, C,, 0, B are constants, J =co0s36 , oy is octahedral normal stress and

Ltk (7-8)
"=
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T, is octahedral stress and

7o = % (7-9)

The demerit of this criterion is that its derivation of parameters is very
complicated. Fig. 7.6 shows characteristics for the shape functions and meridians
of the Podgorski concrete criterion.

Fig. 7.6 Meridians and deviatoric section for Podgorski criterion

7.2.4
Kotsovos Concrete Criterion

Kotsovos and Pavlovic (1995) derived a concrete strength criterion by fitting
curves to experimental results. The compressive and tensile meridians and the
deviatoric section of this criterion take from of potential function as shown in
Fig. 7.7. Their expressions in terms of octahedral stresses are

0.724 7 10
ﬁ=0.944[ﬂ+0.05j (7-10)
I I

c c

. o 0.857 (7-11)
0 0.633[—0+ o.osj
;

c

Egs. (7-10) and (7-11) represent two open-ended convex envelops, the slopes of
which tend to become equal to that of the space diagonal in principal stress space as oy
tends to infinity. Once the values of 7y, 7. (the octahedral shear stress at 6=0°, 6=60°
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respectively) are determined for various levels of the hydrostatic stress, the value of 7,
with respect to a angle 0 in between 0° and 60° is obtained as follows,

2Toc(73c —Tgt)COSQ +7,.(27, —TOC)\/473(. —75,)00520 +51'3t —47,.7,
- A7 —12)cos” O+ (za. — 200 )’

This expression is elliptical, which describes a smooth convex curve with
tangents perpendicular to the directions of 7y, zpcat 0° and 60° respectively. Egs.
(7-10), (7-11) and (7-12) define an ultimate strength surface which conforms with
generally accepted shape requirements such as three-fold symmetry, convexity
with respect to the space diagonal, open-end shape which tends to be cylindrical as
Op tends to be infinite (Franklin 1970) (see Fig. 7.7). The accuracy of the whole
strength model was assessed by comparing the predictions with wide body of
experimental data (Kotsovos and Pavlovic 1995). The comparison shows that
Kotsovos’s model can give fair average to scattered test data of two-dimensional
compression-compression and tension-compression stress states. However, its
expression on the deviatoric plane is too complicated.

Through analysis of the aforementioned several representative multi-parameter
concrete criteria, we can see that for all their merits, they still have their own
demerits. The parameters in the Podgorski concrete criterion are very complicated
to calculate. Although Kotsovos criterion may be the most preferable concrete
criterion, it lacks a theoretical background and its shape function is too
complicated.

(7-12)

o
p=0°

y
g
) o, 0

Fig. 7.7 Meridians and deviatoric section for Kotsovos criterion

7.3
Multi-Parameter Unified Yield Criterion

Although the derived multi-parameter unified twin shear concrete strength
criterion has piece-wise linear trajectory and it adopts two parameter in the shape
function, the derivation of its tensile and compressive meridians are very tedious
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and the meridians are not so convenient for use because the introduction of the
revising tangential lines. Reminiscent of the essence of unified strength theory in
the previous chapters, its fundamental is that it unites the existing criteria by
introduction of a weighted coefficient b in the mathematical expressions. It can be
united into any form of the tensile and compressive meridians as it can define its
meridians by adopting any form of expression of hydrostatic stress in its formulae.
It is suggested to generalise the unified twin shear strength theory by adopting a
general function of the hydrostatic stress only in it (Wang 1998; Fan and Wang
2002). Now the formulae of this theory becomes

F =13+ bt,+B(c]3+boiy)+ 4yg(0,,)+bAg (c,)=C whenF 2 F’
(7-13a)

(7-13b)

The functions of the hydrostatic stress in Egs. (7-13a), (7-13b) may be
expressed in any form of formula and change with different materials. However, it
is very difficult to derive the coefficients in the generalised unified twin shear
strength theory expressed in Egs. (7-13a), (7-13b) except for that g,(G,,), g (Owm),
g, (0, are linear functions. So it is further suggested that for any material, the
meridians and the shape functions are expressed separately. The expression of
tensile and compressive meridians is functions of the hydrostatic stress only and
may be determined by catering for experimental results. For metals, it can adopt
linear formulation and for geomaterials, it may take up the form of polynomials.
For shape function, the piecewise-linear formulation in line with the concept of the
unified twin shear strength theory can give very successful approximation. The
weighted coefficient b is still used in the formulation of the suggested shape
function. The formula is determined as that when b=1, it also give the upper limit
of the convex shape function and when 5=0, it gives the lower limit convex shape
function.

In Fig. 7.8, the triangle ABC is similar to that of ACF, so we obtain

BE_4B (7-14)
CF AC
and
ﬁ:rsine (7-15)
CF = 7, sin 60" (7-16)

AB =1, —rcosé (7-17)
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Ve 0
AC=r1,—-7,cos60 (7-18)

Substitute Egs. (7-15) - (7-18) into (7-14) and rewrite Eq. (7-14), it is derived
that

c 00
_ 7,7, sin 60

r=— - for b=0 (7-19)
7,8iné +r,sin(60 -6 )

And it is easy to derive the following formulae for b=1 as shown in Fig. 7.8.

i when 0°<6<9,

p for b=1

T . (7-20)
cos(60° —6) when 6,<6 < 60

r:
cosé

And when 0 < b < 1, the formula is determined by a linear interpolation of the
those of b=1 and b=0 as follows,

. o
r=— rtrcsn'160 " (1-b)+b—1 when  0°<6<6,
7,8in6 + 1, sin(60° -6 ) cosé
: o
r=—en 0 s (1=b)+ b—rco when 6,0 < 60°
7,8in6 +1,sin(60° —0) cos(60” —8)

(7-21)

(a) b=0 (b) b=1

Fig. 7.8 Derivation of generalised unified strength model
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The value 6y is derived from Eq. (7-20) by equating the two vector length as

follows,
6, =arctan A2 (7-22)
NI

The value of b is different for different materials and it may vary over the
hydrostatic level for a specific material such that the deviatoric sections along the
hydrostatic axis are different. As for meridians, we can take up a linear formulation
of the Mohr-Coulomb criterion, the William-Wranke’s second-order polynomials,
the Podgorski’s parabolas or the Kotsovos’s potential functions.

The meridians of the Mohr-Coulomb criterion is

) + alf (7-23&)

1. =by+hé (7-23b)

where

\/30! __« -1
\/5[1+\/2§aJ
\/ga a -1

b= h=T (7-24)
\/7+0: \/7+a
2 2

The meridians of the William-Wranke’s five-parameter criterion takes the form
of

ayg =

r=ag+aé +ad’ (7-25a)

7, = bO + b1§ + bzfz (7-25b)

According to William-Wranke’s suggestion, the constants in (7-25), (7-25b) are
derived as

{ ay=0.081143, @ =-0.3034, a,=0.01262 (7-26)

by=0.11845, b =-0.44135, b, =-0.02435

The expressions of the meridians for the Podgorski’s concrete criterion is
complicated. It is written in a form that the hydrostatic stress is a function of the
radii on the deviatoric planes as follows,
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e p Gl (7-272)
fe V3
¢ =Ygy ke 7270

Je 3

Here Cy, C,, C, are material constants, and Py, P, are expressed as
1 ’ ’
Fy= cos(g arccos(a’cos0°) — 8 ) (7-28a)
1 ’ ’
R = cos(garccos((x cos 600) ) j (7-28b)

The value of o, B’ are given with respect to different ratios of the tensile and
compressive strength.

The formulae of the meridians for the Kotsovos’ criterion, however, are very
simple. The expressions are

_ 0.857
r,=0.633\3 (Ti + o.osj (7-29a)
_ 0.724
r. =0.944./3 (Ti + o.osj (7-29b)

where are curve-fitted from experimental test data.

Figs. 7.9 and 7.10 give the comparison of the generalised unified concrete
criterion with Podgorski concrete criterion and Kotsovos criterion respectively.
‘Guc’ stands for the generalised unified concrete criterion in these two figures. It is
seen that the shape functions of the suggested piece-wise formulae with that of the
Podgorski criterion agrees very well in comparatively low hydrostatic stress while
it gives very close approximation to Kotsovos criterion till very high hydrostatic
stress is obtained. The value of b (b=0.6) herein adopted in these figures are
calculated with the value of =0.06 and « =1.20, which are average values for
common concrete. The meridians of the Kotsovos criterion are shown in Egs. (7-
29a) and (7-29b) are adopted for the generalized unified concrete criterion. On the
deviatoric plane, a generalized form of the multi-parameter unified yield function
is used. In this way, the new criterion incorporates the unified strength theory on
the deviatoric sections and accurate experimental results of the meridians. The
expressions are relatively simple, however, the physical and geometrical meanings
of the parameters are very clear. This criterion is supposed to provide a most
preferable concrete criterion, which unifies the existing concrete criteria. Also the
generalised piece-wise formulation is adaptable for all other materials when
different meridians are adopted.
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It

1— Pod (=-2.5)

2— Guc((=-2.5)
3— Pod (&=-5.0)
4— Guc(&=5.0)
5— Pod (&-12)
6— Guc (&=12)

Fig. 7.9 Comparison of the generalised unified concrete with Podgorski concrete criterion
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It

ot (E=-2.5)
2 — Guc (§=-2.5)
3— Kot (&=-5.0)
4 — Guc (&=-5.0)
5—Kot (E=—12)
6 —Guc (£=-12)

Fig. 7.10 Comparison of the generalised unified concrete with Kotsovos criterion

7.4
Yield and Loading Functions

In 1993, Labbane et al. analyzed hardening curves, using the Huber-von Mises
criterion, the Drucker-Prager criteiron, the William-Wranker five-parameter
criterion, the Bresler-Pister criterion and the Tsieh-Ting-Chen criterion as the
failure criterion respectively. They found that a hardening curve based on effective
plasticity strain only, together with the assumption of isotropic hardening under
different loading conditions, cannot merge into a single curve regardless of the
fracture criterion. As a result, the curve cannot satisfy the uniqueness condition.
They also observed that, in the presence of high confining pressure, it is difficult to
model the hardening behaviour using a single hardening parameter because large
volumetric strains dominate the behaviour of concrete. Hardening, which is based
on total effective plastic strain only, may overestimate the hardening capacity of
concrete. Therefore, they suggested considering the hydrostatic and deviatoric
effective strain components separately. Following Labbane’s suggestion, Wang
(1998) employed the plastic octahedral normal and shear strains &y, ), as
hardening parameters, which are equivalencies of the hydrostatic and deviatoric
effective plastic strain components. Kotsovos and Pavlovic’s three-dimensional
stress-strain relationship up to ultimate strength is used to characterize stress-strain
relationships. It is worth noting that the effect of the Lode angle 6 on the yield
function is not accounted for in order to simplify the formulation, while its effect
on plastic strain flow is taken into account by flow vectors. The effect of the
deviatoric stress on the hydrostatic straining is also considered.

The multi-parameter unified yield function is adopted to govern the initial yield
condition and hardening functions. The tensile and compressive meridians herein
just adopt a general form as a function of the hydrostatic stress to generalize the
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use of unified strength theory for any kind of material besides concrete. To obtain
the initial yielding and subsequent loading functions for concrete stress-strain
relationship with the isotropic hardening assumption, a loading function I'(&,, %)
will be characterized by Kotsovos’s experimentally-fitted three-dimensional stress-
strain relationship for concrete. In line with the isotropic hardening concept, the
following yielding function is suggested,

s (9
R A (1-b)+b—""— when (° <<6, (7-30a)
F(eop,}/op) 7,8in @ + r.sin(60° — &) cosd
r _ 7,7, sin 60 (=b)+b .
T(&,.70,) 7 sinf+17.sin(60° —6) cos(60° —6)
when 6, <6<60° (7-30b)

in which &, J%, are the plastic octahedral normal and shear strains respectively.
Denoting

: 0
7,7, sin 60 7,

(1-b)+b

= when 0°<60<6, (7-31a)
7,siné + r, sin(60° — 0) cosé

- 1i7 S 60 (1-b)+b——"¢ when8, <O<60° (7-31b)
7,sin 6 + r,. sin(60° — 8) cos(60° — )

and substituting Egs. (7-31a) and (7-31b) into (7-30a) and (7-30b) leads to

r=F(€0p,70p)z9 (7'32)

in which 7, and r, are functions of the hydrostatic stress only. Hence, ¥ is a
function of the hydrostatic stress and the load angle 6.
The loading functions and the stress function can be rewritten as

(7-33)
f(%’)=%
‘{I(O'i'sgo»%):f(O'ij)—F(gop,yop)zo (7-34)

The flow vector can then be derived based on the loading function

hni100 0

o"c)'l-j

(7-35)
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1
AT
= oo, op-0, 03-0, 207, 2013 20}
Wy 2(,)2
(7-36)
aJ J J
—32{(022‘0;")(0'33—0;")—02234‘—3 (011-0,)(033-0,) -0+
Jo ;; 3 3
2, S5
(oo m)(O-ZZ_O-m)_O-IZ-'—? 2(013013 = (0110 ,)023)
2019 33 =(0 = 0,)013) 2Aop013=(03; —O'm)alz}
(7-37)
Assume
{a}={ay, an a3 a, a3 an}=Cla}+C{a}+Clas} (7-38)
where
o8 o2& o _ 1 al (7-39)
faf =2 %L
do; 9l do; ~3f. oy
1 1 -
ar (Jz)é V2 3(‘]2)4 (7:40)
{az} = i
( LY: % e o
fa) =2 00 ¥y % A R S N VY
R A N ™ P = 3 sin3 905 2J§sin3g o
(7-41)
The expression for C; is
W oW N (7-42)
Y9 an of on, of
Using Egs. (7-31a), (7-31b), and (7-32), we get
(9‘1” 19‘{’ W r (7-43)

¢9r, B z?r, 82 ar,



7.4 Yield and Loading Functions 171

29 _ r2sin60’sin(60"~0) B)+— when 0 <00, (7-44)
R <0<
7 [r, siné +r, sin(60° — 6)} cos o
) r?sin60°sin(60° — ) (7-45)

z - 5(1=b) when 6, <6 <0°
I [rt sing +r, sin(60° — H)J

w_ww__rw (74
ar, 2 VI, »?or.
W r?sin60° sin@ (7-47a)

= 5(1=b) when 0°<6<g,
a1 [r, sing +r, sin(60° — 0)}

W 1 sin 60" sino b

- 1=b)+——2  whena, <6 <0° (7-47b)
2( 0 b
1 [r, sing +7. sin(600—¢9)] 005(60 _0)
1 7-48
c, _¥_1 (7-48)
ar v
(W Mo s (749)

3T 00 o0 92ae

90 7, 1, sin 60° [rt cosé +7, cos(60° — 0)} ( br,sin@
v __ 1-b)+———
2 2
a0 [rt sing +r, sin(600 - 9)} cos” o
when  0°<6<g, (7-50a)

w T r, sin60° sing [r, cosé +7, cos(600 —9)} (1 e br. sin(600 o)
2 20
% [r, sing +r, sin(60° — 9)} cos” (60" —9)
when 6, < 6<60° (7-50b)

Differentiating Eq. (7.34) yields
af(o-ij)d B ar(fop: 70p)d£ _3r(€op:7op)

le(O'“,E,}/ ):— Ojj
ij><0> /0p 30'1] ij Op ‘97017

dyy, =0
88017 0p

(7-51)

Adopting the associated flow theory of plasticity, the plastic strain components
are obtained as
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(ey), =dr22 a2 (7-52)
QO'U o"cry-

The scalar A in the elasto-plastic stiffness matrix [D]e, can be written as

(7-53)
A:_Lﬁ d60p+£d70p
di Jar aﬁ'op a}/()p

To deduce the elasto-plastic matrix, A must be derived first.
From Eq. (7-34), we have

Jo ;5 " do g
af Db gey, + f 9o dro, (7-54)
Tdi do; 880 90 o,

in which f{cj) is an implicit function of &y, y,, through which the experimentally-
fitted relationship given by Kotsovos and Pavlovic (1995) will be introduced into
the hardening function.

From Eq. (7-34), we derive

A= L[ﬂd% —iﬁdgop + idyopJ
sdi | de ), ¥ deg, %0p (7-55)
_ﬁ(ai:p “op ; Sjjfp dep ¥ oy dyop]
Unfold de,,, we get
dgop:d(gll)p+d(€;2)p+d(£33)p (7-56)

By considering the associate flow rule, it is obtained

dgopJT‘[ df L& & ] (7-57)

dO'” do-zz d033

Substituting the components of the flow vector {a} into Eq. (7-57) leads to

da
deg,, =T(a11 +ay +ay; ) (7-58)
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The expression of Y,, can be written as

2
dr, =\/g[<den)§,+<dezz)§,+(de33>f,+<den>§+<dem)i+<dez3>f,] (7-59)

It can be further derived by considering the associated flow rule as

_\/Ed/i o 2 i 2 df 2 df 2 df 2 df 2
dyo,= NE \/(do—“] +{d0_22] +(do'33 + doy, + doys + doy;

(7-60)
Rewrite Eq. (7-60) in terms of the components of flow vector {a}, then
dyo, =%\/a112 +a222+a332 +a122+a132+a232 (7-61)

The octahedral stresses op, T9p adopted in the Kotsovos’s stress-strain
relationship have the following relation with the Haigh-Westergaard variables

(f’ r’ 9)’

o= —%g‘ , To= %r (7-62)

In Kotsovos and Pavlovic’s material model, the bulk and shear modulus K, G,
are given as

K, _ldog , G, _ldy (7-63)
Substituting Eq. (7-62) into Eq. (7-63) yields
__ S d¢ _ S dr (7-64)

T 3B3de,” ' 2B dy,

By decomposing the octahedral strains into elastic and plastic portions, we
obtain

deg=de, +deg, (7-65)

dyo=dy op+dye (7-66)
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The elastic portions have the following relationship with initial bulk K, and
shear modulus G,

Ke:lﬂ:_i ¢ , Gg:ﬂ:ii (7-67)
3dey, 33 dey, 2dy, 2\3H o,
Hence,

dé _ 3doy, _ 33KK,

ngp fc ngp .fc(Kt +Ke) ’
dr _ f, dr, _ 2\3GG, (7-68)
d70p \/§d70p Je(G +G,)

Denoting

_ 3K/K, _ 2G,G,

= , = 7-69
PUK+K T (G+G) e
Eq. (7-68) can be rewritten as
s _ 3 dr _\3 (7-70)

— T B o T Yy
d‘SOp fc v d70p fc v

The coupling effect of the octahedral shear stress on normal stress-strain is
given by equivalent normal stress G;q caused by the deviatoric component. It has
the expression of (Kotsovos and Pavlovic 1995)

% _ M(&j" (7-71)
T

Differentiating Eq. (7.71) with respect to €, leads to

dry 1 doy
dé‘o n-l d(‘;‘ 0
Mn[Toj
fe (7-72)
Denoting
Kk =1dou (7-73)

IZE dé‘o
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it can be derived,

. 3KK,
PK+K,

(7-74)

where K ,' is the tangential bulk modulus at the hydrostatic stress value of ojq.
Referring to Egs. (7-62), (7-72) and (7-74), we obtain the following expression

ngp . n—1""1
fM”[fOJ (7-75)

Substituting Egs. (7-58), (7-61), (7-70) and (7-75) into Eq. (7-55), we get

U BK, Ky row o

A=— - (@) +ay +as3) :
5 VB0 3 e, (7-76)
SoMn| —>
Je
V26,
2, 2 2 .2, 2. 2
+ p\/a11+a22 +ayy+aptazt+ay

2fe

The expressions for 2 and . have been derived previously. The

ar ar,

differentiations of the tensile and compressive meridians with respect to & can be
derived accordingly. The following gives the two partial derivatives for different
meridian formulae.

linear formulae,
n=agtag (7-77a)
1. =by +b¢ (7-77b)
hence
ar, (7-78a)

7%



176 7 Concrete Plasticity

parabolic formulae

n=ay+a,l+ azfz
r, =by+b, +bE?
then

I1;
—==a;+2a
Crmat 2t

ar,

—<£=b+2b

g
Kotsovos approximation

r, =0.944/3| == +0.05

N
b Sl

=0.6333 (—+ 0.05)

NE)
then
E)r, ¢ -0.143
=-0.542| —=+0.05
9& (\5 j
o, ¢ —0.276
—£=-0.638] —=+0.05
Sy =-osn{ ooy
7.5

Processing of Corner Singularity

0.724

0.857

(7-78b)

(7-80a)
(7-80b)

(7-80¢c)

(7-80d)

(7-81a)

(7-81b)

(7-82a)

(7-82b)

For the derived yield surface, the flow vector {a} is not uniquely defined at three
angular points. One of them is the stress point at 6=0, and the other two are the
stress points when two principal stresses equal, i.e. 6=0° and 6=60°. At these stress
combinations, the directions of plastic straining are indeterminate. Numerical
difficulty will be encountered as stress state approaches these points. Koiter (1953)
suggested that when two yield functions are active, the plastic strain increment can

be written as
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dgij?:dlla_fi*'dﬂ? 8.,{‘2 (7-83)

ij 90 jj

when associated flow rule is used. Here f; and f; are the loading functions on
different sides of singular points. Now we have two proportionality multipliers d4,
and d4, instead of only one. We suppose that during an infinitesimally small
increment the stress point remains in the corner of the yield surface. When the
stress point remains in a singular point of the yield surface the consistency
condition for the first as well as for the second yield function must be satisfied.

/=0 and f,=0 (7-84)
Via Eq. (7-83), Eq. (7-84) can be expanded as

T T
{a_fl] da+a_fl(ﬁ+ﬁ] {dﬂla—fi+dﬂza—f2]=0 (7-853)

1
90'”- :985 z9€Op 0770p (o (o

T T
oe P oeP
[0’_1”2] dgij+'9_ﬁ[i+i] [dﬂla_ﬁmﬂzﬁj:o (7-85b)

Jdo ij o?gljp o?gop 07}/01) Jdo 'j Jdo ij

The incremental stress strain relationship at these stress points then can be
written as

doy =Dl (dgij —dy j—ﬁ 4 ”—fzJ (7-86)

O'ij do ij

Premultiplying Eq. (7-86) with the gradients to f; and f,, Eqs. (7-85a) and (7-
85b) become

T
J
dA + puydiy, = [Tfl] [D]e dg{_/_ (7-87a)
i
o)
H3d Ay + pyd Ay =(;2J [D]e de;; (7-87b)
1

where 4, 4, u; and u4 are defined as
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T
ol oef
4y = IN| %y, % +[D], IN| N
1955 z%‘np &701, do i do i
T
of | def el p)
py = | % Il +[D], h f>
1985 Iop W op doij | dojj
T
| 2 i 20 | 9N
O A Y
dei\dEgy  Iop dojj | dojj
T
del  oel
4y = | %, %% +[p], o | 9
884-/‘-’7 88017 5’}/017 do i do i

(7-88)

(7-89)

(7-90)

(7-91)

Solving the simultaneous equations (7-87a) and (7-87b) for 1 and 4, yields

1

2= #4( C7f1/‘90'ij)T [D]edfij —uy( afz/go'ij)T [D]edfij

My = Hops

e w1 ( sz/ao'ij)T [D], déj — 5 ( &f]/aaij)T[D]edgij

2

g — Ho s

Hence, the incremental stress strain relation for the singular points is

[D]

T
af5| 2
B ﬂlTﬁ l
O'ij aO'ij

28 o

4 &crij é’Gij

y=1[p]-

[D]

T
. af[&f} R

2
¢ do ij

MMy — HoH3

w2 2 ),

&crij 3 do ij do ij

iy — Ho 3

(7-92)

(7-93)

(7-94)
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7.6
Strain Softening Phenomena and Material Damage

The material behavior of concrete is assumed to be isotropic and homogeneous
before macroscopic cracks occur. However, it shows apparent anisotropy in the
post-crack stress state. It is not a straightforward process and very costly to
simulate the strain-softening induced by an individual crack or defect in numerical
computation. Therefore, a reliable equivalent continuum model for concrete will be
extremely useful.

Continuum damage mechanics (Lemaitre and Chaboche 1978; Krajcinovic
1996) provides systematic approaches to interrelate districuted defects with the
observed macroscopic behaviour. The fundamental notion of damage mechanics is
to represent the damage state of the material be come internal variables. The
variables directly characterize the distribution of cracks formed during the loading
process. Compared with the fracture mechanics used in the context of discrete
cracks (Saouma et al. 1980), the continuum damage models with fixed mesh have
the advantage of avoiding remeshing when finite element methods are adopted.

Different damage model establishes different mechanical equations to describe
the evolution of the internal variables and the mechanical behaviour of damaged
material. The isotropic damage mechanics model uses a single scalar parameter and
is based on Lemaitre’s hypothesis of strain equivalence, which has been widely
used in creep analysis of ductile materials (Lemaitre 1986). The isotropic damage
model is very simple. However, it is argued that only one damage scalar is not
enough to model the damage properties of brittle material like concrete (Mazars
and Pijaudier-Cabot, 1989). Some damage-based constitutive relationship has been
suggested for concrete (Mazars 1986; Yazdani and Schreyer 1988, 1990; Lubarda,
et al 1994). In Mazars’ model, damage is described by coupling the compression
and tension effects to define a single damage variable ®. The calculation of this
variable is based on a certain measure of the strain field. Yazdani and Schreyer
(1988) coupled damage and plasticity and assumed that once the limit damage
surface is reached, the softening regime is solely controlled by elastic and inelastic
damage processes and that no plastic flow occurs. On the other hand, in the
hardening regime of deformation, both damage and plasticity surfaces are used and
plastic flow in their model is controlled by Huber-von-Mises criterion. Those
models defines damage scalars all based on uniaxial tensile and uniaxial
compressive experiments, the threshold strain is determined by the strain in
uniaxial ulitimate state. Plastic flow with pressure-sensitive strength criterion is not
included.

When the stresses evolve beyond the ultimate stress envelope, observations
show that concrete material exhibits some residual stress. In other words, the
damage is not hundred percent. In the present model, the partial damage is
described by a damage scalar ®, which is defined by a two-parameter Weibull
distribution function as follows (Mazars 1986),
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€y

£

oy (7-95)
o =1-exp —o{g j

u

Where ¢, is the threshold strain. The value of the damage scalar equals zero
when the strain € is less than the threshold strain &, « and m are the two Weibull
parameters. In the uniaxial sense, the stress-strain relationship changes from the
form of ¢ =Ee for pre-damage concrete to ¢ —& for the damaged concrete as
follows,

o=E(1-w), e2¢, (7-96a)
Writing Q=(1-w), we get

6=(l-w)o=Qc , £2¢, (7-96b)

Fig. 7.11 shows the effect of the two Parameters « and m on the stress-strain
curve in uniaxial stress state.

0 1 2 3 4 €& 5 . €5 5

o
N
N
w

Fig. 7.11 Effect of the two parameters ¢ and m on stress-strain curves

In the general three-dimensional stress states, once the ultimate strength
envelope is reached, material exhibits anisotropy. The anisotropic stress strain
evolution is regarded as a combination of damage and plastic-hardening. In the
present three-dimensional elasto-plastic damage model, different damage scalars
(o, o, 3) are adopted in the respective principal stress directions. The value of oy
(i=1,2,3) is a function of the threshold strain ¢,; (i=1,2,3), which is defined as the
specific principal strain when the ultimate strength envelope is reached.
Assumption is made that the directions of the principal stress and strain coincide.
The propagation of damage is described as below.
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When the ultimate strength envelope is reached the first time and at least one of
the principal stresses is tensile, crack is assumed to occur. A damage scalar o is
then introduced in this principal stress direction and the associated shears as well.
The degenerated stress [ET] is

[6]=[2] [7] (7-97)

where

r_ 7-98
{o} =[oy) 0y 033 0, 013 03] (7-98)
l-w; 0 0 0 0]
0 1 0 0 0
0 01 0 0 0 (7-99)
[Q HQ)]=
0 00 1-0, 0 0
0 00 0 I-w 0
Lo 00 0 0 1]

where [Q] is the general damage matrix and [Q;] is the damage matrix when
the first damage scalar is introduced. Hence, the stress state returns to
somewhere within the ultimate strength envelope and the stress-strain
relationship is governed by the elasto-plastic constitutive law again.

In incremental form,

d{6}=[D],d{e} (7-100)

in which, [D]p is the elasto-plastic stiffness matrix.

Upon further loading, the stress state may reach the ultimate strength envelope
again, a second damage scalar is then introduced. And the general damage takes
the form of

M-w, 0 0 0 0 0
0 1-w 0 0 0 0
o 0 1 0 0 0 (7-101)
i (-o)l-wy) 0 0
o 0 0 0 1-w) 0
Lo o o0 0 0 (-]

Where @, is obtained by the two-parameter Weibull function in terms of the second
principal tensile strain.
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Subsequently, the stress state returns to somewhere within the ultimate strength
envelope again. Upon further loading, when the stress state reaches the ultimate
strength envelope once again, a third damage scalar o is introduced. And we

l-o, 0 0 0 0 0 |
0 l-o, 0 0 0 0
00 l-o 0 0 0
()= 0 0 0 (-w)l-w, 0 0
0 0 0 0 (1-o)(1-ws) 0
Lo 0 o0 0 0 (1-o,)(1-wy) |
(7-102)
7.7
Applications

The multi-parameter yield criterion has been applied to analyze two groups of
reinforced concrete slabs and a parabolic cylindrical shell. The nonlinear finite-
element-analysis code for plates and shells written by Huang (1988) and his
predecessors (Owen and Hilton 1980) is modified to incorporate the present
material model for concrete (Wang 1998).

The two parameters in the Weibull’s function are chosen, i. e., 0. =2 and m = 1
in the following examples. Three-dimensional moderately thick shell elements and
layered model are employed. Different thickness for different layers can be defined
such that any combinations of layers of reinforcements and concrete across the
depth are allowed.

Example | - Duddeck’s Reinforced Concrete Slabs

Duddeck et al. (1978) carried out experimental tests on 3 square reinforced
concrete slabs, which are simply supported along the edges and loaded at the centre
of the slabs. The three slabs constitute of the same concrete material and steel
reinforcements, having the same dimensions and boundary conditions. The total
amount of reinforcement is constant in each slab. The configurations of
reinforcement layers are different so that it resulted in different degrees of
orthogonality along the edge of the slabs. The two orthogonal direction are denoted
as x for the direction of relatively more reinforcement, whilst y for the other
direction. The dimensions and reinforcement arrangement of the slabs are shown in
Fig. 7.12. The following material parameters taken by Figueiras and Owen (1984)
and later adopted by Gervera and Hinton (1986) are applied in the present study,

E.=16400. MPa, Eg=201000. MPa, f.=43.0 MPa, f;= 3.0 MPa, fy= 670.0 MPa,v = 0.2
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where E,, E; are the initial Young’s modulus for concrete and steel reinforcement
respectively; f. and f; are the uniaxial compressive and tensile strengths of concrete;
Jy is the yield strength of steel reinforcements, and v is the Poisson’s ratio for
concrete.
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Fig. 7.12 Dimensions (in mm) and Reinforcement Arrangement in Duddeck’s Slabs

The equivalent thickness of the reinforcement layers near the top and bottom
surfaces of the slabs are tabulated in Table 7.1.

Table 7.1 Equivalent Thickness of Reinforcement Layers in Duddeck Slabs

Slabs Top Layer (mm) Bottom Layer (mm)

x-dir y-dir x-dir y-dir

Slab S1 0.193 0.193 0.397 0.397

Slab S2 0.252 0.133 0.520 0.273

Slab S3 0.283 0.103 0.582 0.212

In Table 7.1 slabs S1, S2 and S3 represent, respectively, the first, second and
third slab specimen tested by Duddeck et al. (1978). As seen in Table 7.1, S1 has
the same amount of reinforcement in x and y directions, while S3 has the most
orthogonality of reinforcement. In the present numerical simulation, only one
quarter of the slabs is analysed by use of symmetry of the slabs and the loading,
boundary conditions. In the finite-element discretization, the quarter slab is divided
into 3 X 3 of 8 -node Serendipity elements. The element-size is smaller near the
centre of the slab where higher stresses are expected. Integration across the depth
goes through twelve layers.

Each load-increment is set to be 5 percent of the ultimate load. The maximum
number of iterations for convergence within each incremental step is assigned to be
20 and the equilibrium tolerance of 0.5 percent is applied.
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The calculated ultimate load-carrying capacities for the three slabs are given in
Table 7.2. The load-deflection at different load levels for the central point are
plotted and compared with the experimental results for slabs S1, S2 and S3 in
Fig.5. It can be seen from Table 7.2 and Fig. 7.13 that the present model yields
rather accurate estimations for the ultimate load-carrying capacities. The
percentage errors of the calculated ultimate load-carrying capacities are all within
3% of the experimental results. The predicted deflections at different load levels
are also in good agreement with the test data.

Table 7.2 Ultimate Load-carrying Capacity of Duddeck Slabs (KN)

Slabs Present Experimental Results (kN) | Percentage
Estimations (kN) [Duddeck] Error
Slab S1 62.65 61.06 +2.06%
Slab S2 44.49 43.46 +2.37%
Slab S3 34.60 34.25 +1.02%
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Fig.7.13 Load-deflection Curves at Centre of Slabs S1, S2 and S3

Figs. 7.14-7.16 show the damage distributions of the bottom layer at failure for
slabs S S, S;, respectively. It can be seen from these figures that the damage level
in the direction of less reinforcement ( y-direction), as expected, is higher than that
in the other orthogonal direction (x-direction) for slabs S, and S;. The more
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different in the reinforcement amount, the more pronounced the difference of
orthogonal damage distribution. The damage herein refers to the damage scalar o,
in the direction that the first crack occurs.
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Fig. 7.14 Damage distribution of bottom layer at failure for slab S,

NREXH
Y
AW

\

:::MOM
A

‘:‘M

0

X CRUNXKXKIN

o
4
S5
%
5
2
%

A
'0‘:‘
0

ol
)
)
5
S0
9
0

0

%
%

RIS
<

D RN ISR

S

Fig. 7.15 Damage distribution of bottom layer at failure for slab S,



186 7 Concrete Plasticity

SOOI S
= SNSRI
o -
) =
Z ke x
=5
Ooq e I
~ RIS ———— -
S S T e -
< X ‘3‘8\“%\\8\\2&232 =
IS D S
Y TSI s =<
< N =

Fig. 7.16 Damage distribution of bottom layer at failure for slab S;

Example 2 High-Strength Concrete Slabs

Mazouk and Hussein (1991) carried out a series of tests on common and high-
strength reinforced concrete slabs with various steel ratios. The slabs are simply
supported along all edges and loaded centrally through a column stub. The
dimensions and reinforcement arrangement of a typical specimen is shown in
Fig.7.17. Three slabs among the seventeen tested high-strength concrete slabs are
analysed in the present study. Material parameters for concrete and details for the
steel reinforcement for these three slabs are shown in Table 7.3.

150mm

g ’ ’ ) ) ) |:)> 120mm
f‘ ] o v o o o o %
= =
I 1500mm I

1700mm |

Fig. 7.17 Dimensions and Reinforcement Details in the High-Strength Concrete Slabs
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Table 7.3 Details of 3 High-Strength Reinforced Concrete Slabs

Uniaxial Steel Steel
Compressive Bar Bar Slab Slab Ste§1
Slabs Strength Size Spacing Thickness | Depth R(a)mo
(MPa) (mm) (mm) (mm) (mm) (%)
HS1 67 M10 214.3 120.0 95.0 0.491
HS3 69 M10 71.4 120.0 95.0 1.473
HS7 74 M10 88.2 120.0 95.0 1.193

The reinforced bars are Grade 400 steel conforming to CSA standards with an
actual yield strength of 490MPa and ultimate strength of 690MPa. Making use of
symmetry, only one quarter of the slab is analysed. A mesh comprising 6x6 of 8-
node Serendipity elements is used. The rigidity effect of the column stub is ignored
and the load is applied as a uniformly distributed pressure over the small area
equivalent to the cross-section of the stub. Across the depth, each slab is sub-
divided into eight layers. Load-increment is set to be 5 percent of the ultimate load.
The maximum number of iterations for convergence within each incremental step
is 20 and the equilibrium tolerance of 0.5% is applied.

The calculated ultimate load-carrying capacity and the percentage errors with
regard to the experimental results are listed in Table 7.4. The load-deflection
curves for the central point are plotted and compared with the experimental results
for slabs HS1, HS3 and HS7 in Fig. 7.18.

Table 7.4 Ultimateload-carrying Capaciry of High-strength Slabs

Slab Present Estimations Experimental Results Percentage
(kN) [Mazouk] (kN) Error
HS1 173.39 178 —2.37%
HS3 357 356 +0.28%
HS7 340 356 —4.49%
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Fig. 7.18 Load-deflection Curve at Central Point of Slab HS7

It can be seen from Table 7.4 and Fig. 7.17 that the present estimations of
ultimate loads agree well with the experimental results. The percentage error of
predicted ultimate loads to the respective experimental data fall in a range of —5%
and 5% of the experimental data. On the other hand, the predicted deflections at
different levels of load are smaller than the corresponding experimental results for
all the three high-strength slabs. It implies that the slabs behave stiffer in the
simulation. The reason may be that the Young’s modulus adopted for the concrete
or the steel reinforcement material is higher than the practical value.

The damage distributions at failure are shown in Figs. 7.19, 7.21, and 7.23. The
stress distributions in the bottom reinforcement at failure are shown in Figs. 7.20,
7.22 and 7.24, respectively. It can be seen from Fig. 7.18 that the damage or the
crack for slab HS1 expands to almost the whole area of the slab. And the yield
region in the bottom layer of reinforcement in slab HS1 (above the level of 490
MPa in Fig. 7.20) is very wide and almost all the bottom reinforcement yields. The
damage distribution and the bottom steel stress indicate a flexure failure mode. The
failure type of flexure for slab HS1 is confirmed by the large deflection of 2.7 cm
at failure (see Fig. 7.18) compared with the relatively much lower deflections of
1.45 cm and 1.9 cm of Slabs HS3 and HS7 at failure. Compared with slab HS1, the
deflection, the bottom reinforcement yield area and damage distribution of slab
HS3 at failure are rather small (see Figs. 7.18, 7.21 and 7.22). The damage area is
concentrated at the central area of the slab implying that the slab fails in pure shear.
On the other hand, the deflection, damage area and the bottom reinforcement yield
area for slab HS7 at failure go between the counterparts of slab HS1 and HS3,
which indicates that the failure mode is most probably ductile shear failure. The
failure patterns for the three slabs predicted in the present study conform to those
reported by Marzouk and Hussein (1991).
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Fig. 7.20 Stress Distribution of Bottom Reinforcement at Failure for Slab HS1
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Fig. 7.22 Stress Distribution of Bottom Reinforcement at Failure for Slab HS3




7.7 Applications 191

1.40 -

1.20 +

1.00 -

0.80 -

0.60 -

0.40

0.20 -

0.20 040 0.60 0.80 1.00 1.20 1.40
Fig. 7.23 Damage Distribution of Bottom Layer at Failure for Slab HS7

QE <5
0 S5 =
Oy 0‘;‘:::“" =
SR s =N
R, ostosesr o, s =
008 ":o 77 "'I"' '0;‘; “:: S =
2o 20020000/ A5 S SRSIRISRIRSS e
0 A R N,
527 A 77777 R R S S S o
* 7500535 LA A T P R K S S R s
Oy S R S
R T L K RSN SS =
> ,zzzzgzz::g::o:o.%.gozgo:0',;::,,z,,z,‘:,':.:Q\\%g}‘sgéz; >
X LA 2020200 % 94 == -

Fig. 7.24 Stress Distribution of Bottom Reinforcement at Failure for Slab HS7



192 7 Concrete Plasticity

Summary

Through comparison of FE simulation results and the experimental data,
conclusions can be drawn that a new three-dimensional elasto-plastic-damage
constitutive model for concrete is successfully established. It is a
generalization of the unified strength theory, and referred to the Generalized
Unified Theory (GUT). The derived load-carrying capacities for all the slabs
and the shell are in good agreement with the experimental data. Generally, the
calculated deflections at different levels of load for all the slabs and the shell
also reflect the real deformation procedure. The only exception is that the
predicted deflections for the high-strength slabs are smaller than the
experimental counterparts, which implies that the high-strength slabs in the
simulation are stiffer than the actual slabs.

The unified strength theory is also generalized to rock material. A non-linear
unified strength criterion for rock material was proposed by Yu, Zan, Zhao and
Yoshimine (2002). The yield surface of the nonlinear unified strength criterion for
rock materials is shown in Fig.7.25. The mathematical modeling of the non-linear
unified strength criterion is discussed in section 4.14 of chapter 4.

Fig. 7.25 Yield surface of the nonlinear unified strength criterion for rock material

Damage distributions and the reinforcement stress distributions predict well the
reinforcement anisotropy of the common concrete slabs and also the failure
patterns for the high-strength concrete slabs. The plastic FE method and relevant
Program will be described in detail in another book: “Computational Plasticity”.

Problems

Problem 7.1
Compare the meridians of the Ottosen four parameter criterion, the William-
Wranke five-parameter criterion, the Podgorski concrete criterion, the Kotsovos
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concrete criterion, and the generalized unified yield criterion. Discuss the merits
and demerits of each criterion.

Problem 7.2

Compare the deviatoric sections of the Ottosen four parameter criterion, the
William-Wranke five-parameter criterion, the Podgorski concrete criterion, the
Kotsovos concrete criterion, and the generalized unified yield criterion. Discuss the
merits and demerits of each criterion.

Problem 7.3
Discuss the applicability of the generalized unified yield criterion for other
geomaterials.
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8 Twin-Shear Slip-Line Field for Plane Strain
Problem

8.1
Introduction

Plane stress, plane strain and axisymmetric problems are three important problems in
plasticity and engineering. Figure 8.1 shows an example of these three kinds of
structure. Figure 8.1(a) is a plane stress structure with an uniform thickness thin lamina
deformed under the action of force which lie in its median plane. Figure 8.1(b) is a
plane strain problem with zero strain at z deriction (length direction) in a very large
thickness structure. Figure 8.1(c) is a axisymmetrical problems which are symmetrical
in terms of geometry, boundary conditions and external loading about an axis.

(b) (©

Fig. 8.1 Three kinds of structures

These three kinds of structures shown in Fig.8.1 have an identical section, a
trapezoid, but different stress states. The stresses normal to the solution domain
o, in plane stress state is zero principal stress and nonzero principal stress in
plane strain; hoop stress Oy in axisymmetrical problems is also a principal
stress. The stress state of the three kinds of structures will be discussed in
Chapters 8,10 and 12.

In this chapter, a general theory, known as the slip-line field theory of plane
strain problem is described to analyse the bearing capacity of plane strain
structures. The characteristics line theory for plane stress and axisymmetrical
problems will be discussed in Chapters 10, 11 and Chapter 12 respectively.

The slip line field theory and characteristics theory deal with non-strain
hardening or softening. Clearly, these idealization are not realzed in engineering
materials, but they can be made to give very good first approximations to bearing
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capacity of structures, and provide indications of the manner in which material
deforms. There is no allowance for time or strain rate effects. Also, all inertia
forces are neglected and the problems treated as quasi-static.

Slip line field theory for plane strain problems can be obtained by combining
the characteristic line theory with the plastic plane strain equations. The theoretical
frame of characteristic line field theory was proposed by Kotter (1903), and
developed by Prandtl (1923), Hencky (1923), Gecteinger (1930), Hill (1950),
Prager(1949), bepesannes (1953), Cokxonosckuii (1960) and Johnson and Mellor
(1982), et al. Plane-strain slip line fields for metal deformation processes were
summarized by Johnson, Sowerby and Venter in 1982. Plane-strain slip line fields
for geomaterials and civil engineering were summarized by Sokolovsky in 1960.
The theory is now becoming an important content for plasticity, metal processing
mechanics, and geomechanics. It is widely applied in the fields of metal plastic
forming, the limit analysis of structure, civil engineering and mechanical
engineering.

The Prandtl slip field and the Hill slip field of a non-SD material under footing
are shown in Fig. 8.2(a) and (b). The Prandtl slip field for SD material under
footing is shown in Fig. 8.3.

(a) Prandtl

i V4
(b) Hil }&/

Fig. 8.2 Prandtl slip field and the Hill slip field
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f)’

o, X

Fig. 8.3 Slip field for SD materials

The slip field theory is supported by other observations. Figure 8.4 is a
experimental observation on a strip footing. It is obtained by using a series of
aluminium bar under the pressure of a strip. The displacement of aluminium bar
shows a slip zone (from Matsuoka).

Fig. 8.4 The experimental observation of flow of strip footing (Matsuoka 2000)

The conventional slip line field theories for plane strain problems are based on
the single-shear yield function such as the Tresca (Maximum shear stress criterion)
criterion and the Mohr-Coulomb strength theory. The effect of intermediate
principal stress 6, was not taken into account in this kind of slip line field
theories. Zenkiewicz et al. (1992) indicated that the effect of intermediate principal
stress to the material's strength is so prominent that it should not be neglected
especially for some particular materials such as high strength steel, alloy, iron,
ceramics, rock and soil.

Slip line field theories based on single-shear strength theories can not be
adapted for those materials in which intermediate principal stress plays an
important role. A new slip field theory based on the twin-shear yield criterion and
generalized twin-shear criterion was proposed by Yu et al. in 1994. A new
orthogonal and non-orthogonal slip line field theory for plane strain problems was
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proposed. The effects of intermediate principal stress on the materials’ yield or
failure is taken into account in the twin-shear slip field, for plane strain problems.

8.2
Stress State in Plane Strain

In plane strain condition the displacements all occur in parallel planes in the
body. It means that planes parallel to the xy plane, and all stresses and strains are
independent of z, i.e.,

&= ¢6,=¢6,=71,.= 7,=v,=0, (8-1)

where z is a principal direction, and o, is a principal stress. In plane strain state we
have only four steses components oy, Gy, Txyand c,.

Oy = UX(X,)’) > Oy = y(X,y), 0, =04(X,)), Txy =Txy(x>y) (8'2)
Ex= E(.X,y), gy: ‘Sy (xay) 5 }/xyz yxy(xsy) (8_3)
Vx = Vx(xay)a Vy = Vy(xay)a (8'4)

The strain rate tensor is

v, 1(aVX+a&] .

% 2l o
R (8-5)
&o=|= X4 Y - 0
2(8y ava B2
0 0 0

The maximum principal stress 6; and minimum principal stress 63 (61>63 >03)
of plane strain problem are

] :O-maxzo-x+o-yi O'X—O'y)2+TW (8-6)
0'3 =Omin 2 2

Introducing a parameter m, the intermediate principal stress o, can be expressed
as follows

O.

2 =%(01+03), (8-7)
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where 0<m <1 for plane strain problem, and m can be referred as the
intermediate principal stress state parameter. It can be determined by both
theoretical and experimental analysis. Generally, m<1 for elastic region (this can
be explained by Hooke law, where m/2 is equal to Poisson ratio) i.e. o,= m(o| +
03)/2< (o1 + 03)/2, and m— 1 for plastic region.

The stress state in plane strain (o, oy, Ty and o,) can be expressed by three
principal stresses (o;, 6, and o;); the stress state can also be characterized by
superposition of the hydrostatic stress (mean stress) p on the pure shear stress R as
follows:

1 1 1
P =E(61 +o, )= E(O'x to, )=;O'2 =% (8-8)

2
1 ox O
R="(c\=0y )= (%) +72,, (8-9)

The stress state is illustrated as in Fig. 8.5

P
) ———1
T T
[
? ul P
T
mp/ﬁ-_-_
P

Fig. 8.5 Stresses in plane strain state

The relations between these two kinds of stresses (o, Gy, Tyy, 6 and p, R, c,) are

o, = p+Rcos20

o, = p — Rcos26 (8-10)

Ty =Rsin280
=(p+ Gy-cotg)sing - sin2¢

where 0 is introduced when we define by the angle from x coordinate to the
direction of o,

The three states, i.e. principal stress state o, 0, O3, pure shear stress state or
maximum shear stress state p, R, 6,and general stress state oy, Gy, Txy, 0 in plane
strain can be illustrated in Fig. 8.6.
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Fig. 8.6 Relation between stresses in plane strain state

There are two families of curve o and B in Fig. 8.6. The directions of the
surfaces on which the maximum tangential stresses act make angles +n/4 with the
principal directions. They are the maximum shear stress line which is tangent at
every point to the surface of maximum tangential stress. The a-line and fS-line are
inclined to the first principal direction at 45° (Fig. 8.6). It is obvious that there are
two orthogonal families of slip lines, characterized by the equations

x=x(e, ), y=y(ap)

The lines of the first family (a-lines) correspond to fixed values of the
parameter [ (f/=const.); along f-lines the parameter o is constant. The a-lines and
f-lines are referred to as the slip lines. Slip line is a important concept in plasticity.

8.3
Twin-Shear Strength Theory for Plane Strain

The twin-shear strength theory (Yu 1985) has been described in Chapter 4. The
mathematical formulae of the twin-shear strength theory can be expressed in two
equations as follows:

- a _ o1 +ao. )
F=o0 2(02 +oy)=0,, When stﬁ (8-11a)
r_1 o tao.
F :5(01 +0, )—aoy =0,, When g, ZTa} (8-11b)

Where o; and o, are uniaxial tensile and compressive strength of material
respectively. Parameter a=cy/c, is tensile-compressive strength ratio, which
reflects material's Strength Difference (SD) effect.
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The twin-shear strength theory can also be expressed in terms of shear strength
parameter C, and friction angle g as follows:

F=og-22 203 +(o+ 22 ;03 Ysingy =2G; cosp,

when 0, <0,+0; 4 01-Cs5ing,

2 2
or when o, < p+ Rsing, (8-12a)
’ + + .

F'=017% -0y +& 262 +05) singg=2C,cosg,

when 4 >91%03 01”034, .

o, 3 3 )

or when o, <p +Rsing, (8-12b)

Because the intermediate principal stress equals
0, =mp< p+ Rsing, :%(‘71 +03)+%(orl —oy)sing, » (3-13)

It accords with the first condition of the twin-shear strength theory equation
(8-12). Hence, we adopt the first equation of the twin-shear strength theory
(equations 8-12a), combining equations (8-7), the twin-shear strength theory for
plane strain is obtained as follows:

%(Hsin(po)+%[(1—m)+sin¢0(3 +m)|=2G,-cosg, (8-14)
or
R=_3C0c0sgy _, (1-m)+@3+bm)sing, ®.15)
2 +(1+singy) 2+(1+singy)

When m=1 the twin-shear strength theory for plane strain (Eq.8-15) can be
simplified to

Re 4Cy-cosp, . 4singy (8-16)
2+(1+sing,) 2+(1+sing,)

We introduce two new parameters ¢; and C; for twin-shear strength theory in
plane strain state. They are referred to as the twin-shear friction angle ¢ and the
twin-shear cohesion C, respectively (Yu et al. 1994).
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sing _(=m+@B+bm)sing, ey m#=1, (8-17a)
! 2+ (1+singy)
sing, = 2sine when m=1, (8-17b)
2+(1+sme)
o G cospy 1 (8-18)
' 2+ (1+sing) cosp,

Substituting equations (8-17) and (8-18) into equation (8-15), we obtain
R = psing, + C,cosg,, (8-19)

where the compressive stress is usually defined positive.

8.4
Twin-Shear Slip Line Field Theory for Plane Strain
Problem (Statically Admissible Field)

The equilibrium differential equations for plane strain can be written as (see:
Hill 1950 or Johnson and Mellor 1962)

% + % =ysiné,

ox oy (8-20)
a7, do

a—;y+7yy =—ycosb

where 7y is specific weight and 0, is the angle between the direction of gravity and
the minus direction of y coordinate, as shown in Fig. 8.2.

Solving equations (8-20), (8-10), and (8-13), the stress governing equations are
obtained as follows:

ap (14 4=mG +mysing) o o)+ Ip(-my+G+msingy .o

ox 2+(1+sing) 9y 2+(1+sing))
09 00 . .
+21.?($oosze— E6511120)—;/3111190 . (8-21)
dp1-my+@3 +m)sing, sinz€+i’(1f 1-m+@3 +'m)sm(p0 026+
ox 2+(+singy) oy 2+(1+singy)
06 00

+2R (200820 +==8In26) =—y00S &,

ox o4
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Equations (8-21) satisfy the twin-shear strength theory, equations (8-19), and
plane strain static equilibrium equations (8-20).

Equations (8-21) may be elliptic-type (two different real roots), parabolic-type
(two same real roots) or hyperbolic-type (no real roots) pseudo-linear differential
equations which can be solved by the method of characteristics

o family: %yz 126 —u) (8-22a)
B family: Zy —1g(0+u) (8-22b)

in which y=7/4-¢,/2.

We can see that the equations are elliptic-type pseudo-lineal differential
equations. Equations (8-22) are not only two different real roots of the pseudo-
linear equations (8-21), but also two characteristic lines at the angle of 2 with
each other.

By using the Egs. (8-17) and (8-18), the governing equations (8-21) can be
rewritten as

aip(l+sin(pt-oos29)+@sin¢t sm219+2R(a oosze—%aﬂnze) ysing, (8-23)
dap 20

P sm29+— 1-sing, c0s26)+2R —00S29+—sm20 =—yC0S,

Eo ng; ay( P ) ( P )=—ycost)

We can see from equations (8-21) and (8-23) that it is the substitution of Cy and
¢t for Cp and @, which embodies the effect of intermediate principal stress in the
twin-shear slip line field theory.

Choose the curvilinear coordinates system S, and Sp coinciding with the
characteristic (slip) lines o and p. According to the rules of directional derivative,
stress governing equations can be expressed in terms of curvilinear coordinates S,
and Sp

o family:

. op 00 dy _
—sin2u~+- 5 +2R8S—+;/[sm(0()+2,u)—+cos(6'()+2,u) ] 0 (8-242)

B family:

sin2u —— P +2Rl+y[s1n(90 —2u)=— ox +cos@ — 2,u) ] 0. (8-24b)

as, " os, 3,

Equations (8-21) to (8-24) are the stress governing equations (statically
admissible) of the twin-shear slip line field theory for plane strain problem. The
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equations differ from ordinary stress governing equations by substituting ¢,and C;
for @g and Cy.

8.5
Twin-Shear Slip Line Field Theory for Plane Strain
Problem (Kinematically Admissible Field)

Adopting the associated flow rule,

= g = f 8-25
P E)

The twin-shear yield function equations is

f:%(ax +0,,)sing, - }Zl(ay— 0)? +1,7 +G-cosp, =0, (8-26)

and plastic strain rate under small deformation and rigid plastic condition

ity _ vy
T ox ox
. o, oy,
€y=$: ay:
_On O, 9 oy, 8-27
7Yy—®+7ax—$+ axa ( )

The velocity governing equations of twin-shear slip line field theory for plane
strain problem are

o family: dy, +[y, -c1g(T - ) vy -eselT ~g)ldy =0, (8-28a)

B famlly dvﬁ + [Va . Csc(g_ (Dt) — Vﬁ . Ctg(g_ ¢l‘)] dl// =0. (8-28b)

In equations (8-28), u, and u, are displacement components, vy=du,/df and
vy=duy/dt are velocity components along x and y directions, whereas v, and vg are
velocity components along « and g slip lines respectively. Superimposed dot
means derivative with respect to time.
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Substituting the twin-shear yield function for plane strain into associated flue
rule equation (8-25), and taking the rigid plastic postulate into consideration, we
have

dgx:—cﬁ aiz_@ Sln(pt-ﬁ-m

do. 2 JL@y-ox2+ o2
4

de=—p I~ dsingy 1200700 (8-29)
a2 ooy
i
dpy=2dey = 22— i Xy

oz, |
Y %(”y - (7x)2 + Txyz

where the relation between shear strain g,, and engineering shear strain vy,
Yxy=2&xy, and the definition of positive compressive normal stress are used.

Figure 8.7 gives the plane strain Mohr circle, were ¥ is the angle between o
slip line and x direction, i.e. ¥=g—y =0-(n/4-9,/2)- Following this definition,
equation (8-22) can be simplified to

de, = 7"172’1 [sing, +sin(2y—g,)]

di. . . -
ds, = _7[5111% +sin2y—¢,)] (830
d%cy =dAcosQy— ;)

When the direction of slip line is along x direction, i.e. ¥ = —(n/2 - ¢,) (5 line)
or ¥ =0 (« line), equation (8-22) can be expressed

dsx“/,:o = dsx‘w (8-31)

=—(t/2-g) 0.

This equation indicates that the rigid strain rate vanishes along slip lines.
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Fig. 8.7 Stresses and velocity in plane strain state

The relation between velocity components along slip lines v, =i, (v; = i15) and
velocity components along x () axis vx(vy), can be expressed as

v, sin(y +2u) — vgsiny
—=

Ve =t sin2u (8-32)
VOO +2p) v oSy
== “sin2u

Combination of equations (8-30), (8-31) and (8-32) yields,

o,

ox ‘Wzodt

dé‘x ‘W:OZ £x ‘V/:O dt =

={dv, +[v,ctg(z/2— p,) =V csc(m/2—gp]dy}dt=0 (8-33)

In the above equation, we have used the relation 4 =7/4—¢,/2 and definitions
v, =(y,/ I)|,~o and dy =(@y/Ix)|,_-

When slip line field generates plastic flow, by integrating equations (8-21), we
can work out the velocity field that satisfies the boundary conditions of the
problem. The velocity field solution complies with the unified yield function,
associated flow rule and rigid plastic small deformation condition. When ¢=q,,
the case of orthogonal slip line field, equations (8-21) can be simplified to the
famous Geiringer velocity equations (Johnson and Mellor 1962),
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o family:  dv, —v3d6 =0, (8-34a)

B family:  dvy +v,de = 0. (8-34b)

By now, we have extended the twin-shear yield function to slip line field theory
for plane strain by means of the introduction of twin-shear effective parameters
and C; and get the governing equations of the twin-shear slip line field theory for
plane strain problem (equations 8-14, 8-18 and 8-21).

Twin-shear slip line field theory can be used to materials with obvious
intermediate principal stress effect and give the linkage of various slip line field
theories without theoretical difficulty. Moreover, the twin-shear slip field theory
contains infinite number of orthogonal and non-orthogonal slip line field theories.
With the different choice of parameter (o, B, ) or ¢¢ and C;, we can get a series
special cases of the twin-shear slip field theory.

When twin-shear slip line field theory for plane strain problem is applied to
materials where gravity is left out of consideration, the velocity governing
equations are the same as equations (8-21), whereas the stress governing equations
(8-18) can be simplified to

o family: —sinZ/za—p+2Rﬁ=07 (8-35a)
a5, a8,

B family: gin2, 2P 4220 —o (8-35b)
Xy a8

Integrating the above equations, after simplification, we can get the solutions
o family:  p=C, exp(20-cig2u)-C, - cigo,, (8-36a)
B famlly p:Cﬂ exp(—29~c[g2/1)—q gy, (8-36b)
where C, and Cg are integral constants, which will be determined by different
boundary conditions. This is a new type of non-orthogonal slip line field.
When ¢=0 the twin-shear slip field simplized to a orthogonal twin-shear slip

line field theory because of the perpendicularly of two (o and B) slip lines,
2u=7/2 — @,=n/2. In this case, from equations (8-16) and (8-17) that

9, =py=0, R=C=4Co/3, a=1. (8-37)

Substituting 2 u=7/2 into equations (8-18) and (8-21), we get the stress and
velocity governing equations of this case
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9 09 o
o family _agl+2Rg+y[COS00E_Sln 90%]:0 , (8-38a)
o o
dv,—vdo=0
dp d8 ox ., dy._
B family E+2Ra—sﬁ+y[—cosaofﬂ+smﬁofﬂ]—0 (8-38b)
dvg+v,d6=0
Integrating the stress governing equations (8-31), we obtain
o family: p—ycosfyx+ysingyy—2R0=C,, (8-39a)
B family: p—ycosbyx+ysingoy+2R0=Cy (8-39b)

When ¢;=0 and Y =0, the gravity is negleted. The orthogonal twin-shear slip
line field theory is given. From Equations (8-16) and (8-17), we can get the
restrictions of this case

p=m=0, R=C,=3Cy, y=0. a=1- (8-40)

Substituting above equations into equations (31), we will have the stress and
velocity governing equations of this case

d _
E(p—ZRH) =0 ’

dv, —vpd =0
9
dvg —v,,d6 =0

o, family (8-41a)

PH2RO=0" " g family (8-41b)

where the condition that R is constant with respect to S, and Sg is used when
material and strength theory are fixed

Integrating Equations (8-34), we can get the solutions of this case

o family:  p-2Re=C,, (8-42a)
B family:  p+ 2R6=Cyg- (8-42b)

where C, and Cj are integral constants. Substitute y=0 into equations (8-28), we
can also get above equations.
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The form of equations (8-34) and (8-35) is similar to that of traditional solutions
of orthogonal slip line field theories. But the definition of R is different. In this
discussion, R is twin-shear parameter.

8.6
Applications of the Twin-Shear Slip Line Field Theory for
Plane Strain Problems

8.6.1
Example 1: Strip Footing

In geotechnical engineering, the ultimate bearing capacity of soil under strip
footing is an important problem (Fig. 8.8). The least pressure that will cause
complete shear failure of the soil in the vicinity of the foundation is defined as the
ultimate bearing capacity (qimi)- If the pressure on a foundation is steadily
increased to the value qf the soil in the vicinity of the foundation changes from
the state of elastic equilibrium to the state of plastic equilibrium. The change starts
at the edges of the foundation, gradually spreading downwards then outwards on
each side of the foundation. Eventually all the soil between the failure surfaces and
ground level reaches the state of plastic equilibrium and complete shear failure
takes place with the foundation breaking into the soil.

Fig. 8.8 Slip lines field of foundation under strip footing

Prandtl used the the Mohr-Coulomb theory and considered conditions of
equilibrium just before the flow starts and found that the ultimate bearing capacity
may be expressed in terms of the internal cohesion C;, of the given material and its
friction angle o, as follows

40 =Co-ctgauly S exp(-1gg0) 1 (8-43)
—singy
In the case of o=1 materials, or =0 materials, equation 8-8 furnishes ¢;=5.14 Cp,
or q0=2.5765, in which the Tresca criterion was used.
In the study of foundation problems, it is generally assumed that there are three
regions. They are an active prism ABC and a passive prism BDE connected with a
curve CD, lines AC and DE being tangent to this curve. Curve CD, bounding zone



210 8 Twin-Shear Slip-Line Field for Plane Strain Problem

BCD and ACD from below and passing through the tip of all radii vectors, is a
logarithmic spiral.

the surfaces AB are smooth. So that there is no friction. It is also assumed that
there is a constant pressure on the top. The rest of the boundary is stress-free.The
slip line field is given in Fig. 8.8 and Fig. 8.9.

pid
e £
s V72 4

Fig. 8.9 Slip lines field of foundation under strip footing

The slip line field can be divided into three regions:I, II, and III. In which I and IIT
are uniform stress regions, Il is a centered fan region.

(1) The triangular region II1 (BDE)

It is formed by free boundary BE and the slip lines BD and DE. This is a constant
stress region. The slip lines are straight line with ®,=n/4—¢/2. The mean stress is a
constant and must satisfy condition throughout this region: 0,=7,=0, 9,=0, 6;=0,=0.
along the f lines, we have

-C; - cos
P= l—tT'n(p(tpt: Cp SXP(T -1891) + Cy - Cigp, (8-44)

The integrate constant is determined by

-C,-cosgy
C, =t % o (8-45)
Vi 1-sing, exXp(-7 -1g¢,)

(2) The active region I (ABC)
It is formed by loading boundary AB and the slip lines AC and BC. This is a
constant stress region. The slip lines are straight line with angle (n/4+¢/2) for a
lines and (n/4+¢y/2) for S lines.

The integrate constant is determined by

—-q—C, - ctgy
Cy=_"9""1Cl80 (8-46
A 1+sing, )
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(3) Centered fan region II (BCD and ACD)

This is a slip region. The « lines are straight line with different angle acrossed at
point A (and B). £ lines are logarithmic spirals. The expression of the logarithmic
spirals is

n=ryexp(z- 1go;)

The length AC (and BC) of a side of center fan is
Tpc= 7/,173 )

2(:05(Z + —’2)

The length BD (and AD) of another side of center fan is
AB-exp(z -tg9,)
78D = 2 T Pt
cos(Z + —2)
The limit loading of strip footing is obtained as follows

1+si
6= Cretgp| ot P exp(r-tgp,)—1 (8-47)
—sing,

With different values of the friction angle, some results of limit loading are
obtained as shown in Table 8.1.

Table 8.1 Comparison of twin-shear and single-shear slip field

@, 5° 10° 15° 20° 25° 30°

@ | 648 | 12.64° | 18.52° | 24.16° | 29.60° | 34.85°

Co C() Co CO C() C() CO
C | 130G, | 1.27Cy | 1.25Cy) | 123C, | 1.22C, | 1.21 G

g0 | 649Cy | 834Cy | 12.98C, | 14.8C, | 20.7C, | 30.14 ¢,
gc | 906G | 122G | 159 ¢, | 24.0¢, | 35.6 ¢, | 55.05 ¢,

It is seen from the Table 8.1 that the limit loading of twin-shear slip field is
greater than that of single-shear slip field (Mohr-Coulomb material). It is due to the
effect of intermediate principal stress, which is taken into account in the twin-shear
slip field.

If the friction angle equals zero, i.e. p¢=0, it is the case of non-SD materials, and
the slip lines field changes to two families of orthogonal curves, as shown in
Fig.8.10. The results of limit loading by using different slip field are shown in
Table 8.2.
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Table 8.2 Comparison of three slip fields for non-SD materials

Single-shear slip Three-shear slip Twin-shear slip
Tresca Huber-Mises Yu
o 0° 0° 0°
o 0° 0° 0°
G G Co Co
0] q0=5.14 Cy 5.94Cy 6.86Cp
qv'q0 1 1.155 1.335

The limit loading obtained from the twin-shear slip field equals ¢=1.335¢. It is
greater than the conventional result.
We can seen that the twin-shear solution is reduced to the Tresca solution

(p=py=0) and the Mohr-Coulomb solution (p=¢q, a7 1) when ¢p=¢¢ and C=C
(equations (8-16) and (8-17)).

A

"o’ii‘a’fléiﬁ"

X

T

f

Fig. 8.10 Slip lines field of orthgonal curves

8.6.2.
Example 2: Trapezoid Structure

The trapezoid structure is an important structure in engineering. Figure 8.11 shows
a typical structure in railway and high-road engineering. It can be simplified as a
plane strain problem. The uiform distributed load is applied on the top.

Fig. 8.11 Base of railroad

The slip lines field of the trapezoid structure with a top angle 20, is shown in
Fig. 8.12.
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A
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Fig. 8.12 Slip lines field of a trapezoid structure

The limit loading of trapezoid structure can be obtained by using the twin-shear
slip lines field method as follow

_ 3+5singy 4singy (8-48)
=Gy ctgy| ————xexp(26, )—1
“=% gﬂ% -3sing, ! [0+ 6sing, —15sirf 0,

The limit loading of trapezoid for Mohr-Coulomb material is

1+si
46=Corcigal g el 1g7)-1 | (8-49)
0

The calculation results on the basis of the twin-shear slip lines field method and the
conventional slip lines method (solution for Mohr-Coulomb material) are given for
a trapezoid structure with a top angle 6,=n/4 as shown in Table 8.3.

Table 8.3. Comparison of twin-shear and single-shear slip field

o

% |5 10° 15° 20° 25° 30°

9, | 648" 12.64° | 18527 | 24.16° | 29.6° 34.85°

QG | 419C, |495C, |592C, |7.18C, |885C, | 11.14C,
g, |440C, |544C) |677C, |853C, |1092C, | 14.29 C,

It is seen that the higher of friction angle of material, the greater of the
difference of these two solutions.

The two formulae of the twin-shear solution and the single-shear solution can be
unified to a unified expression as follows:

o 1+sing, . _
9=C-ciggi [ -G , P01 tgp) 1] (8-50)
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where twin-shear cohesive C; and friction angle ¢; can be determined from
Egs. 8.17 and 8.18. The formulae are:

»
sing, =———— 20 (8-17)

2+ (1+sin ¢;)

_ 4Cy-cospy 1 , (8-18)
2+ (l4singy) cosg;

t

8.6.3.
Example 3: Obtuse wedge

An obtuse wedge with angle ~ B4E =y >z/2 is in a plane strain state. Boundary
surface AE subjected to uniform pressure g, as shown in Fig.8.13. Determine the
limit load pypion the surface AB.

The slip lines field is illustrated in Fig.8.13. The twin-shear limit load can be
expressed as follows. It was given by Zhang,Li and Yin in 1998.

P =(q+Cy-cigg)- tgz(% +%) -exp[(2r —7)ige, |-G, -cigp, (8-51)
where
sing, = 4singy (8-17)
"2+ (14 singy)
_ 4Cp-cospy 1 | (8-18)

7 2+(1+sin gg) cosp,

When g=o;, the relation between limit loads p; and the ratio of tensile strength to
compressive strength of material is shown in Fig. 8.14.

@ ficala e
9.1 8.2 8.3 @.4 .5 8.6 8.7 8.8 8.9 |
a

Fig. 8.13 Slip field of obtuse wedge Fig. 8.14 Limit loads for different materials
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When ¢=0, it is a slope problem. The twin-shear limit load is

p= (Ct'ctg@)~tg2(%+%)~exp[(27 -m)igp,|- G- cigp, (8-52)

When @=qq, it is the solution for the Mohr-Coulomb maerial.
When ¢=¢¢=0, it is the solution for the twin-shear material in o=1. The limit
load is

4 V4
Pzzg(l—z"'?’)ofv (8-53)
When ¢=¢¢=0 and C=Cy, it is the conventional solution of the Tresca material.

P=0=2+7)0, (8-54)

8.6.4.
Example 4: Acute wedge

The twin-shear solution for an acute wedge was obtained by Zhang, Li and Yin in
1998. The acute wedge with angle ZBAD y=c /2 is in a plane strain state, where
/BAC=6, £CAD=v, and §+v =y. Boundary surface AD is subjected to uniform
pressure ¢, as shown in Fig. 8.15.

Determine the limit load p; on the surface AB.

The slip lines field is illustrated in Fig. 8.15. The discontinuous line is denoted
by AC, which divides the wedge into two regions. The angles between slip a lines
and f lines are 2y. The external load p; is assumed greater than pressure ¢, then the
region ABC (Region I) is a active region.

The twin-shear limit load can be expressed as follows:

Py = (q+C;-cigp) 300 SNV e, (8-55)
1-sing, sin2d

where ¢ and C are the same as those of obtuse wedge (Example 3).
When g=c;, the relation between limit loads p; and the ratio of tensile strength to
compressive strength of material is shown in Fig. 8.16.
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Fig. 8.15 Slip field of obtuse wedge Fig. 8.16 Limit loads for different materials

When ¢=0, it is a slope problem. The twin-shear limit load is

1+s%n(0t ] s.m 2v _G-ctgo, (8-56)
1-sing, sin2d

P =(G ciggy):
When @=qq, it is the solution for the Mohr-Coulomb material.
When @=¢¢=0, it is the solution for the twin-shear material in a=1. The limit
load is

2 =§(l—cosy)0s (8-57)

When ¢=¢¢=0 and C=Cy, it is the conventional solution of the Tresca material.

P =(1=cosy)o; (8-58)

8.6.5.
Example 5: Earth Pressure

Lateral earth pressure problem is one of important problems in soil mechanics, as
shown in Figs. 8.17 and 8.18. Earth pressure problem deals with the magnitude and
distribution of lateral earth pressure between a soil mass and an adjoining earth-
retaining structure. The classical theories on earth pressure are those due to
Coulomb (1773) and Rankine (1857).

Fig. 8.17 shows a passive earth pressure problem. Fig. 8.18 shows a active earth
pressure problem.
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Fig. 8.17 Active earth pressure Fig. 8.18 Passive earth pressure

This problem is also considered as a limit load problem of a slope. The top and
the slope side can be looked upon as the limit load problem of wedge, as show in
Fig.8.19a(y 2~ /2) and Fig. 8.19b(y <z /2). The weight of soil is not taken into
account.

q
ot TEERERERERNY]

(b)

Fig. 8.19 Earth pressure (2) (y>7/2) and (b) (y>7z/2)

The active earth pressure can be derived in the case of ¢>F and y>z/2 as
follows:

Eactive = (q+ q ) Ctg(pt) . tgz(% + %) . eXP[(ﬂ' =2y)- tg¢t] - q ) Ctg(ot (8_59)

The passive earth pressure can be derived in the case of E>¢q and y>7/2 as
follows:

pi=(q+ Ct~ctg¢,)~tg2(%+%)‘eXp[(Zy—ﬂ)tng]—Cz ctgy, (8-60)

The active earth pressure can be derived in the case of ¢>E and y <z /2 as
follows:

l+sing, sin2§

g SN2 _ o (3-61)
l-sing, sin26 ' i

P =(q+Cpcigpy):
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The passive earth pressure can be derived in the case of E>g and y<7/2 as
follows:

l+sing, sin2v
1 —sing, sin26

p=(q +G,-cigp, ) G, -cigy, (8-62)

It is the same as Eq.8-55

Summary

The twin-shear slip line field theory for plane strain problems based on the twin-
shear yield function is described in this chapter. The twin-shear slip line field
theory for plane strain problems includes orthogonal and non-orthogonal slip line
field. It is different from the used orthogonal or non-orthogonal slip line field
theories based on single-shear strength theories (Tresca and Mohr-Coulomb
materials). The new method can reflect the effect of intermediate principal stress of
plane strain, where the intermediate principal stress is the principal stress in z
direction.

The twin-shear slip theory can be used for those materials with obvious effect of
the intermediate principal stress. Five examples are used to illustrate the
applications of the twin-shear slip lines field.

Problems

Problem 8.1

The extension of a strip with a sufficiently large circular hole for non-SD material
was studied by Prager and Hodge (1951) and Kachanov (1971) as shown in Fig.
P8.1. The Tresca yield criterion was used in these studies. Can you obtain another
study on this subject using the twin-shear slip line field for non-SD material
(a=1)

A’

(a)

Fig. P8.1 Extension of a strip with a sufficiently large circular hole
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Problem 8.2

Can you obtain a more complete study on the extension of a strip with a
sufficiently large circular hole (Fig. P8.1) by using the twin-shear slip line field for
SD materials (o # 1)?

Problem 8.3.

The extension of a strip with ideal cuts (crack) for non-SD material was given by
Kachanov (1971) as shown in Fig. P8.2. The Tresca yield criterion was used in
these studies. Can you obtain a more complete study on this subject using the twin-
shear slip line field for non-SD material (« =1)?

Fig. P8.2 A ideal cuts (crack) Fig. P8.3 An angular notches

Problem 8.4.
Can you obtain a more complete study on the extension of a strip with ideal cuts
(Fig. P8.2) by using the twin-shear slip line field for SD materials (& #1)?

Problem 8.5.

The extension of a strip with angular notches for non-SD material was given by
Kachanov (1971) as shown in Fig. P8.3. The Tresca yield criterion was used in the
studies. Can you obtain a more complete study on this subject using the twin-shear
slip line field (a =1)?

Problem 8.6.
Can you obtain a more complete study on the extension of a strip with angular
notches (Fig. P8.3) by using the twin-shear slip line field for SD materials (o #1)?

Problem 8.7.

The extension of a strip with circular base for non-SD material was given by
Kachanov (1971) as shown in Fig. P8.4. The Tresca yield criterion was used in the
studies. Can you obtain a more complete study on this subject using the twin-shear
slip line field (o =1)?
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Fig. P8.4 Extension of a strip with a circular base

Problem 8.8.
Can you obtain a more complete study on the extension of a strip with circular base
(Fig. P8.2) by using the twin-shear slip line field for SD materials (e#1)?

Problem 8.9.
Figure P8.5 shows the slip line field of indentation at the bottom of a flat trench.
Find the limit load by using the twin-shear slip line field (o=1).

2h——

Fig. P8.5 Flat trench Fig. P8.6 Deep vertically sided

Problem 8.10.

Figure P8.5 shows the slip line field of indentation at the bottom of a flat trench.
Find the limit load by using the twin-shear slip line field for SD materials
(a#l).

Problem 8.11
Figure P8.6 shows the slip line field of indentation at the foot of a very deep
vertically sided groove. Find the limit load by using the twin-shear slip line field

(x=1).

Problem 8.12.

Figure P8.6 shows the slip line field of indentation at the foot of a very deep
vertically sided groove. Find the limit load by using the twin-shear slip line field
for SD materials (o #1).
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Problem 8.13
Figure P8.7 shows the slip line field of indentation at the top of a flat punch. Find
the limit load by using the twin-shear slip line field (¢ =1).

|

LLLL L
N,

Fig. P8.7 Indentation at the top of a flat punch

Problem 8.14.
Figure P8.7 shows the slip line field of indentation at the top of a flat punch. Find
the limit load by using the twin-shear slip line field for SD materials (a#1).

Problem 8.15.

Pure bending of a strip weakened by notches of various shapes was investigated by
Green (1953) and Kachanov (1971). Fig. P8.8 shows the slip line field of a strip
weakened by one-sided deep notch with a circular base. Find the limit load by
using the twin-shear slip line field (o =1).

Fig. P8.8 Strip weakened by one-sided deep notch with a circular base

Problem 8.16.

Figure P8.8 shows the slip line field of a strip weakened by one-sided deep notch
with a circular base. Find the limit load by using the twin-shear slip line field for
SD materials (a¢#1).
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Problem 8.17.

Figure P8.9 shows the slip line field of a strip weakened by two-sided deep notch
with a circular base. Find the limit load by using the twin-shear slip line field for
SD materials (a=1).

Fig. P8.9 Strip weakened by two-sided deep notch with a circular base

Problem 8.18.

Figure P8.9 shows the slip line field of a strip weakened by two-sided deep notch
with a circular base. Find the limit load by using the twin-shear slip line field for
SD materials (e #1).

Problem 8.19.
Figure P8.10 shows a slip line field of a strip weakened by center crack for non-SD
materials. Find the slip line field for SD materials.

Fig. P8.10 shows a slip line field of a strip weakened by center crack

Problem 8.20.
Figure P8.11 shows the slip line field of a strip with a hole; find the limit pressure
for non-SD materials and SD materials.
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p=g

Fig. P8.11 Slip line field of a strip with a hole

Problem 8.21.

The slip line field and limit pressure were widely studied by some researchers.
Figure P8.12 shows the slip line field around a circular hole loaded uniformly with
a pressure, find the limit pressure for non-SD materials and SD materials by using
the twin-shear slip line field theory.

Fig. P8.12 Slip line field around a hole
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9 Unified Slip-Line Field Theory for Plane Strain
Problem

9.1
Introduction

The twin-shear slip line field theory based on the twin-shear yield criterion and
generalized twin-shear criterion for plane strain problems has been described in
Chapter 8.

Most available slip line field theories for plane strain problems are based on the
one of single yield function such as the Tresca criterion (Maximum shear stress
criterion), the Mohr-Coulomb strength theory (single-shear criterion), the Huber-
von Mises criterion, the twin-shear yield criterion and the generalized twin-shear
strength theory.

These kinds of slip line field theories can be used only for one kind of material,
respectively, such as the Tresca material, the Mohr-Coulomb material, the Huber-
von Mises material and the twin-shear material. The adaptability of various slip
fields are illustrated in Table 9.1.

Table 9.1 The adaptability of various slip fields

Applications of

Slip line fields slip line fields theory

Tresca slip line
field

For ¢, = ¢y=0 and

7, = 0,50, materials

For o, = o, materials

Orthogonal slip field

Orthogonal slip
field

Mises slip
line field

For ¢,= ¢y=0 and

7,=0,5770, materials

For o, = o, materials

Orthogonal slip field

Twin-shear slip
line field

For ¢, = ¢,=0 and

7, = 0,667 0, material

For o, = o, materials

Orthogonal slip field

Mohr-Coulomb
slip field

For ¢ # ¢, #0,1i.e.

o # 1 materials

For o, # o, materials

Non-orthogonal slip

Non-orthogonal
slip field

Generalized
twin-shear slip
field

For ¢, > ¢ #0,ie.

o # 1 materials

For o, # 0, materials

Non-orthogonal slip
field
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It is seen that the single slip field theory can not be adapted for other kinds of
materials. No relations among these slip field theories are available.

In order to solve the above mentioned problems, the unified strength theory
(Yu 1991) was used to extend the slip line field theory for plane strain problem
by Yu-Yang-Liu in 1997. A new system of orthogonal and non-orthogonal unified
slip line field theory for plane strain problems was proposed and developed.
Various orthogonal and non-orthogonal plane strain slip line field theories based
on different strength theories, such as the Tresca criterion, the Huber-von Mises
criterion, the twin-shear yield criterion, the Mohr-Coulomb theory, and the
generalized twin-shear strength theory, are special cases or linear approximation
(Huber-von Mises) of the unified slip line field theory. Besides, a series of new
unified slip line field can be introduced by different choice of strength criterion
parameter b of the unified slip line field theory.

9.2
Unified Strength Theory in Plane Strain Condition

The stress state of plane strain structure is the same as the description in chapter 8.
The main results are expressed as follows:

e=¢e =¢_=17._=17,_=Vv,=0, -1

z is a principal direction, and o, is a principal stress. The stress component in plane
strain state have only four streses components 6y, Gy, Txyand o,.

The maximum principal stress 6; and minimum principal stress 63 (61> 6,> G3)
of plane strain problem are

= Oax (9-2)

Introducing a parameter m, the intermediate principal stress 6, can be expressed as

m
0, =~ (O1+0y) (9-3)

where m is the intermediate principal stress state parameter, 0 < m < 1 for plane
strain problem. The intermediate principal stress state parameter m can be
determined by both theoretical and experimental analysis. Generally, m < 1 for
elastic region, i.e. o,= m(a; + 03)/2 < (o] + 03)/2; and m— 1 for plastic region.

The stress state of plane strain can be expressed by two new variations R and p
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1 1 1 1
p=5(0'] toy)= E(O'x +0},)=Z0'2 =;oz’ 9-4)
1
R=(c.-0;) = (9-5)
2
The relations between these stresses are
o = p+R cos 28
o, = p—R cos 26
7. = Rsin 26
xy
=(p+ C,- coty) sin ¢ -sin 2¢ (9-6)

where ¢ denote the angle from x coordinate to the direction of 6;.
The mathematical formulae of the unified strength theory can be expressed in
two equations as follows:

o o t+ ao,
F=0, ———(bo, +0,)=0,,when o <1 3, (9-7a)
Yok 2 27 l+a
, 1 o, +ao.
F'= ——(o, + bo,)-ao, =0,, when o, 213, (9-7b)
I+b I+o

Where oy and o, are uniaxial tensile and compressive strength of material
respectively. Material parameter o = o/c. is tensile-compressive strength ratio,
which reflects material's Strength Difference (SD) effect.

It is seen from Eq (9-4) that b reflects the effect of intermediate principal stresses
on the yield of materials.

The unified strength theory can also be expressed in terms of shear strength
parameter Cp and friction angle ¢ as follows:

1 1
F =[o, —mb (0, to3)]+[o, +m(b0'2+03)] sing, =2C,-cos g,

G1+063  G1—03 .
71 3 + 712 3 Sln(po,

when ©,<

or when ¢, < p + Rsin g, (9-8a)

1 1 .
=[m(0'1 +bo, - 0-3]+[m(0-1+ bo,)+ 0y ]sing, =2C,-cos g,
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0+ 0 0, —03 .
when 022%+%sm(p0,

or when G, < p+ Rsin ¢, (9-8b)
The unified strength theory can consider the different effects of the intermediate
principal stress for different materials. It establishes the relations among available

strength theories, and creates a series of new yield criteria.
Because the intermediate principal stress equals

1 1
o,=mp < p+ Rsing, :E(O'l + 0'3)+5(0'1—0'3)Sin ?y> 9-9)

it accords with the first expression of the unified strength theory Eq (9-8).
Combining Eqgs (9-8a), (9-5) and (9-6), we get

R < 2(1+b)C, - cos g, N b(1-=m)+(2+b+bm)sin g, » (9-10)

2+ b(1+sing,) 2+b(1+sing,)

where the compressive stress is usually defined positive.
We introduce two new parameters ¢,,; and C,,; (Yu et al. 1997) as follows:

_b(=m)+(2+b+bm)sing,

sing_ . = whenm # 1, (9-11a)
2+ b(1+sing,)
Gin o = _2b*Dsing when m= 1, (9-11b)
(plﬂ’ll .
2+ b(1+sin @)
_ 2(b+1)C, - cos g, 1 ©9-11¢)

uni

2+b(1+singy) cosg,,;

The parameters ¢, and Cyy; are referred to as the unified friction angle and the
unified cohesion, respectively. The relations of Cyni~ b and @i~ b for different pg
are shown in Fig. 9.1 and Fig. 9.2, respectively.
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Fig. 9.1 Relation between unified cohesion Cy,; and b
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Fig. 9.2 Relation between unified friction angle ¢, and b

Substituting Eqs (9-11) into Eq (9-10), the equation of the unified strength
theory for plane strain problem can be rewritten as
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R = p sin Puni + Cum' COS @,; > (9_12)
It is the new expression of the unified strength theory for plane strain condition.

9.3

Unified Slip Line Field Theory for Plane Strain Problem
(Statically Admissible Field)

Under plane strain condition, some restrictions as

g =de =y, =dy, =y,

L=dy, =0 (9-13)

The plane strain equilibrium differential equations can be written as (see: Hill
1950 or Johnson and Mellor 1962)

P} or
et =y sing
Y (9-14)
or do,
—~+—=—ycos )
ox dy

in which vy is specific weight and 6 is the angle between the direction of gravity
and the minus direction of y coordinate, as shown in Fig. 9.3.

g3,

- T"v*ﬂ“”
. 0@
g y;kwdy o,
xy
dxg a
% Q=0 Ot ax 9%
-— ) —_—
-
dy X _g;‘* dx
BN
G / Ay T G
¥ ldl‘ )
z

Fig. 9.3 Stress state in any point of plane strain slip line field (dx—0, dy—0)

Solving Egs (9-9), (9-11), and (9-12), the stress governing equations are
obtained as follows:
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dp b(1—m)+(2+b+bm)sing, sin

E)_p(1+b(l—m)+(2+b+bm)sin¢)0

- c0s20)+— - 26 +
ox 2+ b(1+singg) dy 2+ b(1+singg)
+2R(a—gcos 20 —a—esin 26)=ysing,
dy ox
a_pb(l—m)+(2+b.-|-bm)sm(p0 sin26 +8_p(1_b(l—m)+(2+b.+bm)s1n(p0 c0s20)+
ox 2+b(1+singy) ay 2+b(1+singy)

+2R(a—6 cos26 + 8—0 sin26) =—y cosé,
ox dy

(9-15)

Equation (9-15) satisfies the unified strength theory (Eq. 9-10), and plane strain
static equilibrium equations (Eq. 9-14).

Equation (9-15) may be elliptic-type (two different real roots), parabolic-type
(two same real roots) or hyperbolic-type (no real roots) pseudo-linear differential
equations which can be solved by the method of characteristics

o family: Y _ 05— ), (9-162)
dx
5 family: Y _ o (041, (9-16b)
dx
in which
— 1_ Puni .
4 2

We can see that the equations are elliptic-type pseudo-lineal differential
equations. Equation (9-15) has not only two different real roots of the pseudo-
linear equation (9-14), but also two characteristic lines at the angle of 21 with
each other.

Substituting Eq.9-11 into Eq.9-15, the governing equations (9-15) change to

. . . 6 26 . .
a_p (I+sing,,, cos26) +a—ps1n i SIN 20 + ZR(a— €0s20 ———sin26) = ysin 4,
ox oy dy ox (9-17)

> sing,,,;-sin26 +8_p (1-sing,,,;-cos26)+ 2R(a—6 €0s 26 +8_6 sin26)=—ycos g,
ox dy ox dy

It is interesting that Eq. (9-17) is similar to the conventional equation. It is
only the substitution of Cyyjand @y for Cpand @g. This substitution embodies
the effect of yield criterion parameter b of the unified strength theory in an
implicit way, builds the linkage of different slip line field theories and reflects
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the regular effect of intermediate principal stress in this new unified slip line
field theory.

The unified slip lines field theory can be degenerated to orthogonal and non-
orthogonal theories based on the Tresca critereion (0=1,b=0), the Huber-von Mises
criterion (0=1, b=1/2), the twin Shear criterion (0=1, b=1), the Mohr-Coulomb
criterion (b=0) and the generalized twin shear criterion (b=1). Moreover, when we
choose other values of parameter b, a series new theories can be introduced.
Hence, the unified strength criterion parameter b can also be regarding as a
parameter of choosing for yield function.

In this section, the curvilinear coordinate system Sy, and Sp coinciding with the
slip lines & and g is choosed, as shown in Fig. 9.4.

Fig. 9.4 Stress state in any point of plane strain slip line field

According to the rules of directional derivative, the stress governing equations,
Eqg. (9-17), can be expressed in curvilinear coordinates S, and Sp

o family:
. op 200 . ox dy
—sin2u ——+2R——+ y[sin(8, + 24 ) —— + cos(6, +2u)——] =0 (9-18a)
as, as, @ )asa 0 )E)Sa
L family:

sin 2 aa_p+ 2R 20, y[sin(8, —2ﬂ):—x+ cos(6, —2ﬂ)aa—y] = 0. (9-18b)
S 5 Sp S

Equations (9-17) and (9-18) are the stress governing equations (statically
admissible) of the unified slip line field theory for plane strain problem. The
equations differ from ordinary stress governing equations by substituting Cy,; and
Quni for Cy and @,
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9.4.
Unified Slip Line Field Theory for Plane Strain
(Kinematically Admissible Field)

In this section, the associated flow rule is adopted, namely

) of
de,? = dr 25 =1L, (9-19)

Jdo. do;.

g g

where the potential function is the equation of unified strength theory, which can
be expressed as

1 . fl -
f:§(0x+0'y)51n¢;um.— Z( X_O-y)2+Tx}/2 +C;mi'coswuni:0’ (9 20)

The plastic strain rates under small deformation and rigid plastic condition can
be obtained by

.0, Oy

BT % T oax

. O, dy,

T T

y-wz%ﬂﬂzﬂﬁi, 9-21)

dy dx dy ox

Then we can get velocity governing equations of unified slip line field theory for
plane strain problem

o family: gy, 4y, ctg(% — Puni) V5 csc(% —g)]dy =0>  (9-222)
B family: gy, + [vacsc(g— @) V5 -ClE (%— o) ldy =0 (9-22b)

where u, and u, are displacement components, vx =dux/d¢ and vy =duy/dt are
velocity components along x and y directions, whereas vy, and vg are velocity
components along o« and g slip lines, respectively. Superimposed dot means
derivative with respect to time.
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Substituting unified strength theory for plane strain into associated flue rule
Eq. (9-19), and taking the rigid plastic postulate into consideration, we obtain

1/2 (o, —
de, = —dA o __dr sin ¢,,,; + /2(%— o) <
doy 2 \/1/4(0'x - O'y)2 + 7y
12 ) (9-23)
de)’ =—di i == di sin Puni — o-y Zo-x 2
do, 2 J/4(o,~0)? +1,,
dy, = 2de,, = -2d1 -2 = Txy

=da 2 2
I, JV4(o, —0,)+1,;

where the relation between shear strain €xy and engineering shear strain y,, i.c.,
Yxy=2&y, is used. The compressive normal stress is defined positive.

Figure 9.5 gives the plane strain Mohr circle and the relation between the slip
angles, were y is the angle between o slip line and x direction, i.e.
y=0-pu=0—(n/4—9p, /2)- Follow this definition, Eq. (9-23) can be simplified
to

de, = _d%[sin Puni T SINQY — 0,,)]

de, = —dz—ﬂ[sin 0 —SiNQ2y — g, )] 0-24)

dyy,=dAcosLy — ¢,,;)

T\

Ceos®, P

(a) (b}

Fig. 9.5 Stress state and direction angle in any point of plane strain slip line field
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When the direction of slip line is along x direction, i.e. ¥=0 (o line) or
v =—(z/2 - ¢,,) (B line), it follows from Eq. (9-24) that

y=—(e/2- Q) 0 (9-25)

de
=0 x

This equation indicates that the rigid strain rate will vanishes along slip lines.
The relation in Fig. 9.5(b), i.e. the relation between velocity components along

slip lines v, = u, (v 5= u ﬂ) and velocity components along x (y) axis vx (vy), can

be obtained by
. v, sin(y +2,u)—vﬂsin|//
vX = uX = .
sin2u : (9-26)
vycos(y +2u) —vgcosy
v, =1, =

—sin2u
Combination of Egs. (9-21), (9-25) and (9-26), gives,

Jv

dt = —=

de _ =
v=0 ox

X

y=0 =4 dt

y=0

= {dv, + v e1g (7 [2 = 9,0) = vy o5e(x/2 = 9,,)1dy }dt=0 (9-27)

In the above equation, we have used the relation 4 =7/4—¢, ./2 and definitions
dv, = (ava/ax)|y,=0 and dy = (d y//ax)L//:O.

When slip line field generates plastic flow, by integrating Eq. (9-21), we can
work out the velocity field that satisfies the boundary conditions of the problem.
The velocity field solution complies with the unified strength theory, associated
flow rule and rigid plastic small deformation condition. When ¢,,;=¢o, which is the
case of orthogonal slip line field, Eq. (9-22) can be simplified to the famous
Geiringer velocity equations (Johnson and Mellor 1962)

o family: dv,

—vzdo =0, (9-28a)

B family: dvy +v,do = 0. (9-28b)

By now, we have extended the unified strength theory to slip line field theory
for plane strain by means of the introduction of unified effective parameters: the
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unified internal cohesive C,,; and the unified friction angle ¢, and got the
governing equations of the unified slip line field theory for plane strain problem
(Egs 9-17, 9-18 and 9-22).

Unified slip line field theory can be used to materials with obvious intermediate
principal stress effect and give the linkage of various slip line field theories without
theoretical difficulty. Moreover, the unified slip field theory contains infinite
number of orthogonal and non-orthogonal slip line field theories. With the
different choice of parameter (o, B, ¥) or Cyy and @uni, we can get a series of
special cases of the unified slip field theory.

9.5
Special Cases of the Unified Slip Line Field Theory

9.5.1
Case1: v=0

This is the case when unified slip line field theory for plane strain problem is
applied to materials where gravity is left out of consideration. In this case, velocity
governing equations are the same as Eq. (9-22), whereas stress governing Eq.
(9-18) can be simplified to

o family: —sin2u -2+ 2R 2% o, (9-29a)
9S, 0S,,

B family: sin2p 2 +2R 2% _ (9-29b)
Sp Sp

Integrating the above equations, after simplification, we obtain
o family:  p =G, exp(26 -ctg2u) = Cppyi 180> (9-30a)

B famlly p= Cﬁ : eXp(—29 : Ctg 2/1 ) - Cum' ! Ctg(pum" (9_30b)

where C, and Cpare integral constants, which will be determined by different
boundary conditions. Parameters Cy,; and @i are defined in Eq. 9-11. This case is
a new type of non-orthogonal slip line field.

As an example, a strip footing of width AA and semi-infinite length carrying a
uniform load on the surface of a semi-infinite, homogeneous and isotropic soil is
show in Fig.9.6. The material strength parameters for the soil are C and @gbut the
unit weight is assumed to be zero. When the pressure becomes equal to the
ultimate bearing capacity, the footing is pushed downwards into the soil mass
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producing a state of plastic equilibrium below the footing. The surface AA is
assumed to be smooth.

Fig. 9.6 Slip lines field of weight-less soil under a strip footing

The slip field can be indivited into three regions with the angles AAD being (45°
+ @ /2) as shown in Fig.9.6. The downward movement of the wedge AAD forces
the adjoining soil sideways, producing outward lateral forces on both sides of the
wedge AAD. Passive zones AEF and AE’F’ therefore develop on both sides of the
active wedge, with the angles EFA and E’F’A being (45° - ¢ /2). The transition
between the downward movement of the active wedge and the lateral movement of
the passive wedge takes place through zones of radial shear ADE and ADE’, and
the surfaces DE and DE’ are logarithmic spirals to which the failure planes of the
active and passive wedges are tangential. A state of plastic equilibrium thus exists
above the surface EDF and DE’F’, and the remainder of the soil is in a state of
elastic equilibrium.

The following solution of limit load ¢ is obtained by using the unified slip lines
field theory. It is a new non-orthogonal slip line field system.

1+ sing,, .
q = Cuni : Ctg(puni .—umexp(” tg(puni) -1 (9'31)
1 - sin ¢,

This solution differs from the traditional solutions in the substitution of C,, and
oui for Cyand ¢, and the effect of intermediate principal stress is taken into
account and establishs the relation of different solutions, as shown in Fig. 9.7
(Yang and Yu 1996).
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Fig. 9.7 Relation between limit load and unified strength parameter b of a strip footing

We can also draw the following conclusions:

1. when b=0, that is ¢,,=¢yand C,;=C, (Eqs 9-16 and 9-17), the unified solution
is simplified to the Tresca solution (0=1) or the Mohr-Coulomb solution (0. 7
1).

2. when b (b#0) is fixed, the larger the value of ¢, is, the bigger the difference
between the new solution and the Tresca solution (&=1) or the Mohr-Coulomb
solution (@#1) is.

3. when g is fixed, the larger the value of b is, the bigger the difference of the
two solutions is.

9.5.2
Case 2: ¢,,=0

This is the case of orthogonal unified slip line field theory for plane strain
problems. Because of the perpendicularly of two families (o and £) of slip lines,
2u=1/2-¢,,; = x/2. Inthis case, it follows from Egs (9-16) and (9-17) that

_20+b)

Puni = Po = 0, R= Cuni - o=1 (9-32)
2+b

0°

Orthogonal unified slip line field theory for plane strain problem is used for non-
SD materials, oo=1. In another word, only this kind of materials can generate this
case of orthogonal slip line field.

Substituting 2u=mn/2 into Eqs (9-18) and (9-22), we get the stress and velocity
governing equations of this case

o family
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4
as. s, as. as. (9-33a)
dv,— vsdo =0
B family
dp 00 0x i dy
—— +2R——+y[-cosgy —+singy —]=0 b
S, A dS S5 (9-33b)
dvg +v,de = 0
Integrating the stress governing Eq. (9-33), we obtain
o family: p—ycosfyx+ysingyy —2R6 =C,, (9-34a)
B family: p—ycosfyx+ysind y+2R0 =Cp, (9-34b)

9.5.3
Case 3: ¢,,,=0 and vy =0

This is the case of orthogonal unified slip line field theory for plane strain problem
without consideration of gravity. From Egs. (9-16) and (9-17), we can get the
restrictions of this case

Puni = Po = 0’8

2(1+5
R=c, =210 o (935)
2+5b
y=0,aa=1

Substituting above equations into Eq. (9-35), we have the stress and velocity
governing equations of this case

)
—(p-2R6)=0

a8, , o family (9-36a)
dv, —vde =0
d

—(p+2R0)=0

S, . p family (9-36b)

dvg—v,do =0
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where the condition that R is constant with respect to Sy and Sgis used when
material and strength theory is fixed
Integrating Eq. (9-36), we can get the solutions of this case

o family:  p-2Re =C,, (9-37a)
B family: p+2R6 = Cﬂ. (9-37b)

where C o and Cp are integral constants. Substitute y=0 into Eq. (9-30), we can
also get above equations.

The form of Eqgs (9-36) and (9-37) is similar to that of traditional solutions of
orthogonal slip line field theories. But the definition of R is different. In this
discussion, R is unified parameter and with different choice of yield criterion
parameter b, the solution can be simplified to those of the Tresca, the Huber-von
Mises and the twin-shear slip line field theories, they are:

1. b=0, R=Cy= 0,/2=0.50;, itis the Tresca solution;
2. b=1/2, R=6/5C,=3/50, = 0.6q , it is the linear approximations to the

Huber-von Mises solution (exact solution is R = 1/\/505 = 0.58¢; );
3. b=1, R=4/3Cy=2/30, = 0.667¢, itis the solution of the twin-shear yield

criterion.

9.6
Applications of the Unified Slip Line Field Theory

9.6.1
Example 1: Trapezoid structure

The trapezoid PVC specimen with a top angle 2% isconsidered. The uiform
distributed load is applied on the top of the specimen, as shown in Fig. 9.8. The
loading velocity is Imm/min. The physical properties of the material are:

Young's modules: 367.88 kN/cm? Specific gravity: 1.35-1.45 g/ecm’
Poisson's Ratio: 0.27 Tensile strength: 5.886 kN/cm?

Compressive strength: 7.575 kN/cm?
Determine the limit load.

Solution

Friction angle and cohesion of this material can be determined by
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g =sin 2e=2L = 7.208°
% T (9-38)

C,= o,(1+singg) ~ 13339
2cos g,

It is assumed that the surfaces AA’ are smooth and there is no friction. It is also
assumed that there is a constant pressure on the top. The rest of the boundary is
stress-free.The slip line field is given in Fig.9.8.

Fig. 9.8. Slip lines field of a trapeziod structure (Yu 1998)

The slip line field can be divited into three regions:I, II, and III, where I and III
are uniform stress regions, and Il is a centered fan region.

(1) The triangular region I1I (ABC)

It is formed by free boundary AB and the slip lines AC and BC. This is a
constant stress region. The slip lines are straight with o,=n/4—@/2. The mean stress
is a constant and must satisfy condition throughout this region : 6,=1,=0, 0,=0y,
0;=6,=0. Along the f lines, we have

P = M = C/3 ’ eXp(Zf : tg(pum‘) + Cuni CCIE Py (©-39)
1 —sing,,;

The integrate constant is determined by

-C .- )
Gy = i 20 Vi oxp(_2¢ 15 g,,) (9-40)

1 -sin ¢,
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(2) The triangular region I (AA’D)
It is formed by loading boundary AA’ and the slip lines AD and A’D. This is a

constant stress region. The slip lines are straight with angle _ (% + %) (e lines)

and (Zﬂ i %) (B lines).

The integrate constant is determined by

C,B - _ q- Cuni CIg Duni (9-41)

1 +sing,,;
(3) Centered fan region II (ACD)

This is a slip region. The « lines are straight with different angle acrossed at
point A. S lines are logarithmic spirals. The expression of the logarithmic spirals is

r=1,xp(2¢- 18 9,,)
The length AC of a side of center fan is
44"

"ap =

7 Puni
2 cos( —+ ——
(4 5 )

The length AD of another side of center fan is

_ AA'exp(2¢ 189, )
Tc = '
(pum )

2 cos( 7,
4

The limit loading of trapezoid specimen is obtained as follows

1+sin @,,;

q = Cppi Ctg8 9y exp (2 -1gp,,;) —1] (9-42)

l-sing,,;

With different choice of unified yield criterion parameter b, a series of limit
loading are obtained as shown in Fig.9.9. The three curves are three results for
three specimen, the top angles are: 2& =120° 2&=80° and 2§ = 60°. Figure 9.10 is
the variation of the slip angles with the variation of unified yield criterion
parameter b. From Fig. 9.10, we can see that the result of Unified Slip Line Field
Theory (2 1=81.04° forb=0.8) is much closer to the experimental result (2 1
=79.5°) than that of the Mohr-Coulomb (2 1 =282.8°).
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It is worthy to mention that not only the limit loading ¢ but also the slip angle 2.
are different. They are different for different material. The variation of slip angle
2p with the unified yield criterion parameter b is shown in Fig.9.10.

% |
A -z = -
—o— 2680 |/.
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SAT e
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/ —
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1t— : : : :
0.0 02 04 06 0.8 1.0
b

Fig. 9.9 Unified solutions of limit loading (Yang-Yu 1997)
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Fig. 9.10 Variation of slip angle 2p with the unified yield criterion parameter b
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9.6.2
Example 2: Strip footing

The slip lines field of strip footing under uniform punch pressure is similar to
that of trapezoid structure as shown in Fig.9.11. The difference only in the
angle m and 2& (2£=26 in Fig.9.11,b).

b

Py
457+ @2 \anaal
e g 7
il
e d

(¥=0)

Fig. 9.11 Slip lines field of a semi-infinite surface (a) and a trapeziod structure (b)

The limit loading of strip footing can be obtained by 2&=mn, which is given as
follows

1+sin g@,,;

4= Cui 18 9ni exp(7 - 1g ¢, ) — 1] (9-43)

1—sin ¢,,;

9.6.3

Example 3: Shallow strip footing

A shallow strip footing is shown in Fig.9.12, and the material parameters are:
Co=9Kpa, ¢, =14", y =173KN/m?3, width of strip B=3m, depth d=1.5m.
The shear strength of the soil between the surface and depth d is neglected.
This soil being considered only as a surcharge imposing a uniform pressure
q=Y,d on the horizonal plane at foundation level. Determine the limit load for
strip footing.

I g=r,d
S’,,m, F,
e e e |4S°+W\2?\ ***i* D Jg;' e j‘::
S Ne iIIJI a .“LL G < | @ f
n . \ |
s 4 2a e

Fig. 9.12 Slip lines field of a falf space under shallow strip footing



9.6 Applications of the Unified Slip Line Field Theory 245

Solution

Friction angle and cohesion of this material can be determined. The unified friction
angle ¢yniand the unified cohesion Cyy;can be determined by using Eqgs.9-10 and 9-
11. The relations of unified friction angle ¢y and the unified cohesion Cyy; with
unified yield criterion parameter b, i.e. relations Cypi~b and @ ,i~b are shown in
Figs. 9.13 and 9.14, respectively.

20.00 P uni
15.00 /./Q/./.
L
10.00
5.00
b
0.00 T T T T 1

0.00 0.20 0.40 0.60 0.80 1.00

Fig. 9.13 Relations of unified friction angle ¢, with unified yield criterion parameter b

1.20

Cuni/CO /./o/
1.00 -
0.80
0.60

040 —

0.20 —

0.00 T T T T 1
0.00 020 0.0 0.60 0.80 1.00

Fig. 9.14 Relations of unified cohesion C,,; with unified yield criterion parameter b

A series of slip line field and different results of limit loading were determined
by Fan and Yu by using the unified slip field theory. The five slip line fields and
relating limit loading are shown in Figs. 9.15 to 9.20.
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Fig. 9.20 Slip line field for b
The limit loading of strip footing varies with the choice of the unified yield

criterion parametere b. The relation of limit loading of strip footing with b is

shown in Fig.9.21.
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Fig. 9.21 Relations of limit loading with unified yield criterion parameter b

It is seen that a series of results can be obtained by using the unified slip lines
field theory.

9.6.4
Example 4: Acute Wedge

An acute wedge is in a plane strain state. Its top angle y <z /2, and surface AB is
subjected to uniform pressure P, , as shown in Fig.9.22.

Determine the limit pressure P, on surface 4B .

Fig. 9.22 Acute wedge under unilateral pressure

Solution:
The unified solution of acute wedge under unilateral pressure was given by Zhang,
Hao and Yu in 2003.

When 0<y <7/2, a stress discontinuous line in the wedge will appear. The
characteristic field is shown in Fig.9.22, where ZBAC =65, ZCAD =yv,
6 +v=y. The regions ABC and ACD are regions of constant biaxial
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compression and uniaxial compression, respectively. The constant stress regions
ABC and ACD are separated by the line of stress discontinuity 4C which is
inclined to 4B at an angle § to be determined. The different values a quantity
may assume in the regions 4BC and ACD will be distinguished by subscripts 1
and 2, respectively. The angle between characteristics « and 8 is 2y.

From the stress boundary condition of the wedge, we have o, =—p,, in region
ABC ,and o = 0 inregion ACD. Thus it has

T
=76 pr=v (9-44)
It also has
S+v=y (9-45)

The unified limit load for acute wedge was given as follows

(9-46)

l+sing,, sin2v lj

p, =C,,;-coto, - -
u uni uni [1 — sin wuni sin 25

where ¢y and Cyp; were introduced by Yu et al. in 1997 and 1998, they are
defined as

2(b+1)sing

sing, . = ———>
2 4b (1+sin)g
2(b+1)C -cosg 1
i = . . (9-47)
2+b(l+sing) cosg,,
Qyniand C,,; are two parameters in the unified slip field theory.
For the case of 5=0 and o #1, the unified limit load reduces to
1+ sing sin2v (9-48)
p,=ccotp| ————1
1—-sing sin 2§

This is the solution on the basis of Mohr-Coulomb criterion (Shield 1954; Chen
1975).
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For the case of b=0 and o =1, the unified limit load reduces to

p,"=limp,=2c(1-cosy) (9-49)
a—l

(p—0)

This is the solution on the basis of Tresca criterion (Chen 1975).
When y=n/3, the relation between the limit load p, and the unified yield
criterion b at different ratio of @ = ¢,/0, are shownin Fig.9.23.
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0.2 —— =08
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b

Fig. 9.23 The relation between limit load P, and unified strength theory parameter b

It can be found that the SD effect of material and the influence of intermediate
principal stress on the limit load are significant. Through the parameters « and b,
the dependence of the result of the limit load on yield criterion is also reflected. As
shown, at the same « , the Mohr-Coulomb criterion (b = 0) leads to the minimum
value of p, /o, while the twin-shear strengrh theory (b = 1) leads to the
maximum value of p, /o,.

9.6.5
Example 5: Experiments

A method of observing plastic zone in a structure under loading is applied. In order
to obtain clear images of the development of structure's plastic zone, image
analysis technique has been used.The plastic zone of structure under limit loading
is obtained.

Three trapeziod specimens are the same as example 1, in which the top angle
are: 2£=120°, 2§ =80° and 2§=60°. The three experimental results of limit
loading are: 23.6kN for2&=120°, 18.5kN for 2§ =80°, and 16.9kN for 2&=6(".
The theoretical results has been obtained as shown in Fig. 9.24.
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Fig. 9.24 Variations of limt loads and slip angle with the unified yield criterion parameter b

We can see from Fig. 9.24 that the three experimental results ¢;=23.6kN,
for2€ =120°, ¢,=18.5kN for 2& =80°, and ¢;=16.9kN for 2§ = 6(° are closed to the
unified solution with »=0.8. Obvious error will be produced when we use the
traditional Mohr-Coulomb slip line field solution (»)=0). We can also assume that
this material can be simulated by b~=0.8, i.e. limit loads of cases with other top
angles can be determined by Eq.9-42 with b~0.8.

Furthermore, we can find from the experiment that the shape of slip line is non-
orthogonal. The slip angle obtained by computer image analysis is 78° (for Mohr-
Coulomb non-orthogonal slip line field theory, the angle is 82.8°). The test gives
the change of 21, the angle between two slip lines, with different choice of unified
yield criterion parameter b. From Fig. 9.24, we can see that the slip angle
calculated through unified Slip Line Field Theory (2u=81.04° when b=0.8) is
much closer to the experiment result than the result based on the Mohr-Coulomb
non-orthogonal slip line filed theory (2u=82.8°).

9.7
Comparison of the Unified Slip Line Field Theory with Finite
Element Method

Various finite element solutions for the bearing capacity of structures have been
reported in the literature. Some are of very interesting and value. The development
of plasticity in soil under a footing foundation were studied by Nayak and
Zienkiewicz (1972) and Moore and Rowe (1991) et al. Fig. 9.25 to Fig. 9.28
show the results of plastic zones at footing displacement obtained by Moore and
Rowe (1991). They used a 15 nodes element (as show at the right in Fig. 9.25) and
a series of computational results were obtained. Each yielded integration point
within the triangular elements has been marked with a small lines, where these
lines are aligned with the direction of the shear deformation at those locations.The
development of plastic zone at various footing penetrations are shown clearly.The
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final slip surface is shown in Fig. 9.28. It is observed that the soil materials

collapses with a mechanism similar to that of Prandtl for perfectly plastic materials
(Moore and Rowe 1991).
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Fig. 9.27 Development of plastic zone  Fig. 9.28 Final plastic zone

The velocity fields at the final displasment is shown in Fig. 9.29. The shape
roughtly resembles the Prandtl mechanism for perfectly plastic materials, although
only part of the solid material in motion is responding plastically, with both the
block of material directly under the rigid footing and much of the solid within the

“passive motion” behaving elastically. The shape is also similar the results
obtained by the unified slip field theory.
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Fig. 9.29 Velocity fields at footing diaplacement (Moore and Rowe 1991)

The similar results were also obtained by other researcheres. A real-life problem
in geomechanics were investigated by Wunderlich, Findeib and Cramer (Fig.9.30)
as well as Wunderlich, Findeib and Cramer Zimmermann and Commend et
al.(Fig. 9.31). They showed the limit-load state obtained by the finite element
analysis (2001). A localized failure in the shape of the well known Prandtle slip-
lines which have been derived on a analytical basis was given. The results of the
finite element analysis are in close agreement with observations in reality.
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Fig. 9.31 Limit-load state of strip footing (Zimmermann and Commend 2001)
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The numerical tests of a panel under compression were analyzed by de Borst et
al (1995) and Chen and Baker (2001). The plastic strain develops in “X” shape. It
is agreement with the experimental results shown in Fig. 9.32.

Fig. 9.32 The plastic strain develops in “X” shape (Chen and Baker 2001)

These kinds of results were obtained by Yu and Zeng in 1990. The calculation
results by using two material models, i.e. the Mohr-Coulomb strength theory
(b=0) and the twin-shear strength theory (b=1, Yu 1985) are illustrated in Fig.9.33
and Fig.9.34. Figure 9.33 is a result of thick plate with a hole under compression,
and figure 9.34 is a result of thick plate with a hole under tension. It is seen that
the four results are different.

Fig. 9.33 Different results of two models in compression and in tension
(Yu and Zeng 1993, see: Yu 1998)

It is worth noting that the result of the finit element method is always a single
result by using a single yield criterion. The result of convenient slip line field is
also a single result. It is also worthy to note that the shape and angle of the plastic
zone are also different for different yield criterion.
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9.8
Comparison of the Unified Slip Line Field Theory with
Experimental Results

The experimental results of the plastic zones for a plate with different holes under
tension are shown in Fig. 9.34 (see Yu 1998).

Y - k. e
(a) Test results (Yu 1981) (b) Test results (Liu 1989)

Fig. 9.34 Plastic zones of tensile plate with different holes

The comparison of three methods are shown in Fig. 9.35. The rectangular thick
plate specimen with a circular hole at the center was applied under an uniform load
at the edge. The material and the experimental procedure are same as those in
example 1 and example 5. In Fig. 9.35, curve 1 is the experimental result of plastic
zone, curve 2 is that of unified elasto-plastic finite element calculation (b=0.8), and
curve 3 is of Unified Slip Line Field Theory.

[ 1]
L1

[ 1]

L

Fig. 9.35 Comparison of three methods (see Yu 1998)

As can be seen, the plastic zones are different in tension and in compression for
SD (strength different) maerials. Fig. 9.33(a) shows the computational results by
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using the twin-shear strength theory and the Mohr-Coulomb strength theory for the
same material in compression. Fig. 9.33(b) shows the computational results by
using the twin-shear strength theory and the Mohr-Coulomb strength theory for the
same material in tension.

The experimental results also present the difference of plastic zones in tension
and in compression, as shown in Fig. 9.36.

(b}

Fig. 9.36 Different results in compression and in tension (Yu and Liu 1989)

In order to confirm the results of the unified slip line theory, the elasto-plastic
finite element program UEPP based on the unified strength theory (UST) is used to
compute the limit loading q of the same structures. UEPP was established by Yu,
Zeng, Ma,Yang, Wang et al. in the period of 1993 to 1998 (Yu and Zeng 1994; Yu,
Yang, Fan et al. 1997).

From these comparisons, we can find that the result from the characteristics line
theory are very close to those results from the experiments and finite element
methods.

The detail of numerical analysis of generalized plasticity will be discussed in
another book : “Computational Plasticity ”.

9.9
Discontinuous Bifurcations of Elasto-plastic Material for
Plane Strain

During the process of the elastic-plastic deformation, the continuity of velocity
vanishes when it is passing the certain characteristics surface, with the
development of the deformation, namely, the phenomenon of discontinuous
bifurcations is produced. Hill (1958), Marciniak and Kuczynski (1967), Storen and
Rice (1975), Rudnicki and Rice (1975), Hutchinson and Tvergaard (1980, 1981),
Tvergaard, Needleman and Lo (1981), Raniecki and Bruhns (1981), Bruhns
(1984), Li (1987), Runesson and Mroz (1989), Hill JM and Wu YH (1993),
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Zyczkowski (1999) et al. have done extensive researches for the discontinuous
bifurcations.

Ottosen and Runesson (1991) put forward a general description of discontinuous
bifurcations for the plane problem of isotropic and elastic-plastic body plane
problem, obeying the Mohr-Coulomb yield. criterion. Hill J]M and Wu YH (1993)
used the Ashton-Warren Spring yield equation. It is a Mohr-Coulomb typed yield
equation, in which the maximum principal stress 6; and the minimum principal
stress O3 are taken into account. Zyczkowski (1999) studied the discontinuous
bifurcations in the case of the Burzynski-Torere yield criterion.

The corresponding properties of discontinuous bifurcations have been obtained
by using various yield criteria.

For selection of the yield function, the intermediate principal stress is not
considered in Mohr-coulomb Strength Theory, and this theory can not match the
experimental results of much materials.

The unified strength theory can be adapted for many kinds of materials, and
make the former simple strength theories to be its special samples or its linear
approach. Therefore, the unified strength theory is adopted to analyze the
discontinuous bifurcations of materials for plane strain problem.

The mathematical expression of the unified strength theory for plane strain
problems is

F=(l+b)(l+sing1))o'1—(l—sin¢)(ba2 +03)—2(1+b)ccos¢ =0

| ,
When o, < E(o-l +oy)+ s1121¢ (01— 03 (9-50a)
F'=(l+sing)(o,+bo,)—(1-sing) (1+b) o5 —2(1+b)ccos¢ =0

When o, 2 l(0'1+ o3) + %(01—03) (9-50b)

[\

We chose the first equation of the unified strength theory (9-50a), because of the
intermediate principal stress is

| .
02=%(O'l+0'3)ﬁ5(0'1+a3)+¥(01—03) (0<m<I) (9-51)
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Substituting Eq. (9-51) into Eq.(9-50), we have

1
F :(1+b)(1+sin¢)crl—E(l—sin¢)(bma1 +bmoy+205)—2(1+b)ccosg =0

(9-52)
definite 1= B_F’ then we have
Jdo
. bm .
Ji=(1+b)(1+sing) o, —7(l—s1n¢)
1
fzz—g(l—sin¢)(bm+2) (9-52)
;=0
The angle of shear band is obtained as follows (Zhang 2000)
tg26 :AZ 2(1+b)(1+sin ¢) —bm(1—sin ¢) (9-53)
/s (I—sin@)(2+bm)
The direction angle of shear band is
0820 = b(l-m)+(2+b+bm)sing, when m#1, (9-54)
2 +b(1+sin ¢;)
Equation (9-54) for plastic plane strain problems can be simplified to
cos 26 = M when m=1, (9-55)

2+ b(1 + sin gp)

This result is similar to that of the unified slip field theory for plane strain
problems. The direction angle of shear band is sensitive to the failure criterion. The
unified slip field theory give us a effective method to study this problems.

The discontinuous bifurcations of elasto-plastic material for plane stress
problems will be described in detail in Chapter 11.
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Summary

A unified slip line field theory for plane strain problems based on the unified
strength theory is described in this chapter. The unified slip line field theory for
plane strain problems is composed of a group of orthogonal and non-orthogonal
slip line fields. Many presently used orthogonal or non-orthogonal slip line field
theories based on single shear strength theories are special cases (Tresca material
slip field, Mohr-Coulomb material slip field and the twin-shear material slip field)
or linear approximation (Huber-von Mises material) of the unified slip field theory
system.

By introducing an intermediate principal stress parameter, m, the new method
can reflect the intermediate principal stress of plane strain problem, where the
intermediate principal stress is the principal stress in z direction. Experiments and
Elasto-Plastic Finite Element calculations have been used to verified the validity of
the unified slip theory. The unified strength theory, the unified slip theory can be
used in many engineering fields, especially for materials with obvious intermediate
principal stress effect.

The unified slip line field theory for plane strain problems has the following
advantages:

1. It is a system of orthogonal and non-orthogonal slip line filed, which
encompasses, in a piece-wise linear manner, other slip line field theories. All
other slip line field theories are its special cases or linear approximations;

2. It can reflect the different effects of intermediate principal stress on different
materials by introducing unified strength theory parameter b;

3. Giving a series of new slip line fields, and establishing the relations among
available slip line field theories;

4. Introducing an intermediate principal stress parameter m, which can comply
with different plane strain compressible and non-compressible materials.

5. It agrees with experimental results and can be easily used in many engineering
fields.

Problems

Problem 9.1
The extension of a strip with a sufficiently large circular hole for non-SD material
was shown in Fig. P8.1 of chapter 8. Can you obtain a more complete study on this
subject using the unified slip field theory for non-SD material (¢ =1, and b=0,
b=1/2,b=1).

Problem 9.2

The extension of a strip with a sufficiently large circular hole for non-SD material
was shown in Fig. P8.1 of chapter 8. Can you obtain a more complete study on this
subject using the unified slip line field theory for SD materials (o0 # 1, and
b=0,b=1/2, b=1).
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Problem 9.3.
The extension of a strip with ideal (infinitely thin) cuts (crack) for non-SD
material was shown in Fig. P8.2 of chapter 8. Can you obtain a more complete
study on this subject using the unified slip line field theory (a =1, and b=0,
b=1/2, b=1).

Problem 9.4.

The extension of a strip with ideal (infinitely thin) cuts (crack) for non-SD material
was shown in Fig. P8.2 of chapter 8. Can you obtain a more complete study on
this subject using the unified slip line field theory for SD materials (o0 # 1, and
b=0,b=1/2, b=1).

Problem 9.5.

The extension of a strip with angular notches for non-SD material was shown in
Fig. P8.3 last chapter. Can you obtain a more complete study on this subject using
the unified slip line field theory (o=1, and b=0, b=1/2, b=1).

Problem 9.6.

The extension of a strip with angular notches for non-SD material was shown in
Fig. P8.3 of chapter 8. Can you obtain a more complete study on this subject using
the unified slip line field theory for SD materials (o # 1, and b=0,b=1/2, b=1).

Problem 9.7.

The extension of a strip with circular base for non-SD material was shown in Fig.
P8.4 of chapter 8. Can you obtain a study on this subject using the unified slip line
field theory for non-SD materials (a=1, and b=0, b=1/2, b=1).

Problem 9.8.

The extension of a strip with circular base for non-SD material was shown in Fig.
P8.4 of chapter 8. Can you obtain a more complete study on this subject using the
unified slip field theory for SD materials (o # 1, and b=0, b=1/2, b=1).

Problem 9.9.

The slip line field of indentation at the bottom of a flat trench was shown in
Fig.P8.5 of chapter 8. Find the limit load by using the unified slip line field theory
for non-SD materials (o=1, and b=0, b=1/2, b=1).

Problem 9.10.

The slip line field of indentation at the bottom of a flat trench was shown in
Fig.P8.5 last chapter. Find the limit load by using the unified slip field theory for
SD materials (o # 1, and b=0, b=1/2, b=1).

Problem 9.11.

The slip line field of indentation at the foot of a very deep vertically sided groove
was shown in Fig.P8.60f chapter 8. Find the limit load by using the unified slip
line field theory for non-SD materials (o=1, and b=0, b=1/2, b=1).

Problem 9.12.

The slip line field of indentation at the foot of a very deep vertically sided groove
was shown in Fig.P8.6 of chapter 8. Find the limit load by using the unified slip
field theory for SD materials (o # 1, and b=0, b=1/2, b=1).
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Problem 9.13.

The slip line field of indentation at the top by a flat punch was shown in Fig.P8.7
of chapter 8. Find the limit load by using the unified slip line field theory for non-
SD materials (o=1, and b=0, b=1/2, b=1).

Problem 9.14.

The slip line field of indentation at the top by a flat punch was shown in Fig.P8.7
of chapter 8. Find the limit load by using the unified slip field theory for SD
materials (o # 1, and b=0, b=1/2, b=1).

Problem 9.15.

The slip line field of a strip weakened by one-sided deep notch with a circular base
was shown in Fig.P8.8 last chapter. Find the limit load by using the unified slip
line field theory for non-SD materials (o=1, and b=0, b=1/2, b=1).

Problem 9.16.

The slip line field of a strip weakened by one-sided deep notch with a circular base
was shown in Fig.P8.8 of chapter 8. Find the limit load by using the unified slip
field theory for SD materials (o # 1, and b=0, b=1/2, b=1).

Problem 9.17.

The slip line field of a strip weakened by two-sided deep notch with a circular base
was shown in Fig.P8.9 of chapter 8. Find the limit load by using the unified slip
line field theory for non-SD materials (0=1, and b=0, b=1/2, b=1).

Problem 9.18.

The slip line field of a strip weakened by two-sided deep notch with a circular base
was shown in Fig.P8.9 last chapter. Find the limit load by using the unified slip
field theory for SD materials (o # 1, and b=0, b=1/2, b=1).

Problem 9.19.
Figure P9.1 shows the slip line field of a pure bending strip weakened by two-sided
angular notch. The limit moment for the Tresca material is

1
b4 2 b4

M=|1+—-y|ho, for y 2 —+ —
{ 2 yj o ONT =T

Find the limit load by using the unified slip line field theory for non-SD materials
(0=1, and b=0, b=1/2, b=1).

Problem 9.20.
Find the limit moment of a pure bending strip weakened by two-sided angular

notch (Fig. P9.1) by using the unified slip line field theory for SD materials (ot # 1,
and b=0, b=1/2, b=1).
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Fig. P9.1 Two-sided angular notch Fig. P9.2 One-sided angular notch

Problem 9.21.
Figure P9.2 shows the slip line field of a pure bending strip weakened by one-sided
angular notch. The limit moment for the Tresca material is

T 4+r -2y hZO'S
M= , fory>1
4+7 -2y 2

Find the limit moment by using the unified slip line field theory for non-SD
materials (o=1, and b=0, b=1/2, b=1).

Problem 9.22.
Find the limit moment of a pure bending strip weakened by one-sided angular

notch by using the unified slip line field theory for SD materials (o # 1, and b=0,
b=1/2, b=1).

Problem 9.23.

Figure P9.3 shows the slip line field of a pure bending strip weakened by one-sided
angular notch with 7 < 1. Find the limit moment by using the unified slip line
field theory for non-SD materials and SD materials

Fig. P9.3 Bending strip with angular notch Fig. P9.4 Indentation of a semi-infinite mass

Problem 9.24.

Figure P9.4 shows the slip line field of an indentation of a semi-infinite mass
of rigid-perfectly plastic material by a rigid straight-sided, acute-angle
indenter (Hill 1950; Johnson and Mellor 1961). The limit load for the Tresca
material is
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P=2a(l+y)o,

Find the limit load by using the unified slip line field theory for non-SD materials
(=1, and b=0, b=1/2, b=1).

Problem 9.25.

Find the limit load of an indentation of a semi-infinite mass of rigid-perfectly
plastic material by a rigid straight-sided, acute-angle indenter by using the unified
slip line field theory for SD materials (o # 1, and b=0, b=1/2, b=1).

Problem 9.26.
The slip line field of a thick-walled cylinder is shown in Fig.P9.5. The limit
pressure for the Tresca material is

b

P=g In—

a
Find the limit pressure by using the unified slip line field theory for non-SD
materials (o=1, and b=0, b=1/2, b=1).

Fig. P9.5 Slip line field of a thick-walled cylinder (Tresca material)

Problem 9.27.
Find the limit pressure for a thick-walled cylinder by using the unified slip line
field theory for SD materials (o # 1, and b=0, b=1/2, b=1).

Problem 9.28.
Comparing the results of the slip line field theory for a thick-walled cylinder with
the elasto-plastic analysis in Chapter 15.

Problem 9.29.

Figure P9.6 shows a slip line field of a strip weakened by center crack for non-SD
materials. Determine thelimit load by using the unified slip line field theory for SD
materials (o # 1, and b=0, b=1/2, b=1).
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Fig. P9.6 A slip line field of a strip weakened by center crack

Problem 9.30.

The slip line field of a strip with a hole under uniform pressure was shown in Fig.
P8.9 last chapter. Find the limit pressurefor non-SD materials and SD materials by
using the unified slip field theory.

Problem 9.31.

The slip line field of extrusion through a die over a smooth container wall was
studied by Johnson et al (1962). Figure P9.7 shows the fan shaped slip line field
The limit pressure were given by using the Tresca condition as follows

P_(l+ ”Jho;
2

Find the limit pressure for SD materials by using the unified slip line field theory
(o # 1, and b=0, b=1/2, b=1).

s A

Fig. P9.7 Extrusion through a die over a smooth container wall

Problem 9.32.

Find the limit pressureof extrusion through a die over a smooth container wall for
SD materials by using the unified slip line field theory (o # 1, and b=0, b=1/2,
b=1).

Problem 9.33.

The slip line field of drawing of a strip was studied by Johnson et al (1962). Figure
P9.8 shows the fan shaped slip line field. Limit drawing force for the Tresca
material is
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2ho. (1+y)sin R
P= » (L+7) 4 when y > 42°27', H = 2h
1+2siny

Find the drawing force for non-SD materials by using the unified slip line field
theory (0=1, and b=0, b=1/2, b=1).

Problem 9.34.
Find the drawing force for SD materials by using the unified slip line field theory
(a# 1, and b=0, b=1/2, b=1).

/4
RTH D
T
S ] GRS
n/4 S fd
Fig. P9.8 Extrusion of a strip Fig. P9.9

Problem 9.35.

The slip line field and limit pressure for extrusion problems were studied by
Johnson et al. as shown in Fig. P9.9. The limit extrusion force for the Tresca
material is

P:2(1+”—Waas when b=24
L 2)

Find the limit pressure of extrusion by using the unified slip line field theory for
non-SD materials (0=1, and b=0, b=1/2, b=1).

Problem 9.36.
Find the limit pressure of extrusion by using the unified slip line field theory for
SD materials (o # 1, and b=0, b=1/2, b=1).

Problem 9.37.
Determine the limit load of a deep beam shown in Fig.P9.10
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g Sy e

Fig. P9.10

Problem 9.38.

A series of results can be obtained by using the unified slip line field theory for
various plane strain problems. All the solutions of the problems in this chapter
have not been studied before. Can you try to give a series of new results for these
problems, and try to use in practice.

Problem 9.39.

The slip line field and limit pressure for slop stability problems were given by
Coxonosckuii BB (1960) for the Mohr-Coulomb material as shown in Fig. P9.11.
The limit pressure is

{l+sin(p
qg=C-cotp {————

exp |:(ﬂ' —2y) tan go]—l}

1-sing

Fig. P9.11

Find the limit pressure of slop by using the unified slip line field theory for non-SD
materials (o=1, and b=0, b=1/2, b=1) and SD materials (o # 1, and b=0, b=1/2,
b=1).
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10 Twin-Shear Characteristics Field for Plane
Stress Problem

10.1
Introduction

The twin-shear slip field and the unified slip line field theory for plane strain
problems have been described in Chapters 8 and 9. This chapter deals with the
twin-shear characteristics filed for plane stress problems.

For plane stress problems, characteristic methods can be used to solve the
quasi-linear differential equation systems of stress and velocity fields. Judgments
on the types of these differential equation systems can be made using the theory of
characteristics. They may be elliptic or hyperbolic, depending on the considered
stress state. The methods of characteristics based on the Huber-von Mises and the
Tresca criteria can be found in the literature of Kachanov (1971), Martin (1973),
Yan (1988) and Panoyotomakos (1999) for plane stress problems. A new
characteristics method for plane stress problems was established based on the
twin-shear yield criterion (Yu 1961, 1983) by Yan and Bu in 1993 and 1996.

The methods of characteristics based on the Huber-von Mises, the Tresca and the
twin-shear criteria can be applied to the limit analysis of the plane stress problems.
However, they are only adapted for the non-SD (strength differential) materials with
79 = 0.580y, 7p= 0.50; and 7p= 20,/3, respectively, but fail for the SD materials.
Although the method of characteristics based on the Mohr-Coulomb criterion takes
account of SD effect, it is only adapted for the material with zp=0y o/ (o1 + 00).

10.2
Characteristics Method based on the Tresca Criterion and
the Huber-von Mises criterion

10.2.1
Characteristics Method based on the Tresca Criterion

The Tresca criterion in plane stress state is shown in Fig. 10.1. If y and A are
introduced for the cases of oxoy< 7%y and oxoy 2 7%y respectively, the following
expressions of stresses satisfy automatically the Tresca criterion in plane stress
state,
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Q

%

Fig. 10.1 Tresca criterion in plane stress state

o, =2ky+kcos2yp
o, =2ky —kcos2¢
Ty =ksin2¢
on lines AB and DE in Fig. 10.1.
o, = o,[s(1-=21)+Acos2¢]

0, = o,[s(1-1)—Acos2p]
7,, = ksin2¢

on lines BC, CD, EF and FA in Fig. 10.1, where

1 when 0,>0,0,>0

—1 when ¢,<0,0,<0

(10-1a)
(10-1b)

(10-1c)

(10-2a)
(10-2b)

(10-2¢)

(10-3)

The equations of equilibrium determined by the stress components in Eq. (10-1)
and Eq. (10-2) are of the hyperbolic type and the parabolic type, respectively. The

equations of the characteristics are
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10-4
ﬂ:tan[go iﬁj ( )
x 4
dy  s+coslp |—coty, (10-5)
dx sin2¢ tang,

It can be seen that Eq. (10-4) has two orthogonal families of characteristics,
which differentiate /4 with the direction of principal stresses o; and o,. It
coincides with the definition of slip line. The two families of characteristics have
the following forms,

X +o=C (10-6a)

r-9=C, (10-6b)

Eq. (10-6) is the same as Hencky equation for the plane strain problem, when
assuming % = o/2k. Eq. (10-5) has only one family of characteristics, which is
parallel to the intermediate principal stress by considering that it is a
three-dimensional problem. The characteristic line is the intersecting line between
xy-plane and the plane which offsets an angle of m/4 from the directions of the
maximum and minimum stresses. This agrees with the explanation of the slip line
equation (17-4), as long as considering the difference of the cases oxoy <r%y and
Ox0y 27%y.

From the above analysis, if the Tresca criterion is applied, the characteristics
with respect to the lines AB and DE (oxoy>17"y) can be solved by the hyperbolic
type equations. On other lines (ox oy >7’yy), it can be solved by integrating the
differential equation directly.

10.2.2
Characteristics Method based on the Huber-von Mises Criterion

The Huber-von Mises criterion in plane stress state is given in Fig. 10.2. If a
variable o is introduced, the stress components satisfy Huber-von Mises criterion
can be obtained by

o, = k(x/gcosw +sinwcos2yp) (10-7a)
o, =k(x/§cosw —sinw cos2(p) (10-7b)

7, = ksinwsin2¢p (10-7¢)
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Fig. 10.2 Huber-von Mises criterion in plane stress state

The characteristics of the equilibrium equation determined by Eq. (10-7) is

@_ x/gsina)sinZ(p ++/3-4cos’ w

dx V3sine cos 2¢ —cosw

(10-8)

It is obvious that there exist two families of characteristics only when
3—4cos’w>0(r/6<w<5z/60r Tr/6<w<1lz/6) (lines CG and C'G’ in
Fig. 10.2). Otherwise, there is no characteristics (3—4cos?w <0) (lines CC” and
GG’ in Fig. 10.2) or there is only one family of the characteristics
(3—4cos’w=0) (points C, C’, G, and G’). For the hyperbolic type, two
supplementary incremental expressions are needed

=£—lcos_l cotm
=273 Ng) (10-9a)
:__J'w 3 4COS a)dw (10-9b)
sinw

The equation of characteristics can then be obtained as

ﬂ:tan((p ty) (10-10)
dx
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Along these two families of the characteristics, it has

xte=GC (10-11a)

7-0=C, (10-11b)

which has the same form with Eq. (10-6), however, y is much more complex than
that in Eq. (10-6). Meanwhile, it can be found that the two families of
characteristics are not orthogonal to each other. The angle between the two
families of the characteristics is 2y, which varies with locations.

From the above analysis, for Huber-von Mises criterion, the problem can be
solved by the characteristics method of the hyperbolic type when /6 < ® < 57/6,
or 7m/6 < ® < 11m/6, however, the process will be very tedious due to the
non-orthogonal feature. On other segments it will be more difficult to solve the
characteristics.

10.3
Characteristics Method Based on the Twin-Shear Yield
Criterion

Characteristics method based on the twin-shear yield criterion was proposed by
Yan and Bu in 1993.
In(o,, oy, 7yy) plane stress states, three principal stresses are

2
_octo, 0y~ 0y, 2
o= 2 + ( 2 j Ty (10-12a)
o.+ o O, — O, 2
_ T % x 9 2
oy = 7 ( 5 ] +77, (10-12b)
0;=0 (10-12¢)
The twin-shear yield criterion has the following form,
1 3 1
f=01—5(02+ 03)=0S=Ek,when 05 SE(61+03) (10-13a)
1 3 1
f =§(0'2 +03) — 03 = 0 =Ek, when o, 25(0'1 +03) (10-13b)

The yield loci of the twin-shear yield criterion in the plane stress state are shown
in Fig. 10.3.
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Fig. 10.3 Twin-shear yield criterion in plane stress state

The functions of the six segments in Fig. 10.3 can be expressed as follows,

fi=201-0,=3k (10-14a)
fHh=201-0,=-3k (10-14b)
f3=20, —0y =3k (10-14c)
fo=20y-0,=-3k (10-14d)
fs=o01—0,=-3k (10-14¢)
Jo=01—0y=3k (10-14f)

Substituting Eq. (10-10) into Eq. (10-14), we derive the twin-shear yield
criterion function expressed in terms of the three principal stresses as follows,

1 1 2. 2
3 o, + ay|+3\/z(ax— o) + 17, =3k,

(10-152)

1 2, 2
0'x+0'y|S6\/Z(0'X—0'y) +17°,,

when

1
o, + ay|26\/z(ax— O'y)2+ T2xy (10-15b)

o, + ay| =3k, when

Neglecting body force, the equations of equilibrium for plane stress problems
are

9%, T I, %% (10-16)

>

ax Iy ax ay
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10.3.1
Hyperbolic Type

For the yield condition of Eq. (10-15a), assuming

9]

-0, — ik, o1+ 0,
2

=3(1-2)sk
where
S=1,wheno;+0,>0;
S=0,wheno;+0,=0;
S=-1,when o; + 0, <0

Combining Egs. (10-10) and (10-17) gives

2
o,—o0, 5 oy +0,
+7° =k, =3(1-2)sk
[ 3 j o 5 (1-2)

The corresponding stress components are
o, =k[3s(1-2)+ Acos2¢]
o, =k[3s(1-2)—Aicos2gp]

Ty, =kAsin2p

(10-17)

(10-18)

(10-19)

(10-20a)
(10-20b)

(10-20c)

The above stresses satisfy Eq. (10-15a) automatically, in which A is in the range of

<1<1

N | =

Combining Eq. (10-20) and Eq. (10-16) derives

—3sa—ﬂ+a—ﬂcos2¢—2lsin2(pa—ﬂ+a—ﬂsin2¢+2&sos2(pa—ﬂ=0
x oOx ox dy dy

a—}Lsin 2¢ +24s0s2¢ 8_(0 - 3sa—/1 - aisos%p +24sin2¢ 8_(p =0
ox ox dy dy dy
For any line in xy-plane, increments of A and ¢ can be written as

da zaidx+aidy
ox dy

(10-21)

(10-22a)

(10-22b)

(10-23a)
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dp =22 4x+2% 4y (10-23b)
ox dy

Eq. (10-22) together with Eq. (10-23) makes an algebraic equation system with
IAIOx, IAIdy, dpldx, Jdp/dy as unknowns. Let the determinant of coefficients
vanish, i.e.

—3s+cos2¢p sin2¢ —24sin2¢ 2Acos2p
A sin2¢ —3s—cos2¢p 2Acos2¢p 2Asin2ep 0 (10-24)
dx dy 0 0
0 0 dx dy

It is then obtained,

Q _ —3s sin 2¢ + 2\/55’ (10_25)
dx 1—3scos2¢

Assuming s=-3cos2¢, Eq.(10-25) can be rewritten as
dy 1 4 s
—=tan(¢ Fy ),y =—Cos | —— (10-26)
~ (e Fv)vw 5 ( 3j

Eq. (10-26) determines two families of characteristics. As can be seen, the two
families of characteristics differ angles Ty from the direction of the principal stress
o, . Here those corresponding to the plus sign are assigned as family o and
those to the minus sign as family B. In order to derive the relationship between A
and @, from Egs. (10-22), (10-23) and (10-24), it has

¢ ++2sIn2=C; (along o line) (10-27a)
¢ —~/2sInA1=C, (along P line) (10-27b)

Thus, based on the twin-shear yield criterion, it can be solved by the
characteristics method for stress state on lines of FA4, BC, CD, EF (see Fig. (10.3)).

10.3.2
Elliptic Type
For the yield condition Eq. (10-15b) (AB and DE in Fig. (10.3)), it has
04 . dp 0J1 . dp
—cC082¢ —24sin2¢ —+—sin2¢ +21cos2¢p — =0
ox ? ? dx dy 7 ? dy (10-28a)
01 . dp 04 . dp
—sin2¢p +24c0s2¢p — ——cos2¢p +24sin2¢p — =0
ot Yo T Py (10-28b)
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where A < 1/2.
Let the determinant of the coefficients of Eqs. (10-28) and (10-23) vanish, it has

cos2¢p sin2¢ —2Asin2¢p 2Acos2g

_|sin2¢ —cos2p 2Acos2p 2isin2e| 0 (10-29)
| dx dy 0 0 B
0 0 dx dy

Then it is obtained
(dx)* +(dv)* =0 (10-30)

There is no real root for dy/dx. The equilibrium differential equation determined
by the stress components which satisfy Eq. (10-15b) is an elliptic type, thus the
characteristics do not exist.

Based on the above analysis, it can be found that the problem of the stress state on the
lines of FA4, BC, CD, EF (see Fig. (10.3)) is of the hyperbolic type and can be solved by
the characteristic method. However, the problem of the stress state on the other two lines
AB and DE (see Fig. (10.3)) is of the elliptic type which can not be solved by the
characteristic method. Nevertheless, the yield condition of Eq.(10-15b) is very simple and
can be solved directly by using equilibrium equation and the yield function.

10.4
Twin-shear Characteristics Field for Plane Stress
Problems (Velocity Field)

10.4.1
Velocity Field corresponding to Eq. (10-15b)

Applying associate flow rule, the strain rate can be obtained from Eq. (10-15b) as
&= 86y =0 (10-31)
The velocity components are thus

Wy Iy _ (10-32a)
Jx dy

I Iy (10-32b)
ox oy

The increments of the velocity components are

an dx + aV‘c dy :de (10-333.)

ox dy
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av, av,
—Ldx+—Ldy=dv (10-33b)
ox dy Y

W, I, Iy Iy

The determinant of coefficients of in the above four

ox  dy ox 9y
equations equal to 0, which gives
1 0 0 -1
A= o I 10 =0 (10-34)
dx dyv 0 0
0 0 drx dy
Then
(dx)* +(dy)* =0 (10-35)

There is no real root for dy/dx. The equation is of the elliptic type and the
characteristics do not exist.

10.4.2
Velocity Field corresponding Eq. (10-15a)

Corresponding to the yield condition of Eq. (10-15), it has

S _, 5.1 %% (10-36a)

{=a——=0|—+—
* do, _6 2\/(ax—ay)2+412xy

Jf s _1 % — % (10-36b)

do, |6 2 \/(ax_ay)2+472xy_

of Zz'xy
az')cy \/(O'X— O'y)2+4T2xy

(10-36¢)

where f'is the twin-shear yield function, o (>0) is a scalar factor. Combining Eq.
(10-20) and Eq. (10-36) derives

an aVy an +8Vy an_aV)’

x  _ 9 _ox (10-37)

i+lcos2q) E—lCOSZ(p sin2¢ c0s2¢
6 2 6 2
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Eq. (10-37) can be rewritten as

v
(i—c052¢)%—(£+0052(/)j—y:0 (10-38a)
3 ox \3 oy
t14 14
dy  Ox ox oy
The determinant of the coefficient must vanish, which gives
s s
——c0s2 0 0 ———cos2
3 0 307
A=| —sin2¢  cos2¢ cos2¢p sin2¢ |=0
dx dy 0 0 (10-39)
0 0 dx dy
Then the following equation is obtained
d_y=—3sin2(p i2ﬁ=—3sin2(p iz\/ES (10_40)

dx s—3cos2¢ 1—-3scos2¢

Eq. (10-40) is the same with the characteristics of the stress field. Thus, the
characteristics of the velocity field just coincide with those of the stress field for
the twin-shear yield criterion, just like the Tresca criterion and the Huber-von
Mises criterion.

Combining Egs. (10-33), (10-38) and (10-39) gives

av.+av, Y —o (10-41)
Y dx

Corresponding velocity field can then be obtained through Egs. (10-26) and (10-41)
dv,+dV, tan(p —y)=0, along « line (10-42a)

av, + dVy tan(p +y ) =0, along S line (10-42b)

Considering an arbitrary point P at an plane curve L on the xy plane, if local
coordinate system (¢, n) is applied, the first equation of Eq. (10-38) can be
rewritten as

(ﬁ—cos2 j%—(£+cos2 ]BV" 10-43
3 Y Jor T3 S on (10-43)

where ¢ and n are respectively in the tangential and normal directions of the curve
L. Coefficients of dV/on of Eq. (10-43) equals to 0, then

cos2¢p =—s/3 (10-44)
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From Eq. (10-43), it has
=0V, /0t=0 (10-45)

10.5
Applications of the Twin-shear Characteristics Method

10.5.1
Velocity Discontinuous Line in Uniaxial Tension

In the plane stress problem, it is possible that velocity discontinuities exist not only
in the tangential, but also in the normal direction of the slip line. A ‘necking’
deformation zone may be formed. Assuming that the neck has a small width b (in
the limiting case b—0) and by a simple derivation, it can be seen that the line of
velocity discontinuity is just one of the velocity characteristics, and the relative
velocity v is perpendicular to the velocity characteristics of the other family
(Kachanov 1971). In this example, o,= 01, 0,= 0, 7,,= 0, so s = 1. There are two
families of velocity characteristics, and the value of y (the angle between the
velocity characteristics and the principal stress o) is given by

v =Leos™ (_lj _sa'ad (10-46)
2 3
Therefore, the angle y between the relative velocity v and principal stress o, is
Y=90° —y=35"16 (10-47)

!y
[
HH?H!

—

K

Fig. 10.4 Plate specimen in uniaxial tension

'

LJ]

It can be seen that by using the twin-shear yield criterion, the solution of this
problem is simple and straightforward.

The same value of y can also be obtained by using the Huber-von Mises yield
criterion, but the process will be more cumbersome (Kachanov 1971). This value



282 10 Twin-Shear Characteristics Field for Plane Stress Problem

(54°44) has been verified by experiment (Nadai 1950) and coincide with the result
of Huber-von Mises (Yan 1988). The line of velocity discontinuity is known as
Lider’s line.

Based on the Tresca yield criterion, y can take an arbitrary value between 45
and 90°; obviously, it is unreasonable.

10.5.2
Limit Load of an Infinite Thin Plate with a Circular Hole

An infinite thin plate, having a circular hole with radius a (Fig. 10.5), is subjected
to a two-directional uniform tension ¢ at infinity. Find the limit load ¢, and the
corresponding stress distribution.

Fig. 10.5 An infinite plate with a circular hole

It is obvious that this is a plane stress problem. As the hole is free and the plate
experiences two-directional uniform tension at infinity, on the edge of the hole
there will be o3> 0 and o, = 0 and at infinity there will be oy = 0,> 0. Thus o4 2 o,
2 0 holds in the whole plate, and then s = +1. Near the hole, the stress satisfies Eq.
(10-15a). And equations of the characteristics passing through the point 4 (r=a,
0= 0) will be

6 =iLln£, ‘+’ for « line, ‘—’for B line (10-48)

V2 a

Along AP, it has
p+\2In1=C, (10-49)

From ¢ = ¢ + z/2 and ar|r:a =0, we know 1,=3/4, thus, it has

30 a2 (10-50)
4\ r
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The stress components are derived as follows

L a)? (10-51a)
% =31{1—3[%j }
[ _(a)” (10-51b)
O'r—3 1—(;)

With r increasing, A will decrease. When r = 9a/4, A = 1/2, which is the critical
value for the hyperbola. When r > 9a/4, the equation is ellipse. Stress components
can be derived from differential equation and yield criterion.

3% 27(a )V (10-52a)
o,=—|1-—| —

2 16\ r

3% 27[a 2 (10-52b)
oy, =—|1+—| —

2 16\ r

Thus, limit load is

qs =O-r|r—>°<> =%=O—s (10_53)

Expressions of corresponding stresses are

2 9
20,/1-| — ,as<r<—a
’ r 4 (10-54a)
o, = 5
27((1} 9
1=———1| |,/r>—a
16\ r 4
1/2
20, 1—l 4 ,aSrSga
’ 2\r 4 (10-54b)
oy =

For comparison, characteristics and stress distribution under the three yield
criterion are shown in Figs. 10.6, 10.7 and 10.8. The same value of limit load
gs= O 1s obtained based on each of the aforementioned three yield criterion

(Kachanov 1971).
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Fig. 10.6 Results of example 2: Twin-shear criterion

Fig. 10.7 Result of example 2: von-Mises criterion

Fig. 10.8 Results of example 2: Tresca criterion
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10.5.3
Thin Circular Ring Plate subjected to a Uniform Internal Pressure

A thin circular ring plate with inner radius a and outer b = 2a, subjected to a
uniform internal pressure ¢ (Fig. 10.9). Find the limit load and the corresponding

stress distribution.
Through analysis similar to that in example 2, near the outer edge of the ring plate

Nav/ui

Fig. 10.9 Example 3

3(2a\"? (10-55)
=2 2L
1)
1/2)
69:3k[1_%(ﬂj } (c<r<b) (10-56a)
r
1/2)
cr,le{l—%(z—aj } (c<r<b) (10-56b)
r

With r decreasing, 4 will increase, and 4 = 1 is the limit of availability of Eq.
(10-13). Take ¢ to denote this radius; thus, from Eq. (10-10)

c==a (10-57)

In the region @ < r < (9/8)a, s = -1, thus
op=—0B-41)k (a<r<c) (10-58a)
o, =—(B3-20)k (asr<c) (10-58b)

v :%cos_%:35°16' (10-59)
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The equations of characteristics passing through the point » = a, 8= 0, are

6 =ix/51n£ (“+’ for o line, ‘-’ for [} line) (10-60)
a

Then,

I mi=-Z4+o-2mai=-L+2ml-2mA (10-61)
2 2 2 c

Hence,

P (10-62)
¢ 9a

Substituting Eq. (10-19) into Eq. (10-18)

oy =—3k(1—21J (10-63a)
27 a

o, = —31{1 - EKJ (10-63b)
27 a

Since |, +0,|=3k|2-(48/27)(r/a)| <3k in the region a < r < (9/8) a, the yield
condition Eq. (10-15a) is always applicable for this region. Thus, the limit load is

4;=0,|,_,=1.222k=038150

The characteristics and stress distribution are shown in Fig. 10.10.

Fig. 10.10 Results of example 3
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Based on the Huber-von Mises and Tresca yield criterion, the values of limit
loads are gy = 1.330k = 0.7680, for Huber-von Mises yield criterion; and
qs = 1.386k = 0.693 o, for the Tresca yield criterion.

10.6
Comparison of These Different Methods

Yan and Bu (1993) have compared the three different characteristic methods based
respectively on the twin-shear yield criterion, the Tresca criterion, and the
Huber-von Mises criterion. The advantages and disadvantages of these methods are
shown in Table 10.1 and Table 10.2.

Through the comparison, the following conclusions can be drawn:

1. It would be simpler to derive the characteristics based on the Tresca criterion
and the twin-shear criterion than the Huber-von Mises criterion.

2. The twin-shear yield criterion has the advantage in describing the velocity
discontinuity for the unixial tension example.

3. It is suggested to use the Tresca criterion if the experimental data of a certain
material offset the Huber-von Mises ellipse toward the Tresca polygon. If the
experimental data locates outside the Huber-von Mises ellipse, the twin-shear
yield criterion is suggested. Thus, application of the Huber-von Mises criterion
can be avoided.

Table 10.1. Comparison of the three yield criterion

Crierion Range of Solution for Example of uniaxial tension
. Eouati
hyperbolic type | other ranges quation Result
type
Directly,
o .
1L <0 parabolic .
T Parabol —45°
resea ) characteristics | o0 ¢ | W =45
method
) o 1 o . o
von Mises |[— <7>— >2| Cumbersome | Hyperbolic | ¥ =54"44
o, 2 o,
. o _1 9 . . o
Twin-shear <7 >2[  Directly Hyperbolic | v =54 44’
o, 2 o,
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Table 10.2. Comparison of the infinite plate with a hole

o Uniform tension Uniform compression
Criterion

Equation type| Complexity |Equation type| Complexity

Tresca Parabolic Very simple | Hyperbolic Simple

Huber-von | Hyperbolic, Cumbersome | Hyperbolic |Cumbersome

Mises elliptic
. Hyperbolic, . . .
Twin-shear elliptic Simple Hyperbolic Simple
Summary

The methods of characteristics for plane stress problems based on the Huber-von
Mises and the Tresca criteria can be found in the literature of Kachanov (1971),
Martin (1973), Yan (1988) and Panoyotomakos (1999). A new characteristics
method for plane stress problems was established based on the twin-shear yield
criterion by Yan and Bu in 1993 and 1996. The three different characteristic
methods based respectively on the twin-shear yield criterion, the Tresca criterion,
and the Huber-von Mises criterion are described in this chapter. The advantages
and disadvantages of these methods are reviewed.

These three methods can be unified to a unified characteristics field theory for
plane stress problems by using the unified strength theory (Yu, Zhang, Li 1999).
The unified characteristics field theory has a unified method to obtain a series of
solutions. The results of the three characteristics methods based on the Tresca
criterion, the Huber-von Mises criterion and the twin-shear yield criterion are
special cases of the unified characteristics field theory. The unified characteristics
field theory for plane stress problems will be described in next chapter.

Problems

Problem 10.1.
Compare the characteristics method for plane strain and plane stress problems if
the Tresca criterion is used.

Problem 10.2.
Compare the characteristics method for plane strain and plane stress problems if the
Huber-von Mises criterion is used.

Problem 10.3.
Compare the characteristics method for plane strain and plane stress problems if the
twin-shear yield criterion is used.
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Problem 10.4.

The extension of a strip with a sufficiently large circular hole for non-SD material
was shown in Fig. P10.1 (chapter 10). Can you obtain another study on this subject
in plane stress state using the twin-shear characteristics line field for non-SD
material (o0 = 1). Comparing the results between plane strain and plane stress.

Problem 10.5.

The extension of a strip with a sufficiently large circular hole for non-SD material
was shown in Fig. P10.1. Can you obtain a more complete study on this subject in
plane stress state using the twin-shear characteristics line field for SD materials
(o # 1). Comparing the results between plane strain and plane stress.

Problem 10.6.

The extension of a strip with ideal (infinitely thin) cuts for non-SD material was
shown in Fig. P10.2 last chapter. Can you obtain a more complete study on this
subject in plane stress state using the twin-shear characteristics line field for non-SD
material (0. = 1). Comparing the results between plane strain and plane stress.

Problem 10.7.

Can you obtain a more complete study on the extension of a strip with ideal cuts
(see: Fig. P10.2 in chapter 10) in plane stress state using the twin-shear characteristics
line field for SD materials (o # 1). Comparing the results between plane strain and
plane stress.

Problem 10.8.

The extension of a strip with angular notches for non-SD material was shown in
Fig. P10.3 (chapter 10). Can you obtain a more complete study on this subject in
plane stress state using the twin-shear characteristics line field (o0 = 1). Comparing
the results between plane strain and plane stress.

Problem 10.9.

Can you obtain a more complete study on this subject mentioned above in plane
stress state using the twin-shear characteristics line field for SD materials (o # 1).
Comparing the results between plane strain and plane stress.

Problem 10.10.

The extension of a strip with circular base for non-SD material was shown in Fig.
P10.4 (in Chapter 10). Can you obtain a more complete study on this subject in
plane stress state using the twin-shear characteristics line field (oo = 1). Comparing
the results between plane strain and plane stress. Comparing the results between
plane strain and plane stress.

Problem 10.11.

The extension of a strip with circular base for non-SD material was shown in Fig.
P10.4 (in chapter 10). Can you obtain a more complete study on this subject using
the twin-shear characteristics line field for SD materials (o0 # 1). Comparing the
results between plane strain and plane stress.
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Problem 10.12.

The bending of a strip with a one-sided notch for non-SD material was given by
Kachanov (1971) as shown in Fig. P10.1. The Tresca yield criterion was used in
the studies. Can you obtain a more complete study on this subject in plane stress
state using the twin-shear characteristics line field (o0 = 1).

&
O
AR
{b)

3
&0
A&
0000

()
LN

P10.1. Bending of a strip with a one-sided notch

Problem 10.13.
Can you obtain a more complete study on the above problem using the twin-shear
characteristics line field for SD materials (o # 1).

Problem 10.14.

The indentation of a strip of finite thickness with flat indenter for non-SD material
was given by Hill (1950) and exactly by Johnson and Woo (1956) as shown in Fig.
P10.2. The Tresca yield criterion was used in the studies. Can you obtain a more
complete study on this subject in plane stress state using the twin-shear
characteristics line field (0. = 1).

] H
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Fig. P10.2. Indentation of a strip of finite thickness with flat indenter

Problem 10.15.
Can you obtain a more complete study on above problem using the twin-shear
characteristics line field for SD materials (o # 1).

Problem 10.16.

The slip line field of indenting with two dies and by three equal size dies spaced at
100 to each other were discussed by Johnson and Mellor (1962) for non-SD
material as shown in Fig. P10.3. The Tresca yield criterion was used in the studies.
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Can you obtain a more complete study on this subject in plane stress state using the
twin-shear characteristics line field (o = 1).

FALSE NOSE
| ADHERING TO DIE

PAIR OF INTERSECTING

VELOCITY DISCONTINUITIES FALSE HEAD

"DEAD” META

OQUTWARDLY |
DISPLACED
RIGID BLOCK

RADIALLY OUTWARD
MOVING RIGID BLOCK

Fig. P10.3. Indentation by two and three dies

Problem 10.17.

The slip line field of indenting with two dies and by three equal size dies spaced at
100 to each other were discussed by Johnson and Mellor (1962) for non-SD
material as shown in Fig. P10.3. The Tresca yield criterion was used in the studies.
Can you obtain a more complete study on above subject using the twin-shear
characteristics line field for SD materials (ot # 1).

Problem 10.18.

The cutting with opposed wedge-shaped indenters was discussed by Johnson and
Mellor (1962) for non-SD material as shown in Fig. P10.4. The Tresca yield
criterion was used in the studies. Can you obtain a more complete study on this
subject in plane stress state using the twin-shear characteristics line field (o = 1).

Fig. P10.4. Cutting with opposed wedge-shaped indenters

Problem 10.19.

Can you obtain a more complete study on this subject using the twin-shear strength
theory for SD materials (o0 # 1) using the twin-shear characteristics line field.
Comparing the different results between plane strain and plane stress.
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11 Unified Characteristics Field Theory for Plane
Stress Problem

1.1
Introduction

The characteristics field for plane stress problems based on the twin-shear yield
criterion and the twin-shear strength criterion has been described in Chapter 10.
They are corresponding to the special cases of b=1 in the Yu unified strength theory.

The unified characteristics field theory for solving the plastic plane stress
problem has been developed for ideal rigid-plastic bodies based on the Yu unified
strength theory by Yu and Zhang in 1998 and 1999. The characteristic methods in
terms of the Tresca criterion, the Huber-von Mises criterion, the Mohr-Coulomb
criterion, twin-shear yield criterion (Yu 1961) and the generalized twin-shear
criterion (Yu 1985) are the special cases or linear approximation (Huber-von
Mises) of the proposed theory. Besides, a series of new characteristics methods can
be obtained if the unified strength theory parameter » in the Yu unified strength
theory takes different value.

The unified characteristics field theory can consider the strength-differential
effect (SD effect) and the effect of intermediate principal stress. It can be used for
a wide variety of materials. This chapter will give detail derivation of the unified
characteristics lines field theory for plane stress problem. The theory can be used
conveniently in all sorts of plane stress problems for idea-plastic materials.

11.2
Unified Yield Function in Plane Stress State

The Yu unified strength theory (unified yield function) has been described in Chap.
4 in detail. It can be expressed in terms of the principal stresses as follows

- 4 _ o1+ aoy (11-1a)
F—61—1+b(b0'2+0'3)—0},when azsv
o1 o1+ac (11-1b)
= +boy) - =0, ,when ¢, >—L—3
1+b((71 02) = a0y =0 %2

It should be noted that the parameter » plays an important role in the unified
yield function. It builds a bridge among different strength criteria. It is this
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parameter that distinguishes one criterion from another. On the other hand, the
scope of application of each criterion is also represented by this parameter. Hence,
the Yu unified strength theory is not a single strength criterion but a theoretical
system including a series of regular strength criteria, and it can be applied to more
than one kind of material. In practice, when basic material parameters are obtained
by experiments. Whenever parameter b is obtained, the yield criterion for this sort
of material is determined and the application is possible. Consequently, b can be
regarded as a parameter by which the suitable yield criterion for material of interest
can be determined.

The Yu unified strength theory (UST) is a series of piecewise linear yield
criteria on the z-plane as shown in Fig. 11.1. The exact form of expression
depends on the choice of parameter b. With different choices of parameter b, the
UST can be simplified to the Tresca (o. = 1 and b = 0), the linear approximations of
the Huber-von Mises (o0 = 1 and b = 1/2), the Mohr-Coulomb (0 <o <1 and b =
0), the TS (oo =1 and b = 1), the GTS (0 <o <1 and b = 1) and a series of new
strength criteria. In the stress space, the lower and upper bounds of the yield
surfaces on the 7 -plane are special cases of the UST, i.e., b =0 (a0 = 1 for the
Tresca or 0 < o < 1 for the Mohr-Coulomb) and 5= 1 (ot =1 for the TS or 0 < o <
1 for the GTS), respectively. When the parameter b varies between 0 and 1, a
series of yield surfaces between the two limiting surfaces can be obtained. Various
limit loci of the unified strength theory in the plane stress state are shown in Fig.
11.1. The unified yield criterion, the Mohr—Coulomb strength theory, the
twin-shear strength theory and a series of new failure criteria can be obtained from
the Yu unified strength theory.

The Yu unified strength theory in plane stress states can be expressed in terms
of the three principal stresses as follows:

ab 1

o —maz =0y; m(oi +b0'2)=o,
1
Oi—m0'2=0't; mo'l—a()é:dt
. 1 (11-2)
o‘z—m(fl =0y, m(o‘2 +b0'1)=o;
a p— . 1 p—
0'2 —mo'l =0y, mo& —050'1 =0
a — . —
% Tp AT %=
o 1
—m(baz +oy)=0,; mbc)’2 -0, =0,
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Fig. 11.1 Variation of the Yu unified strength theory in the plane stress state

There are three stress components oy, oy, and 7, in plane stress states:

Assuming

(11-3)

(11-4)

the unified characteristics for plane stress state can thus be derived in a unified

form.

The yield loci on the plane stresses (oy, 0,) can be illustrated as Fig.11.2.
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Fig. 11.2 Variation of the yield loci of the Yu unified strength theory in plane stress state

11.3
Characteristics Field for Plane Stress problems

For the cases of plane stress and plane strain, o and oy, are assumed to be two
principal stresses in the xy -plane and 0,20, ,and oy is assumed to be the
out-of-plane  principal _ stress. ~ Assuming  A=(o,to,)/2=(o;toy)/2  and

_ _ 2 2 _ . .
B = \/[(o'x o, )/2] +1y _((;I - oy )/2 , the Yu unified strength theory in
plane state can be expressed as

F=mA+nB=og, (11-5)

where m and n are material parameters.
In the case of plane stress, the out-of-plane principal stress oy vanishes. Then,
there are three cases to be distinguished in the state of plane stress.
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Cézs? A4. When 0,2 0,2 0, it has o1=0 =0y and o3=0. From Eq. (11-2), we can
obtain

_1+b—ab  1+b+ab 2+

™ ,n 1+b ,when B< AL B
* * o (11-62)
m=l,n=ﬂ,when AZZ—HZB

1+b o

Case B. When crlz 0>o0

III,it has o = o, 02=0 and o3 = o;- From Eq. (11-2), it
can be derived that

_1+b—ab  1+b+ab 2+a

a5 TV when B< A< B
* * (11-6b)
zl_a_ab,n=1+a+ab,when —BSASH—_lB
1+b 1+b I+«

Case C. When 0 > o 2 G it has o,
we can obtain that

=0, o

, = opand o, = a: From Eq. (11-2),

m=—a,n=aﬂ, when A<—(14+2a)B
I+b (11-6¢)
:b—a—ab n:b+a+ab
1+6 1+b

,when —(1+2a)B<A<-B

11.3.1 Characteristics of Stress Field

Neglecting body force, the equations of equilibrium for plane stress problems are

Jo.

&.}.ﬂ:o’ ﬂ_l__y:() (11-7)
ax  Jdy Ix ay

The characteristics for the plane stress problems based on the Yu unified
strength theory can be discussed in the following cases.
1. mn#0

If a variable A is introduced, the stress components satisfying the Yu unified
strength theory can be expressed as
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0. = 6 [n(1= 1)+ micos2e]] (11-8a)
nm

o, - o, [n(1-2)—macos2¢]] (11-8b)
nm

=944 11-8

Ty n/ls1n2(p ( c)

where @ is angle of the larger one of the principal stresses ¢, and o, from the
x-axis with counterclockwise positive. When A > 0, the angle can be determined
with respect to different yield conditions as given in Eq. (11-2)

Substituting Eq. (11-8) into the equilibrium equation Eq. (11-7) gives,

na—ﬂ—mc052¢a—ﬂ+ 2mA sin2¢a—¢—msin2¢ai—2mi cosZ(pa—(p =0 (11-9)
ox ox ox dy dy

msin2¢a—/1+2mﬂ cosZ¢a—¢—nal—mﬂ cosZgoa—/1+2mﬂ sin2¢a—(p =0 (11-10)
ox ox dy dy dy

With the following two supplementary incremental equations,

04 , 04 dg , Jp
—dx+—dy=di; ——dx+—dy=d (11-11)
ox g ay 7 ox * ady yEae

the characteristics of the plane stress problem is then derived as,

b retorv) (11-12)
dx

From Eq. (11-12), the two families of the characteristics have angles F y with

the larger one of the principal stresses o, and ©,. The positive sign corresponds to
the o family of the characteristic lines, vice versa; the negative sign represents the
B family. The angle y is determined by cos2y = —m/n. It can be further derived
that

2mg +(n> —m*)"?In 2 =Constant  (along o line) (11-13a)

2mep —(n* - mz)l/2 In4 =Constant (along B line) (11-13b)
2. mn=0
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When m=0,n#0,Eq. (11-5) can be rewritten as

) 12
o o,-0, 5 (11-14)
F=nB=n 2 + 7y

Introducing another variable @, the stresses satisfying the yield condition Eq.
(11-14) are

ax=0'tw+%cos2¢ (11-15a)
O 11-15b
o, = 0,0 ——-C082¢ (11-15b)
n
o; .
="'gin2 11-15¢
Ty =, Sin2g ( )

Substituting Eq. (11-15) into Eq. (11.7), it is derived,

122 25102992 1 20520 22 =0 (11-16a)
ox dy dy

122 20052992 1 25in29 22 =0 (11-16b)
dy ox dy

Through similar derivation of the case nm # 0, the characteristics can be given
by

dy b4
Yol 0t ™ (11-17b)
dx g((p 4}
And
no + 2¢ = Constant (along o line) (11-18a)
nw —2¢ = Constant (along B line) (11-18b)

It can be seen from Eq. (11-17), the two family characteristic lines are
orthogonal, and both have an angle 4/m with the principal stresses.
When m#0, n=0, the yield condition can be written as,

FzmAzg(ax +0,)=0, (11-19)
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Introducing an variable A, the stress components satisfying the yield condition
Eq. (11-19) are

1

0. =— 0, + 10 c0S2¢p (11-20a)
m
o, =iat — Ao, co82¢ (11-20b)
m
7, = Ao sin2g (11-20c)
which derives,
(d)’ +(dy)* =0 (11-21)

It is known that dy/dx in Eq. (11-21) has no real root. However, due to the
simple expression of Eq. (11-19), the plane stress problem can be solved based on
the equilibrium equation (11-7) and the yield condition (11-19) directly.

11.3.2
Characteristics of Velocity Field

Again the analysis is categorized into two cases, i.e. mn # 0 and mn = 0.

1. mn#0
Based on the yield condition Eq. (11-5) and its associated flow rule, it has

OF 1 o, — 0o, (11-22a)
C=nN——=—|m+n
£ o, 2{ ((ax—ay)2+4rfy)l/2}
OF 1n o, — 0, (11-22b)
=np——=—|m-—n
b do 2{ ((ox—oy>2+4r§y)‘/2}
oF T
- -2 2ol (11-22¢)
I P e

in which 1) is a non-negative ratio.
Substituting Eq. (11-8) into Eq. (11-22), and representing the left-hand-side
strain components by velocity variables Vy and Vy, it is derived,

v,

- 2
(m—ncos2g) >

514
—(m+ncos2p)—X =0 (11-23a)
oy
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v, v
cos2p| Lo 2] ginag| e _0r 1, (11-23b)
dy  ox dy  ox

Besides, the differentiation of the velocity variables gives,

—Xdx+—>dy=dV, (11-24a)
ox ay 7 ¥
14 14
—ydx+—ydy=dVy (11-24b)
ox dy
The characteristics can then be deduced as
Q_—nsinZ(pi(nz—mz)l/2 (11-25)
dx m—ncos2¢

Eq. (11-25) has exactly same form with Eq. (11-12). It can be concluded that
the characteristics of the velocity field are consistent with that of the stress field.
The two family velocity characteristics are further derived as

dV,+dV, tan(p—y)=0 (along o line) (11-26a)

dV,+dV, tan(p+y)=0 (along line) (11-26b)

2. mn=0

It can be categorized into the following two cases:

(1) when m=0, n#0, based on the yield condition Eq. (11-14) and the
associated flow rule, the plastic strain components are given by

;Y = —aF = ﬂcoszw (1 1-273)
: do, 2

£ =nE T 052 (11-27b)
do, 2

é/xy = nnSin 2(/) (1 1-270)

Substituting the left-hand-side plastic strains by the velocity variables V, and
V,, the characteristic equations are derived as,

dy z
A += (11-27¢)
dx g((p 4}
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Eq. (11-28) is consistent with the characteristic equations derived for the stress
field. The two family characteristic lines are further deduced as

dV,+dV,tan(p+7z/4)=0 (along o line) (11-28a)

dV, +dV,tan(p —z/4)=0 (along B line) (11-28b)

(2) when n =0, m # 0, the differential equation is an elliptic type, which has no real
solution for characteristic lines.

The above developed characteristics for plane stress problems are suitable to
different materials. They degrade to the twin-shear characteristics derived in Chap.
10 if the parameter b is set to 1. The traditional characteristic theory based on the
Tresca criterion, the Mohr-Coulomb criterion, the von Mises criterion can be
approximated. If different parameter b is adopted, a series of the characteristic
lines can be obtained corresponding to materials with or without the SD effect.

11.4
Applications of the Unified Characteristics Field for Plane
Stress Problems

On the basis of the unified characteristics of stress and velocity fields, many
plastic plane problems can be studied.

Example 1

An infinite thin plate, having a circular hole with radius a (Fig. 11.3), is subjected
to a two-directional uniform tension ¢ at infinity. Find the limit load g, and the
corresponding stress distribution.

Fig. 11.3 An infinite thin plate with a circular hole under a two-directional uniform tension at infinity
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The present example differs from that discussed in Chap. 10. The unified
characteristic field theory is a straightforward extension if the parameter b is
incorporated into the twin-shear yield and strength criteria. The current result is
thus applicable to various engineering materials. Similarly, as the hole is free and
the plate experiences two-directional uniform tension at infinity, on the edge of the
hole there will be og> 0 and o,= 0 and at infinity there will be og= o,> 0. Thus
0g = 0, 2 0 holds in the whole plate.

For the stress state, the Yu unified strength theory has the following form,

F=md+nB=c, m=1t0=0b  _1¥btab C p<a<2T%p (11-200)
1+b 1=b o
F=mA+nB:a,,m:1,n:%, whenB< A< % p (11-29b)
= o

in which 4= (o, +0,)/2, B =[[(ax -0, )/2]2+ rnyl/z . Near the inner edge,

combing the above yield condition and Eq. (11-7) gives
6y = o [n(1= 1)+ mA] (11-30)
mn

Oy

— o[- 2)-ma] (11-30b)
mn
where on/2(m + o) < A < n/2, because

w =arccos(—m/n) (11-31)

y is the angle between the characteristic lines and G, then the differential
equation of the characteristics is derived as

12
L (11-32)
rd@ (n—m) /
The characteristic lines passing through A are then obtained,
_m)V?
gogtmm’, T (11-33)

212 o
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in which the o family may take the positive sign, while the  family takes the
negative sign. Along the path AP (o line), it has

2mg +(2(n—m))”’*In 2 = Constant (11-34)

Due to that (p=9+£,and a,|7 =0, we know ﬂ.Azﬁ.Thus,
2 r=a 2

n.a,
A=2C) (11-35)

Substituting Eq. (11-35) into Eq. (11-30) gives,

o—gzﬂ[1+m2_n(£)m} for a<r<c (11-36a)
m r
r:ﬁ{l—(g)m} for a<r<c (11-36b)
m r

With the increase of r, the difference of o, and Gy decreases until
A=omn/(2(m+o)), when

c=(l+m/a)"a (11-37)

Substituting Eq. (11-37) into Eq. (11-36), we have

(%)czﬂ[l+m_n a }: l+a (11-38a)
m 2 m+a m+a
(0,), =0, (m+a) (11-38b)

Fig. 11.4 and Fig. 11.5 plot respectively ¢=(o,)./0, and q=(0,)./0,
versus the parameter b.
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When r > ¢, the stress states on the plate satisfy the yield condition Eq. (11-29b).
The characteristics do not exist. The stresses can be solved directly from the
dynamic equilibrium equation

do, , 9, =0 _ (11-39)
dr r

and the yield condition (11-29b) as follows,

2

a,z(p—at)(c/r)m+at forr>c (11-40a)
2
-1 = -
agzn—(p—at)(c/r)”” +o, forr>c (11-40b)
1+n
in which p=(o,)., and the limit load is obtained as
4,=0,|,_.=a (11-41)
For the special case of 5=0, and m=n=1, the yield condition becomes,
F=4+B=0, (B<A) (11-42)

Due to y = (1/2)arcos(-1) = m/2, the two family characteristic lines overlap each
other and they are parallel to the principal stress G;, namely the characteristic lines
are a family of radial lines and the stress components are,

Oy =0y (11-433)

o.=o/(l-alr) (11-43b)

Example 2 A trapezoidal plate under compression

Fig. 11.6 shows a symmetrical trapezoidal plate under compression. The angle
between the two extended sides is 2&.
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Fig. 11.6 A trapezoidal plate under compression

If the plate is subjected to a uniformly distributed pressure at the top, the limit
load, based on the unified characteristic theory, can be derived as

=D(n+m)—(n—m)

s , (11-44)
in which

D =exp2m{ [(n* —m*)1?) (11-45)

m=(b—a— ab)/(1+b) (11-46)

n=(b+a+ab)/(1+b) (11-47)

o, and o, are respectively the uniaxial tensile and compressive strength of the
material, o0 = 6, /G, . It is seen that the limit load is derived when m#0, nztm.
Obviously m#n. For the cased when m=0 corresponding to b=o/(1-ot) and n=-m
corresponding to b = 0, the limit load can be approximated by,

limoq=2(1+§)at/n=(1+§)at/a (11-48)
m—
limg=o0,/a (11-49)
m—0

respectively.

Through the above analysis, the limit load with respect to the Mohr-Coulomb
criterion (b = 0) can be approximated by the unified characteristic field theory. For
different parameter b, the limit load differs. Fig. 11.7 plots the relationship
between the limit load ¢ and the parameter b.
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Fig. 11.7 Limit load g versus unified strength theory parameter 5 when o. = 0.8

11.5
Discontinuous Bifurcations of Elasto-plastic Material for
Plane Stress

During the process of the elastic-plastic deformation, the continuity of velocity
vanishes when it is passing the certain characteristics surface, with the
development of the deformation, namely, the phenomenon of discontinuous
bifurcations is produced. Hill (1958), Marciniak and Kuczynski (1967), Storen and
Rice (1975), Rudnicki and Rice (1975), Hutchinson and Tvergaard (1980, 1981),
Tvergaard, Needleman and Lo (1981), Raniecki and Bruhns (1981), Bruhns
(1984), Li (1987), Runesson and Mroz (1989), Hill and Wu (1993), Zyczkowski
(1999) et al. have done extensive researches for the discontinuous bifurcations.

In 1991, Ottosen and Runesson (1991) put forward a general description of
discontinuous bifurcations for the plane problem of isotropic and elastic-plastic
body plane problem, obeying the Mohr-Coulomb yield. criterion. Hill and Wu
(1993) used the Ashton-Warren Spring yield equation. It is a non-linear yield
equation, in which the maximum principal stress ¢; and the minimum principal
stress 03 are taken into account. Zyczkowski (1999) studied the discontinuous
bifurcations in the case of the Burzynski-Torere yield criterion.

The corresponding properties of discontinuous bifurcations have been obtained
for the specific yield criterion and plastic potential function. But the maximum
critical hardening modulus is not unique.

For selection of the yield function, the intermediate principal stress is not
considered in Mohr-coulomb Strength Theory, and this theory can not match the
experimental results of much materials. Since the differences between compressive
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meridian and tensile meridian of limit surface can not be reflected in the
Drucker-Prager criterion, there are some deficiencies in using the criterion in
practice. The twin-shear strength theory (1985) takes the influence of the
intermediate principal stress into consideration, but it can only be used for the
materials that the shear strength limitation 7y, tensile stress limitation oy and
compressive strength o satisfying the equation 7y = 26y0../2(20¢tov). Furthermore,
some corner models are proposed, but there is no clear physical conception for
mathematical data-fitting of testing point for certain materials. The unified strength
theory (Yu and He 1991; Yu 1994; Yu 1998) has a unified mechanical model, gets
over the disadvantages of the former simplex strength theories. It can be adapted
for many kinds of materials, and make the former simplex strength theories to be
its special samples or its linear approach. Therefore, the Yu unified strength theory
is adopted to analyze the discontinuous bifurcations of materials for plane stress
problem.

The discontinuous bifurcations can be described as follows. Take account of a
macro-symmetrical solid subjected to uniform load, with the increasing of the load,
when the discontinuous bifurcation occurs, the strain rate is not continuous any
longer as passing the local banded area. The discontinuous of strain rate must
satisfying Maxwell compatibility condition:

[é]=%(m®n+n®m) (11-50)

Where, [ ] denotes the difference produced by discontinuity, ® denotes the Dyad
tensor, m is a vector describing the mode of discontinuity of strain rate, n is the
unit normal vector of local band area.

According to the different directions of m and n, two kinds of discontinuous
bifurcations will occur, named split mode and shear band mode, represent the
bifurcation mode when m and n are parallel or not parallel with each other,
respectively.

For the standing out of the key points, Ottosen and Runesson (1991) assumed
the deformation is small, uniform temperature is independent with the strain rate,
described the properties of discontinuous bifurcations of elastic-plastic materials
under plane stress, proposed the maximum critical hardening modulus when the
discontinuous bifurcations occur. Because the hardening modulus is not unique,
unify them and get the unique maximum critical hardening modulus

Hdb:maXHcr(n) (11—5])

Where, the critical hardening modulus

H . ==B;Djjy Oy + 1 Dy Qo Ry Dyt (11-52)

mn=—m
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The Einstein sum criterion is satisfied (in this chapter, all the Latin letter of
subscripts is 1 or 2). Hy, being larger, equal or smaller than 0 represent the cases
that the material is at the plastic hardening state, ideal plastic state and plastic

softening state respectively, as the discontinuous bifurcations occur. D;k, is the

symmetric elastic stiffness tensor. For the plane stress problem of anisotropic
materials,

) . 2 (11-53)
Dy = (648 jl +6461) + :ayak,

where, L is Lamé constant, v is Poisson’s ratio, and generally, 0 <v < 0.5.
Introducing new expressions,

oG
s szzi

80‘l~j

oF

30',-]-

_OF

IF JG.
Y aaij

do;;

1| 1+v
ST T (1154

where F, G are yield function and plastic potential function, and the symbol || ||

is the norm of the tensor.

Apparently, from Eq. (11-51), the initial azimuth angle and its corresponding
plastic hardening modulus can be determined. If the vector is known, the
discontinuous vector of strain rate m can be expressed as

m=2n-g—(1+v)(n-g-n)n+v(trg)n (11-55)

where, the symbol ‘tr’ denotes the trace of the tensor.

11.6

Discontinuous Bifurcations of Non-associated Flow
Elasto-plastic Materials based on Yu Unified Strength
Theory

Select the Yu unified strength theory as the strength theory model. The Yu unified
strength theory can be expressed as follows,
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F=(1+b) (1+sin ¢) o1 —(1-sing) (bo, +03)=2(1+b) c cos ¢ =0
When 02S%(0'1+0'3)+Si—lzl¢(0'1—0'3) (11-562)

F'=(1+sing)(oy +boy) —(1—sing) (1+b)o3 —=2(1+b)ccos =0 When
022%(01+03)+¥(01—03) (11-56b)

where, ¢ and ¢ are cohesion and friction angle, respectively. The parameter in the
Yu unified strength theory b is referred as the unified yield criterion parameter; it
is also the parameter of effect of intermediate principal stress

_ (+a)ry —o, (11-57)

o — 7

b

Generally, 0 <b < 1. b can also be the selection parameter of strength theory.
For a certain material, oy, oy and 7( are determined from the experiments and from
Eq. (11-57), the corresponding value of b can be calculated. Substituting this value
for b in Eq.(11-56), the strength theory fit for this material can be obtained.

For the case of non-associated flow, the plastic potential function and yield
function have the same mode and the different friction angle generally. Therefore,
let

my=(1+b)(1+sing), my=>b(sing—1), my=sing—1 (11-58)
Li=l+sing, [=b(l+sing), [3=(sing—-1)(1+b) (11-59)
m'=(1+b)(1+siny), my'=b(siny—1), my'=siny -1 (11-60)

L'=14siny, L'=b(l+siny), L'=(siny—1)(1+5) (11-61)

Incorporating Eq. (11-46), then

F=mo+myoy +mopy —2(1+b)ccosg =0,
sz'10'1+m'20'11+m'30'111
1

O-IISE(O-I+O-III)+

sin¢( B )
5 917 %m (11-62a)
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Fleo'[+120'H+]30'm—2(1+b)ccos¢ :O,G:l'10'1+l'2(711+l'3 o

1 sing
cr225("1"'0111)"'

(o1—0om) (11-62b)

where, o} = oy 2 oy are the principal stresses. For the plane stress problem, let the
direction of coordinates coincide with the principal direction and o, 2 o,, and
assume tensor P, Q have the same direction, with the satisfying of P;> P,, 0,2 0,.
Therefore, three cases can be discussed respectively:

1. the case of o, = 0,2 0, from Eq. (11-62), we can obtain,

F=mo +myo,—2(1+b)ccosgp=0, G=m'oj+m',0,, (11-63a)

1 .
when o, < 5(1+s1nq))al

F=loj+lLo,—-2(1+b)ccosp =0, G=I} 0, +I'y0,,when  (11-63b)

o, <

: (1+sing)o,

N | =

Therefore, when o, < (1+sing)o, /2,

my (11-64)

where,

Rzm, R = fml+m? (11-65)
Since P, > P,, 0, > 0,, and
Zmym\—mym'y—mym'y 20, mymy +m,m; —2mym'’, <0 (11-66)
Therefore, from Eq. (11-51), we can obtain,

2 11-67
tan26 = 2mym' —mym'y—momy  Hy 1+v (mym'y—mm', ) ( )

2mym'y—mym'y—mym'y 24 ARR' (my—my )(m—m'y)

Apparently, the hardening modulus when the discontinuous bifurcations occur
Hy, > 0, namely, the bifurcations occur at plastic hardening or ideal plastic state, and
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the bifurcation mode is shear band mode. With ignoring the different tensile and
compressive property (¢ =y = 0) of materials, the relationship between the initial
bifurcation angle 6 and the parameter of the unified strength theory b can be shown
by Fig. 11.8. The parameter b is also a influence parameter of intermediate
principal stress.

241
22
201
18-
16
14
12 1
10

tan?@

6‘: " w—a—= 8

Fig. 11.8 Influence of the intermediate principal stress on the initial direction of discontinuous
bifurcation

When o, (1 +sin¢)0;/2,

!
, B=2, g=-1, g,=12 (11-68)

poh
S S

where,
S=\R+12, §=\12+1% (11-69)
When 0<b<1, and since P> P,, Q1> Q,, and
L+ Lly=2015 >0 (11-70)
Then, from Eq. (11-51)

o=90". Hav __(14,)hl2 (11-71)
2u SS"
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Due to Hy, < 0, the discontinuous bifurcations don’t occur at the plastic
hardening state, and the bifurcation mode is split mode. When b=1, P;=P,, Q=
0>, the direction of bifurcation is arbitrary. When b=0, as the intermediary of the
two modes, the mode of discontinuous bifurcations belongs to either split mode or
shear band mode.

2. case of 0,= 0 2 o,, when o,> (1+sind)o/( sing-1), through analysis, we can
obtain

2 11-72
tan? g = 2 mm = mymy - Hgy  1+v (mym';—mym 3) (11-72)

2mym y=mym y=mymy " 2u - ARR' (my—my)(my=m'y)

where, R=\Im12+m32 s R'=Jm'12+m'§ , from Eq. (11-72), Hg = 0, the

bifurcations occur at plastic hardening or ideal plastic state, and the bifurcation
mode is shear band mode. With ignoring the different tensile and compressive
property (¢ = ¢ = 0) of materials, the relationship between the initial bifurcation
angle 0 and the parameter of the unified strength theory b can be shown by Fig.
11.9.

2.0
1.8+

1.6

tan26

1.4
1.2

1.0 1

T T T T T T

0.0 0.2 0.4 0.6 0.8 1.0
b

Fig. 11.9 Relation of the unified strength theory parameter » with initial direction
of discontinuous bifurcation

When o, < (1+sind)o/( sing—1),

WU Hyy 1y (=) (11-73)

tan’6 = s =
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where,S:\/llz+l32 , S'= 1'12+l'2 , from Eq. (11-73), Hg = 0, the bifurcation

mode is shear band mode. With ignoring the different tensile and compressive
property (¢ =y =0) of materials, the relationship between the initial bifurcation
angle 6 and the parameter of the unified strength theory b can be shown by Fig.
11.10.

1.0
0.9

0.8

tan26

0.7 1
0.6 -

0.5

T T T T T T

0.0 02 0.4 0.6 0.8 1.0
b

Fig. 11.10 Relation of the unified strength theory parameter b
with initial direction of discontinuous bifurcation

3. case of 0= 0|2 0,, when 0, 2(1 +sin¢)oy/2, by calculation, when 0<b<1,

o0=0°, Hav __(11,)mm> (11-74)
2u RR'

where, R=\Im§+m32 s R'=\/m'%+m'§ , from Eq. (11-74), Hyg < 0, the

bifurcations occur at plastic softening or ideal plastic state, and the bifurcation
mode is split mode (also shear band mode, as b=0). When b =1, an arbitrary
direction can be the initial direction of the bifurcation, belonging to split mode, and
the corresponding hardening modulus is

Hyp )mam'3

mom'
=—(l+v)——2=—(1+v PR (11-75)

RR'
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When o, > (1+sind) o, / 2, by calculation,

2, _ 2bl'=bl%=hlY
PIATSNTNNIN (11-76)
Hy _1+v (K151l
2u 48" (L =b)(1-1Y)

where, S =\1122 +l32 , S'= l'§+l'2 , from Eq. (11-76), Hg, > 0, the bifurcations

occur at plastic hardening or ideal plastic state, and the bifurcation mode is shear
band mode. With ignoring the different tensile and compressive property (¢ = y =
0) of materials, the relationship between the initial bifurcation angle 6 and the
parameter of strength theory b can be shown by Fig. 11.11.

0.6 -
0.5 1
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tan2@
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o0 02 04 06 08 1.0
b

Fig. 11.11 Relation of the unified strength theory parameter b with initial direction of
discontinuous bifurcation

The results produced by the Yu unified strength theory above show that the
initial angle of bifurcation obtained as »=0 is just the solution of Mohr-Coulomb
strength theory (1900); the angle obtained as b=0, ¢ =0 is just the solution of
Tresca (1991) yield criterion and the angle obtained as b=1/2, ¢ =0 is the linear
approach of the solution of Huber-von Mises yield criterion.
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11.7
Discussion and Experimental Verification

11.71
Discussion

Assume the material satisfy the associate flow law. A special case is discussed in
this part and compared with the existing unified plane stress characteristics field
theory (Yu et al. 1998, 1999).

Define A = (0,%0,) / 2, B = (0,—0,) / 2. For plane stress problem, materials are
assumed satisfy the associate flow law, following conclusions are drawn:

For 6,2 0,2 0 (viz. A 2 B), when o, < (1+sin ¢)0,/2, it is equal to A < (2+o)B /
a (o is the tension-compression ratio), discontinuous bifurcations are shear band
mode. From Eq. (11-67)

tanZo = -1 (11-77)
my

then

cos20 =—

(11-78)

Here, sinp = (1-a)/(1+o) is used. In such a stress state, the angle of
characteristics is given by unified characteristics theory as follows

0526 =—% (11-79)

where, m=(1+b—ab) / (1+b), n=(1+b+ab) / (1+b). It is obviously that Eq. (11-78)
and Eq. (11-79) have given the same result.

When 0,2 (1+sing)o/2 (viz. A 2 2+a)B / o), if 0 < b < 1, discontinuous
bifurcations are of split mode. In such a stress state, when 0 < b < 1, from the
unified plane stress characteristics field theory, we know that there is no
characteristics, because there is no root for the characteristics angle cos20 = —(1+b)
/ (1-b). When b=0, these two will give the same results.

The same conclusion will be drawn for the two cases of 61> 0 > 0, (A < B), and
0202 0,(A<-B).

From the above analysis, following conclusions can be obtained: In the plane
stress state, shear band mode bifurcations is the same with the characteristics in
essence. Angle of the unified characteristics given by Yu et al. (1999) can be
obtained by the degeneration of the angle of shear band. So, the bifurcation theory
can be used to analyze the characteristics.
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11.7.2
Experimental Verification

A rectangular thin plate, made of PVC hard plastic, is subjected to uniform tension
on two short sides as shown in Fig. 11.12. Unixial tensile strength of the PVC
material: o = 5.886kN/cm’; unixial compressive strength: o, = 7.575kN/cm?;
tension-compression ratio: a.=o,/0,=0.777.

When subjected to tension, local slip band, which has the angle 6=61°with the
tensional direction, appeared in the specimen. Based on the present unified
characteristic field theory, with different b, the result of the characteristics will be
different and a series of solutions can be obtained. On the other words that
different strength theory will lead to different azimuth angle of shear band.

Localized shear band on the plate is observed after the stretching. The angle 6 of
the shear band from the force direction is 60°. From a back analysis, the angle 0 is
determined as 60.97° when b = 0.675. It implies that the commonly used
Mohr-Coulomb criterion may give very different prediction (48.60° for this
example) of the shear band direction. It can not coincide with the experimental
result. So, »=0.675 is used to simulate the PVC-like material, viz. the strength
theory of 5=0.675 can be used for shear band analysis of this kind of material.

R

Fig. 11.12 Rectangular thin plate subjected to tension
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In this section, unification of the maximum critical hardening modulus has been
done for the discontinuous bifurcations of elastic-plastic materials. Based on this
unification, the phenomenon of discontinuous bifurcations has been investigated
and obtained the initial azimuth angle and unified analytical model of the
corresponding hardening modulus of discontinuous bifurcations under the
non-associated plastic flow condition. This solution can be adapted for many kinds
of materials and make the former simplex strength theories to be its special
samples or its linear approach.

Through the analysis of the results we can know that the isomerism of
compression and tension and the intermediate principal stress have so great
influence on the discontinuous bifurcations that govern the stress state. Therefore,
these two factors above can’t be ignored during the analysis of the bifurcation, or
else the results obtained can’t accord with the results of actual practice.

On the other hand, the influence of different strength criterion to the
discontinuous bifurcations of elastic-plastic materials can be established by giving
different value of parameter . A conclusion can be drawn that the influence of
strength criterion is relative to the stress state of material. Actually, the value of
parameter b can be calculated from Eq. (11-57). Substituting it in the unified
solution, the properties of bifurcation fit for the material can be obtained.

Comparing with the theory of characteristics field of plane stress, we can know
that the discontinuous bifurcations of shear band mode of plane stress coincide
with the characteristics. Thus, the theory of bifurcation can be adopted to analyze
the characteristics. Similar discontinuous bifurcations for plane strain problems can
be seen in Chapter 9.

Summary

Based on the unified strength theory the unified characteristics field theory for
plastic plane stress problem is described in this chapter. It is the unification of the
plastic characteristics methods based on the Tresca criterion, the Huber-von Mises
criterion and the twin-shear yield criterion. A series of new results can be also
obtained by using the unified characteristics field theory. The strength-differential
effect (SD effect and the effect of intermediate principal stress are taken into
account in the unified characteristics field theory.

The unified solutions of two examples, i.e. an infinite thin plate with a hole and
a trapezoidal plate under compression, are given. It concludes a series of new
results.

The discontinuous bifurcations problems under plane stress are also studied by
using the unified strength theory in this chapter.
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Problems

Problem 11.1
Derive the characteristics field for plane stress problem by using the
Mohr-Coulomb strength criterion or the Yu unified strength theory with b=0.

Problem 11.2
Derive the characteristics field for plane stress problem by using the twin-shear
strength or the Yu unified strength theory with b=1.

Problem 11.3
Derive the characteristics field for plane stress problem by using the Yu unified
strength theory with b=0.5.

Problem 11.4
Discuss the discontinuous bifurcation based on the Mohr-Coulomb strength
criterion or the Yu unified strength theory with b=0.

Problem 11.5
Discuss the discontinuous bifurcation based on the twin-shear strength or the Yu
unified strength theory with b=1.

Problem 11.6
Discuss the discontinuous bifurcation based on the Yu unified strength theory with
b=0.5.

Problem 11.7
Discuss the discontinuous bifurcation for plane strain problems (see chapters 8 and
9) based on the Yu unified strength theory with b=0.5.
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12 Unified Characteristics Line Theory for Spatial
Axisymmetric Problem

12.1
Introduction

The twin-shear slipe-line field and the unified slipe-line field theory for plane
strain problem and the twin-shear characteristics field and the unified
characteristics field theory for plane stress problem have been described in
Chapters 8, 9, 10 and 11. It can be applied to metal plastic forming, the limit
analysis of structure in civil engineering and mechanical engineering. The partial
differential equations of the axisymmetric problem are not exactly hyperbolic, they
may be elliptical and parabolic. The two families of characteristics lines of the
parabolic functions become one family, and there are no characteristics lines for
the elliptical equations. The characteristics line field theories of the spatial
axisymmetric problem is more complex. It is difficult to solve analytically, and
still remains open.

A lots of simplified methods were used to discuss the characteristics line theory
of spatial axisymmetric problems. Levin (1953), Shield (1955) and Kachanov
(1971) et al. used Haar von-Karman complete plasticity condition and the Tresca
criterion. They studied the indentation problem of a punch, and assumed that
circumferential stress o, is equal to one of the other two principal stresses,
namely o, = oj0r g, = 0. The results of the characteristics line theory, however,
did not agree well with the reality (Hill 1950). Szczepinski (1979) used the
hypotheses o, = o, and the Tresca criterion to study the characteristics line theory
of spatial axisymmetric problems. After that, the infinite differential method was
also used for spatial axisymmetric problems (Shield 1955).

Based on the same method, Cox analyzed the limit loading capability of
cohesive circular smooth soil foundations (¢—¢ soil and p =0). Larkin analyzed
circular shallow soil foundations (p =0) when ¢=0. The above analyzed results
were summarized by Chen (1975). Shield and Cox used the single-sheer strength
theory (Tresca-Mohr-Coulomb theory) and the hypotheses o, =0, <o, of Haar
and von-Karnam.

Some axisymmetric characteristics problems were solved by Ishlinsky (1944),
and Sokolovsky (1942) using the Mohr-Coulomb theory. Figs. 12.1 and 12.2 show
the two examples of axisymmetric characteristics field (from bepesannes 1960).
Figure 12.3 is an example of the axisymmetric characteristics for a long-rod
penetration in concrete target (Yu, Li, Wei and Chen, see Yu 2002a).
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Fig. 12.3 Axisymmetric characteristics field of a long-rod in normal penetration

Most solutions can be adapted only for the Tresca material and the Mohr-
Coulomb material

A unified characteristics line field theory for axisymmetric problems which can
be adapted for more materials was introduced by Yu et al. in 2001 (Yu, Li and
Zhang 2001). It is based on the peculiarity of spatial axisymmetric plastic problems
and the unified strength theory.

The stress field and velocity field of the unified axisymmetric characteristics line
field theory are described in this chapter, and two examples by using the new
characteristics theory for axisymmetric plastic problem are given. The unified
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axisymmetric characteristics line field theory is also used to solve the high velocity
impact problem. The normal penetration of a long-rod under high velocity is
described in this chapter.

12.2
The Unified Strength Theory

The Yu unified strength theory has been described in Chapter 4. The mathematical
expression of the unified strength theory is

+

fzal_%(bgﬁ%):gt when o, < ZL2%% (1o 1)
1 +

1 =m(o-1 +bo,)—aoy; =0, when o, > T %% (12-1b)

The unified strength theory can be expressed in terms of internal cohesion ¢
and the friction angle ¢ as follows
1 1 .
fZ[q—m) (boyt oy)]+ [O'1+1+—b (bo,+0y) Ising,= 2¢,c08s gy
o1to3 n 0,—03
2

or when  o,<p+Rsin g, (12-2a)

when o,< sin g

f'= [ﬁ(o] +bo,) - 0'3]+[ﬁ(0'1 +bo,)+ o3]sin gy =2c,cos ¢ -

O'1+O'3+O'1—O'3
2 2

or when o, <p+ R sin ¢, (12-2b)

when o, 2 sin g,

The relations among c,, ¢, and the other parameters of material are shown as

1-sin 2¢, cos
g=—2f g = Z0TRR (12-3)
1+sin ¢, 1 +sin ¢,

It is shown that the unified strength theory consists of a series of strength
theories from the single shear strength theory (lower limit, Mohr-Coulomb 1900)
to the twin shear strength theory (upper limit, Yu 1985). The variaties of yield loci
of the unified strength theory on the deviatoric plane have been illustrated in
Figure 2 in Preface and Fig. 4.7, 4.8 in Chapter 4.

12.3
Unified Characteristics Line Field Theory for Spatial
Axisymmetric Problems (Stress Field)

There are four non-zero stress components o, ,0, ,0, andz,, in the axisymmetric
problem, the circumferential stress ¢, must be one of principal stresses.
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According to the stress state of a spatial axisymmetric problems, we introduce a
parameter m for circumferential stress o, (0<m<1)

o1+, )

0y = o5+ m( —oy)=o03+m (12-4)
For the axisymmetric problem, we define
O'l + 0'3 0'1 - 0'3
P= ,R= (12-5)
2 2
The following relations can be derived
o, =P+R 0, =0,=P+(m-1R o, =P-R (12-6)
The stresses of the problem can be expressed as
o, =P+ Rcos26
o, =P—Rcos26
(12-7)

7,, = Rsin26
og=P+(m—-1R

where 6 is the angle between the directions of the maximum principal stress and
axis 7.

Using the first expression of the unified strength theory Eq.(12-2a) because the
intermediate principal stress is o, = 0, = P+(m—1)R <P +R sin g,

Substituting Eq. (12-6) into Eq. (12-2), the unified strength theory for spatial
axisymmetric problem is obtained as follows

_ 2(1+b)sing, P 2(1+b)cycospg
2(1+b) + mb(singp, —1) 2(1+b)+ mb(singpy —1)

(12-8)

The expression of the unified strength theory for spatial axisymmetric problem
can be simplified to the simple expression as follows

R=-P sjn?’uni +Cyni COS Pyp; (12_9)

where sinQyi and Cyy; are the unified material parameters introduced from the
unified strength theory by Yu et al. (2001) for spatial axisymmetric problem. The
parameter @uni and Cyy; are referred to as the unified friction angle @ and the
unified internal cohesion Cy;, respectively.

2(1+b)sin ¢, , (12-10)
2(1+b) +mb(sin ¢, —1)

Smn Puni =
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_ 2(+b)ycosgy 1 (12-11)
2(1+b)+mb(singy—1) cos @,,,,;

uni

When m =0.5, singyyjand Cyyican be expressed as

2(l+b) sin ) , (12_12)
2(1+5)+0.5b(sin gy —1)

S, =

- 2(1+b)C0 CoOs @y . 1 (12_13)
w1 +b)+0.5b(Singy —1) 008 g

The relations between the unified material parameters @,,; and C,,; and the
conventional material parameter ¢, and C, are shown in Fig. 12.4 and Fig. 12.5.
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Fig. 12.4. Relation between unified cohesion Cyyi and b
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Fig. 12.5. Relation between unified internal friction angle @uni and b

When stress P presents compressive stress, the Eq.(12-9) changes to
R=Psing,,;+c¢,,;C0S ¢,,i (12-14)

The equilibrium differential equations of the axisymmetric problem are shown
as

do,. oJr c,—0,
ar Jz r }
0"0'2+87,Z+i:0

Jz ar r

(12-15)

Substituting Eq. (12-7) and Eq. (12-14) into Eq.(12-15), the governing
differential equations are expressed as

0

. R 1
& Sin 26) —7(m 1—cos 26)

IP . oP . . 0
5 (I+sin ¢,,;,;008 26) +5 Singy,,; sin 26 +2R (72 cos 26—

oP . . oP, . 0 9 . __R..
Ws1n¢:ms1n2¢9+g(l smqoumcosZe)+2R(£cos26+ﬁsm26)— rsm29
(12-16)

Assuming that functions P and 6 are given respectively along some curve
z=1z(r) in the roz-plane, we get
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sza—Pdr+8—sz, d6=ﬁdr+ﬁdz (12-17)
ar dz ar Jz
Eqgs.(12-12) and (12-13) constitute a system of four linear inhomogeneous
algebraic equations for the partial derivatives. The characteristics line equations of
the solutions can be given, let the determinant of the algebraic and the relavant
numerators are zero.
Letting the determinant of the system equal to zero, we obtain the differential
equations of the characteristics lines as follows

d.
a line group: d_z =tan(@ — u) (12-18a)
r
. dz
B line group: e tan(6 + u) (12-18b)
r

There exist two families of characteristics lines, where the parameter 2u is the
angle between the characteristics lines a and f and the relation between parameters
sand gy, is

T Puni.
H=377

According to the direction derivation formulas

J . d . J .

— =[sin(@ +x) —— —sin(@ —u) ——] /sin2 -

En [sin(6 + u) 35, (6 —u) asﬁ] H (12-19a)
J J d .

—=—[cos(@ +u)———cos(8 —u)——1] /sin2 -

. [cos(@ + ) 35, (6 —u) asﬁ] yZ (12-19b)

where S, and S, are the convected coordinate system of the characteristics lines
a and g, respectively. Therefore, the unified characteristics line equations are
introduced as follows

. P R . R
sin2u —ZRi:—(m—l)(cosmz 9z +sin2u i)+—£
o aSa r o o r aSa
o line group (12-20a)
Sinz,uLP—ZRi=—£(m—l)(C052,u oz —sin2u oy R_o=
IS4 Ay r ISg dSs 1T IS
A line group (12-20b)

It is the stress field of the unified characteristics line theory for axisymmetric
problem.
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12.4
Unified Characteristics Line Field Theory for Spatial
Axisymmetric Problems (Velocity field)

The associated flow rule is

def =dr-2L (12-21)

The unified strength theory of the spatial axisymmetric problem can be
derived from the Eq. (12-3) and Eq. (12-8)

fzé(o-r +0'9)Sin¢uni_1 ’(O';_zobjz +Tr22 +Cuni O()S(oum'zo (12_22)

Under the small deformation condition, the strain rates can be expressed as
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From Egs. (12-21), (12-22), (12-23) and Eq (12-10), we can get
&= —%(Sin(pum—cos%) (12-24a)
&= _% (sing,, +c0s26) (12-24b)
A, = Asin26 (12-24c¢)

where 6 is the angle from the direction of principle stress o, to the direction of
axis 7.

When the angle between the characteristics line ¢ and axis 7 is denoted by vy,
the relation between ¢ and @ is shown as

= =y + (& —Luni 12-25
0=y +u=y+(G 731 ( )
Substituting the above relation into Eq. (12-20) derives

é.‘r :_%[Sin Puni +sin (2‘//_¢uni)] (12-263)
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&, =—2[5in 9y — SN —,)] (12-26b)

2
ﬂ“rz =1 COS(21// - ¢um‘) (12-26C)
When one of the characteristics lines « or g overlaps with axis », namely

w =0 ory= —(g— @uni) » EQ- (12-21) can be simplified to

Ju

=2, =0 or é = ~0 (1227
ar

Ir v =0
It shows that the strain rate is zero along the direction of the characteristics lines.

If the velocities along the characteristics lines « and g are denoted by V, and
Vs . the velocities along axes r and z are denoted by u and w , respectively, the

relations among them can be expressed as

V, sin(y+2u) -V, siny
u= : s (12-28a)
sin2u

V, cos(y+2u) = Vg cosy
w=

“in2a (12-28b)

It can derive the following equations by getting differential with respect to r and
combining with Eq.(12-22)

v
) ey cotou [ oy ese2u [ 22| =0
ar | ar ) or | ar ) _
v=0 v=0 w=0 y=0

(12-29)

From the above equations, the velocity equation along the characteristics line «
and line B are obtained as follows

a line group: v, +‘:Va CO{% _(IJuni)_Vﬁ csc(’—zz _¢um):| dy=0 (12-30a)
B line group: v +|:V0( csc(’é —(ﬂum)—VﬂCOt(% _¢uni):| dy=0 (12-30b)

It is the velocity field of the unified characteristics line theory for axisymmetric
problem.
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12.5
Applications of the Unified Characteristics Field Theory

Example 1. Circular Cone under Compression

A circular cone under compression is shown in Fig. 12.6. The top radius of the
circular cone is 20mm and the side face at rest has the oblique angle 45° from
axis r. The material parameters are: E =210 GPa, Cy=120MPa, and ¢,=0.
Assuming that the contact surface is smooth, determine the characteristics
line field and the limit loading of an circular cone during compression based
on the unified characteristics line field theory.
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Fig. 12.6. Characteristics line field of circular cone under compression

Only the right part of the cone should be considered because of axisymmetry.
Due to ¢, =0 it can be obtained that ¢, = 0 and x = ﬁ, which shows that the
characteristics lines are orthogonal with each other. According to this condition ,
the characteristics lines can be expressed as

dz e
o line group: — =tan(6 ——) (12-31a)
dr 4

. dz r
B line group: —=tan(6 +—) (12-31b)
dr 4

It can derive the governing differential equations

29 R ar Jdz
+

P
o line grou —2R =—[(m-1 12-32a
growp =20 = hn DL —SE) (12320
P 20 R J d.
B line group: + 2R =T [(1l-m)——+ (12-32b)
95, Sy, 1 Sy S,

If the parameter m is 0.5, the differential terms in Eq. (12-32) are substituted by
differential coefficient terms and Eq. (12-32) can be solved by numerical integral.
The stress field is divided into three regions I, II and III, which correspond to the
sides AB and AC, AC and AD, AD and AO, resperctively.
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Firstly, we begin to construct the characteristics line field of the region I from
no-stress side AB and get the values P and 6 of the region. There are P=-R,

O,

1 =0,=0,0,=2R andaz%r on the side AB.

Secondly, for the singularity of point A, the characteristics lines field of the
region II is constructed with lines @ and lines g which is orthogonal to lines c.
The two families of lines form a center fan of characteristics line at point A.

Finally, we can find that the characteristics line field of the region III is
dependent on the sides AO and AD, and the value 6 is zero along the side AO.
Therefore, the values P and 6 can be derived in the region II. If the total loading
acted on the top surface is divided by the area of the surface, the ultimate pressure
q can be obtained. The unified characteristics line field with »=1 is shown in
Fig. 12.6 for the circular cone of top angle 45°.

In order to confirm the results of the theory, the elasto-plastic finite element
program UEPP based on the unified strength theory (UST) is used to compute the
limit loading q of the same cone. The relation between limit loading ¢ and
parameter b is shown in Fig. 12.7 with the two methods. Curve 1 is the solution of
the characteristics line theory for spatial axisymmetric problem, curve 2 is the
result from finite element method; curve 3 is the solution of the slip line theory for
plane strain problem.

From the Fig. 12.7, we can find that the result from the characteristics line
theory are very chose to those from the two computer programs . When b = 0.8,
the limit loading with the new method is close to the experiment data in Suh, Lee
and Rogers (1968).
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Fig. 12.7. Relation curves between limit loading ¢ and strength criterion parameter b

The relation between loading ¢, and displacement § at the top point A is
calculated with the finite element program UEPP. The two curves in Fig. 12.8 show
that the limit loading of spatial axisymmetric problem (curve 1) is little bigger than
that of plane strain problem (curve 2), which are close to the results in Fig. 12.7.
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Fig. 12.8. Relation curves between displacement & and loading ¢ ,

Example 12.2. Semi-Infinite Body under the Circular Punch Pressure ¢

A semi-infinite body under the circular punch pressure ¢ on the free surface is
shown in Fig.12.9. The radium of the pressure region is 2m. The parameters are
¢o=0.3MPa and ¢,=15".

The right part of the characteristics line field is shown in Fig.12.9 when
b =1(the twin-shear strength theory, Yu 1985). The relations between g/cqand
b is shown in Fig. 12.10. They are obtained by using the unified characteristics
line field theory (curve 1) and the unified slip field theory (curve 2). The solution

at b =0 (q/co=13.9) in Fig.12.10 is the complete solution of Cox (1961), which
is based on the Haar von-Karman condition and the Mohr-Coulomb strength
theory .

q

e

Fig. 12.9. Semi-infinite body under the compression and the characteristics line field
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Fig. 12.10. The relation between the limit loading ¢ and the parameter b

A series of results can be introduced for the SD materials with the different
tensile-compression strength (¢, # 0) and the non-SD materials with same tensile-
compression strength ( ¢, =0) by the unified characteristics line field theory. The
solutions of the Mohr-Coulomb material and Tresca material are special cases of
the solutions of the unified characteristics line theory.

12.6
Penetration of High Velocity Rod to Target

12.6.1
Penetration problems of long rod

Much research has been reported on impact and penetration problems because of
their importance in modern engineering applications and protective engineering.
Due to the experimental, analytical and computational complexities involved in
general cases, attention has been paid to the penetration of a long-rod, with
different impact velocities, into a target. Studies on this subject are mainly based
on tests and supplemented with analytical or numerical methods. The analytical
models began with the work of Bishop et al. (1945), who developed equations for
the quasi-static expansion of cylindrical and spherical cavities and used these
equations to estimate forces on conical nose punches pushed slowly into metal
targets. Later, Hill (1950) and Hopkins (1960) derived and discussed the dynamic,
spherically symmetric, cavity-expansion equations for an incompressible target
material. The cavity expansion theory was further developed by Luk and Forrestal
(1987), Forrestal and Tzou (1997), Xu et al. (1997) and Mastilovic and Krajcinovic
(1999) to model the penetration of projectiles through soil, porous rock, ceramic
and concrete targets. Based on the characteristics line theory, Simmons et al. (1962)
investigated the deformation of thin plates subjected to high-impact loads. Slip line
field theory is used by Wijk (1999) to find the penetration resistance on the rod. An
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overview on projectiles penetrating into geological targets was given by Heuze
(1990).

The dynamic failure mechanism of concrete is intricate since discontinuities
such as cleavage cracks and defects with different shapes and orientations are
commonly encountered in concrete and they have significant influence on the
deformation and failure characteristics of concrete. The initially existing cracks
and defects will be nucleated, and will evolve until material loses strength, when
subjected to dynamic loading. The damage theory has been considered to be more
suitable for the cleavage analysis of the concrete material (Krajcinovic, 1996;
Lorrain and Loland, 1983). In the previous studies of the impact and penetration to
concrete target, the commonly used constitutive models are elastic-plastic and/or
brittle damage models (Luk and Forrestal, 1987; Forrestal and Tzou, 1997; Xu et
al., 1997; Mastilovic and Krajcinovic, 1999), where elastoplasticity and damage
are treated separately.

How to define the failure criterion of the targets is critical for better analyzing
penetration problems (Zukas et al., 1978). The failure criteria such as the Mohr-
Coulomb strength theory and the Tresca yield criterion were often applied to
penetration problems, as can be seen from the above references. These criteria do
not consider all of the stress components in stress space. The effect of intermediate
principal stress is not taken into account in the Tresca criterion and the Mohr-
Coulomb strength theory, which are not consistent with the test results of many
materials. A unified strength theory, which was suggested by Yu (1991), considers
all of the components in stress space. It covers a series of strength theories, such as
the Mohr-Coulomb’s single-shear strength theory and the twin-shear strength
theory when the tension and compression strengths of materials are different, as
well as the Tresca criterion, the Huber-von Mises criterion and the twin-shear
criterion when the tension and compression strengths of materials are the same.

The unified strength theory was applied to model penetration problem by Yu, Li
and Wei (see Yu 2002a), and a unified plasticity-damage penetration model related
to the crack density is proposed. The relation between radial traction and velocity
at cavity-surface can be obtained by analyzing the distributions of stress and
velocity of the target material. Based on the cylindrical cavity expansion theory
and spatial axisymmetrical unified characteristics line theory, the attacking
capability of a long-rod can be assessed from the derived relation as the rod
impacts and penetrates the target with initial velocities of 300 ~1100m /s . The
results are compared with those of the experiments available in the open literatures.

12.6.2
Damage modeling of target material

For the present problems, the cracks of the target are mainly caused by tensile
stress waves and developed along the radial orientation (Forrestal and Tzou, 1997;
Xu et al., 1997; Mastilovic and Krajcinovic, 1999). Therefore, a damaged loading
surface is defined based on an equivalent tensile strain. When concrete material is
subjected to tension, it will not fail unless the value of the stress is larger than its
tensile strength, assuming the damage is caused by the activation and growth of
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initially existing micro cracks. Although the damage evolution is rate-dependent in
general (Chen et al., 2001), it is assumed that the damage evolution in this paper is
rate-independent and isotropic for the purpose of simplicity. The definition of
effective stress ¢° by Kachanov (1986) is used and mode I cracking is considered.

Since the penetration damage is accumulated as a function of time and applied
stress, crack density is expressed as a function of the equivalent tensile strain and
time which is similar to the model proposed by Liu and Katsabanis (1997)

cr=m<e— g, >"t (12-33)
where the angular bracket < - > denotes the function is valid only when the value

inside the bracket is larger than zero, ¢, is the total number of cracks per unit

volume, m, and m, are material constants, ¢, is the static critical tensile strain
which can be easily determined from uniaxial static tensile test results
(& =04/E), and ¢ represents the accumulated time in the evolution of damage.

According to the definition suggested by Whittaker et al. (1992), the scalar damage
@ is related to the crack density ¢, and expressed as

w=1-¢ " (12-34)

where V; is the damaged volume. If the maximum principal strain is less than the
there is no damage in the target and the probability of fracture is
the

critical value ¢, ,

equal to zero. On the other hand, if the maximum principal strain exceeds &
material stiffness will degrade, based on the research by Huang et al. (1994).

cr?

12.6.3
Fundamental equations of the target

A cylindrical symmetric cavity is expanded from an initial radius of zero at
velocity V? = V? (?), as a rod penetrates a target. The expansion of cavity produces
four regions of response as shown in Fig.12.11. The four regions are: (1) plastic
region (the material reaches unified strength theory, V?ZSVSCI ); (2) damaged
region (the material reaches its tensile strength, ct <r<ct); (3) elastic region

(¢t <r<c4t)and (4) an undisturbed region (r >c,t ).

V? is the cavity-expansion rate, which is rate-dependent and decreased with
time #. ¢ and ¢, are interface velocities. c, is the elastic, dilatation velocity. r
is radial Eulerian coordinate.

There are three principal stresses, o

., 0, and o,, which are radial,
circumferential and axial stress components (positive in compression) and

0.2 o, 2 g, for the problem.

r = z
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Fig. 12.11. Cylindrical cavity-expansion

The target material is considered to be compressive and is assumed to satisfy
linear pressure-volumetric strain relation

o,=Ke,=K(1-py/p) (12-35)

where p, and p are densities of the original and deformed material, respectively,

g, is the volumetric strain, K is the bulk modulus and o,, is given by

. +o, +
o, = Or 7% TO; (12-36)
3
According to the material characteristics of a cylindrical cavity-expansion, the
strength theory can be deduced when the material comes into a plastic yielding
state, namely

0, —o, =A,0,.+B, (12-37)

with

4 = 25i1.1¢t , BIZZCtO.OS(DI (12-38)
1+sing, 1+sin g,

The equations of mass and momentum conservation in cylindrical coordinates
take the forms of

v v__ldp
or r pdt’
do, 1 dv

r+_ —_ =—p— 12'39b
or r(o; %) pdt ( )

(12-39a)



338 12 Unified Characteristics Line Theory for Spatial Axisymmetric Problem

At the two interfaces r=c;t and r=ct , the target material satisfies the
Hugoniot jump condition that mass and momentum across the interface remain
conservative,

[p(v=y,)]=0, (12-40a)
[0, +pv(v=v,)]=0 (12-40Db)
where the brackets [...] stand for the magnitude of the discontinuity of the

bracketed variable across the wave front (interface) that propagates with the
velocity v, .

12.7
Elastic-Damage-Plastic Analysis of the Target

Define E,, K,, v, and E, K, v to be the Young’s modulus, bulk modulus
and Poission’s ratio of the original and damaged materials, respectively. Because
an isotropic model is used, only two of three moduli are independent. G,; and
., vy and v,, p;and p, are the dimensionless radial stresses, velocities and
densities of the damaged and plastic regions at » =ct , respectively. ,; and & ,,,
vy and v, are the dimensionless radial stresses and velocities of the elastic and
damaged regions at r =c;t , respectively. ¢,=0,,/K, , V;=v;/c and
p;=p;j/po (i=1~4, j=1~2)areused for the dimensionless variables.

12.7.1
Elastic region (¢ <r<c,t)

According to the linear elastic stress-strain relations

BN S
T T 02 (v L VN0

% T T 12 20g) (L4vg) [( W) +V°ar}

and Eq. (12-39), the differential equation of wave can be derived, with the
dimensionless variables ¢ =r/ct and u =u/ct , as follows:

(12-41)

(1-A%¢ )d—“ 1de_1z29 (12-42)

dg* &dé &
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where 4 =c/c; and u is radial particle displacement.

The boundary conditions are
u(r=cqt)=0,09(r=ct)=—0o, (12-43)

Solving Egs. (12-42) and (12-43), the radial velocity and stress in the region can
be found to be

[ 2.2 [ 2.2
v(g)zlﬂz_{l_—ﬁngﬁlnHl;ﬂg]G (12-44a)

cdt 20& 2 A&
22 2¢2
&,(g):&:_i[(l_zv())\ll—ﬂzé A I1-2% G (12-44b)
Ky 14w 22¢ 2 AE

where 7 =c/c,, , ny=ci/c,, ¢,=Ky/py, o. is the static tensile strength of the
material, and

-1
G Or|30=2v) min’=2’n® 34 nen’=2%n? | (1545
Kol 1+, 24n7 2(1+vy) Am

12.7.2
Damaged region (ct<r<ct)

As the cracks appear and develop along the radial direction, the circumferential
stress is zero, that is, o, =0 . The density p of the deformed material is a
function of the scalar damage w . At r=cjt, the material comes into plastic
yielding, the radial stress can be expressed as

(12-46)

where B, = B, /K, . The distributions of the dimensionless stress and velocity, and
the relationship between 77, and 77 can be derived from Eqgs. (12-35) and (12-36)
and Eq. (12-39), as ¢, is very small and 1—-¢, =1.

&) =1/ +1, (12-47)
&) =1,/ (%) +1+v)1 /(3K) (12-48)
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B, _  n(14v)G4+3Km -1, 3Ry NV * 0 (12-49)
_ 2 pe 2 >
(1-4)K, n“(1+v)-3K n° g (1+v)-3K
where
i =30y D MVa 1O (12-50a)
n n-(l+v)-3K
P _ = _
p = WAHV)T,+ 3Kim Vs (12-50b)
n-(14+v)-3K
K=K/K, (12-50¢)
12.7.3

Elastic-damaged and plastic-damaged interface (r=c¢y¢ and r=ct)

The relations between radial stresses and velocities at »=¢t can be derived
from Eq. (12-34) and Eq. (12-39),

Er4: Er3+ 3(771 —HV3)(7]_V4 _77_V3) (12-513)
3= 147)@ s 57)

1+v _
(m =nV)(A+vo)G3=0 ) == 0 4]
Nvs=1nv3+ K (12-51b)
3_(1+V0)(0'r3_<7f)

From Egs. (12-35)~(12-37) and Eq. (12-40), the radial stress, velocity and density
at r = ct can be obtained as below

- __ 2K _  [2K-pQK+B)pn’(1-W)’ (12-52)
2K +2-4, " 2K+2-4,
52 =@ ~1)? P15AQ2=A)+p’ _1)2(2_At)iﬁl(2lz+]§t) 41 (12-53)
PR (M~1P(2~4)~-2K
5= P’ (=¥’ (2~ 4) 2K (12-54)

52— A)+ P (1-7,) 22— 4)- (2K +B)

12.7.4
Plastic region (vt <r <ct)

The boundary conditions are

V(& zvg/c)zvg/c, V(r=ct)=Vv,, 6,.(r=ct)=05,, (12-55)
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The differential forms of radial stress and velocity can be derived, from Eqgs. (12-
40), (12-35) and (12-37), to be

ﬂ 2K(1- ev) V+(2-4)40, +B)(§ V)(1-¢,)

(12-56)
dé £l@= 4 =9) 2K (1-e,)"]
45, _2K(-e (47, +B)1=e,) 77— (1257
i ¢l@-A)r' -V -2K(1-¢,)’]

where £ =[(2—At)o_'r —Et]/(ZE) . The numerical solutions of Egs. (12-55) and
(12-56) for the plastic region can be got by using Runge-Kutta method. The radial
stress and velocity of the cavity surface can be obtained when the condition
v(E=v2/e)=v"/c is satisfied.

12.7.5
Solution procedure and the normal penetration dept

For the purpose of simplicity, the solution is obtained with an inverse procedure
from the elastic region to the plastic region, because the boundary condition of the
cavity surface is unknown. The procedure is summarized as follows:

(1). The mathematical expressions of V; and o, in elastic region can be found
from Eqs. (12-44a) and (12-44b). The mathematical expressions of Vv, and &,4 in
damaged region can be found from Egs. (12-50a) and (12-50b). The relationship
between 7, and 7 can be got when the above expressions v;, &,3, Vv, and 7,4
are inserted into Eq. (12-48).

(2). Choose a value for 7 and calculate 7, from the relationship between 7, and
7.

(3). The values of V3, 7,;, v, and &,,can be obtained by substituting 7, and
n into Eqs.(12-44a), (12-44b), (12-50a) and (12-50b). V, and &,, can be
derived by substituting v, and o, into Eq.(12-51) to (12-53).

(4). The calculations of Egs. (12-55) and (12-56) are proceeded from the plasticity-
damage interface £ =1 to the cavity surface &= v?/ c. The particle velocity and
radial stress in the plastlc region can then be obtamed When the boundary
condition v| -t 0)e = Vr %/¢ is satlsﬁed the value of V corresponding to the chosen
value of 7 is determined. Since nv =v, /c , V, /c can be obtained. An inverse
procedure is used to calculate the mterface velocny and the cavity-expansion
velocity. The relation between the radial stress ¢ and the cavity-expansion
velocity v? can then be obtained.
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(5). After the numerical relationship between v? and cr? are obtained, a

0

T

mathematical penetration expression of ¢ versus v? can be deduced by curve

fitting methods.

12.7.6
Final depth of normal penetration

When a long-rod with an ogival nose penetrates vertically into a semi-infinite
concrete target, f, and f, are normal force and tangential force. Tangential force
f, =u - f,, where u is the friction parameter. The ogival nose is shown in
Fig. 12.12, where s is the radius of the rod, and 6, and 6, are the center angles
of the top and the side surface of the rod, respectively.

Following Forrestal and Tzou (1997) it is assumed that the normal force f, on
the ogive nose is actually equal to the force o ?(v?) needed to expand the cavity at
the rate vg . Letting V. to be the penetration velocity of the rod, we have

0 _
v, =

V. - cosé 12-58
z 1

If the rod is assumed to be rigid and the shank side resistance is neglected, the
final normal depth after the rod completely penetrates into the target can be derived

0 0
from v, versus o, and the Newton’s second law, namely

n
1+ 2 .V2 12-59
vl ( )

M
Zmax = ——1In
2”2

90°
where m, = 27rs2A1K0‘[ (sing) —siné,)(cos 6, + usiné,)de
)

90"
ny :27rs2A3p0.[ (sing, —sind, )(cos O, + i sinfy)cos 6, d6, , A; and Ay are the
0
coefficients of curve-fit v? Versus o-,(,) , M is the mass of the rod, and Vj is the

impact velocity of the rod.
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Fig. 12.12. Geometry of rod nose and traction components

12.8
Comparison and Verification

A special concrete considered by Mastilovic and Krajcinovic (1999) is defined
with the following parameters, v,=022, Ey=113GPa, py=2260Kg/m’,
oy =13MPa and 4 =0.1. The parameters of a long-rod with an ogival nose are
M=16Kg, s=0.0915m and the radius of the rod shank ¢=0.0153 m.

According to the test data (Forrestal and Tzou, 1997) and some of the numerical
investigations of the damage evolution pattern (Mastilovic and Krajcinovic, 1999),
the damage value is about 0.23 when the dynamic tensile stress reaches the
dynamic failure stress, implying ¢V, can be derived. The degraded moduli due to

damage can be obtained from the analysis of Huang et al. (1994).

The relations of the plastic-damaged interface velocity ¢ versus cavity-
expansion velocity V? and v? Versus a? can be derived by using the methods
from steps (1) to (5), which are described in 12.7.5. The relations are shown in
Fig. 12.13 and Fig. 12.14.

It is shown that the plastic-damaged interface velocity ¢ is increased with the
increase of expansion velocity V? , as shown in Fig. 12.13.

The radial stress o-,(,) is also incresed with the expansion velocity V? as shown
in Fig. 12.14. For the same cavity-expansion velocity v’, the radial stress at cavity
surface is changing for the different values of strength criterion parameter b . The

radial stress o-? is increased with the increase of parameter b.

The dimensionless radial stress 59 ( 59 = 0'9 /Ky) can be expressed as a second
order polynomial of v?/.[Ky/p, , that is,
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5,0 = 4+ (0 Kol po) + 45V [ Ko/ po ) (12-60)
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Fig.12-13. Plastic-damage velocity vs cavity-expansion velocity
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Fig.12.14. Radial stress vs velocity of cavity-expansion

According to the conditions

0
o =¢0 and 99| _g, (12-61)

where ¢, is the dimensionless radial traction of quasi-static cavity-expansion. It
can be found that 4;=¢", and 4,= 0. The value of ¢, can be derived from the
spatial axisymmetric unified characteristics line theory (Yu et al.,, 2001). The
spatial axisymmetric characteristics lines at the contact surface is shown as
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Fig. 12.3, in which the effect of surface friction is not taken into account. Based on

the spatial axisymmetric characteristics line theory, we can get:

(1) A4;=10.03377 when b = 1;

(2) A,=0.03203 when b = 0.5, which is close to the quasi-static cavity-expansion
radial limit stress %, =0.0323 of Mastilovic and Krajcinovic (1999);

(3) A4;=10.03072 when b= 0.

The value A; can be obtained from the curve of Vr0 VS 09 , that is, 43= 6.8~7.0
(when b = 1), A3=4.5~4.7 (when b = 0.5) and A3=2.2~2.5 (when b = 0).

The final depths for the different values of strength criterion parameter b can be
derived from Egs. 12-58, 12-59 and 12-60. They are shown in Fig. 12.15.

3.0
1 |—+— b=0.0
259 |—o— b=0.15
—— b=0.5
209 |—=—b=1.0
—_
= —-¢-— test data
N—
157
=) 4
N
1.0
0.5
o
200 400 600 800 1000 1200

V, (m/s)

Fig. 12.15. Final depth vs initial impact velocity of long rod

When the impact velocity is V;; =300m/s, the final depths Zy,x= 0.236m for
b =1 are close to the test data Z,,= 0.23m (Forrestal and Tzou, 1997). When the
impact velocity is V= 700m/s, Z,,, = 0.915m for b = 0.5 are close to the test data
Zmax= 0.9m. When the initial impact velocity is ¥y = 1100m/s, Zyx= 2.02m for
b =0.15 are close to the test data Z,x= 2.06m. The penetration depths of the rod
are situated within the area of 0 <b < 1.

Fig. 12.16 shows the relationship between the rod mass and the final penetration
depths when » = 1.0. The rod penetrates more deeply if its mass is heavier. The
effect of the mass on the finial depth is more obvious when the initial impact
velocity of the rod is higher. One reason why tungsten alloy rods (Rosenberg,
1997) are usually applied in modern arms is that their densities are higher.
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Fig. 12.16. Final depth vs mass of the rod

Summary

The characteristics line theory for spatial axisymmetric plastic problem is very
important in the plasticity and engineering.

The unified characteristics line field theory of spatial axisymmetric problem and
its applications are described in this chapter. The effects of the intermediate
principle stress o, and the SD effect of materials are taken into account in the
unified characteristics field theory. A series of characteristics line field for spatial
axisymmetric problem suitable for different kinds of materials can be derived from
the new theory, the previous theories are special cases or linear approximation of
the unified characteristics line theory. The new theory can be applied to the limit
analysis of spatial axisymmetric plastic problems in plasticity and engineering.

Based on the cylindrical cavity-expansion theory and the unified strength theory,
a unified plastic-damage model is proposed for penetration problems. The
proposed model is used to simulate penetration of a long-rod into a concrete target.
The spatial axisymmetric characteristics line theory is used for the analysis of
quasi-static normal penetration of a long-rod. The results show that: (1) The rod
mass has obvious affect on the final penetration depth; (2) By comparison with the
available test date, it appears that the proposed procedure is effective for
penetration analysis. The test results are situated within the analysis results
(0 <b<1); (3) When the initial impact velocity of a rod is higher than 1500m/s,
the material behaviour and penetration process of rods and targets will change
significantly.
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Problems

Problem 12.1

The characteristyics fields for indentation of a circular head punch are shown in
Fig. P12.1. The limit pressures was obtained by using the Tresca yield criterion as
follows.

— T
Pv= O'S(1+Z)
Find the limit pressure of indentation of a circular head punch by using the unified

characteristics line field theory of spatial axisymmetric problem for non-SD
materials (00=1,andb=0,b=1/2,b=1).

[-—HZH—-—%"-———'—"'
L | 4
I

e 1
|.:
0

Fig. P12.1. Circular head penestration into half space

Problem 12.2

Find the limit pressure of indentation of a circular head punch by using the the
unified characteristics line field theory of spatial axisymmetric problem for SD
materials (0= 1,andb=0,b=1/2,b=1).

Problem 12.3

The characteristyics fields for indentation of a circular head punch are shown in
Fig. P12.2. This problem was studied by Hill (1950) Prager-Hodge (1951) and
Levin (1953) by using the Tresca yield criterion. A is a initial situation; b is the
indentation of the circular head; ¢ is the deep indentation of the circular head and
bar. The limit pressures are:

Po= o,(147) and p.=o, 1+,
Find the limit pressure of deep indentation of a circular head punch by using the

the unified characteristics line field theory of spatial axisymmetric problem for
non-SD materials (0 =1,andb=0,b=1/2,b=1).
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Fig. P12.2. Circular head penestration into infinit surface

Problem 12.4

Find the limit pressure of deep indentation of a circular head punch by using the
the unified characteristics line field theory of spatial axisymmetric problem for SD
materials (a0# 1,andb=0,b=1/2,b=1).

Problem 12.5

The characteristyics fields of indentation for non-SD materials under a circular
head punch with a uniform pressure ¢ shown in Fig. P12.3. The limit pressures was
obtained by using the Tresca yield criterion. Find the limit pressure of indentation
of a circular head punch by using the the unified characteristics line field theory of
spatial axisymmetric problem for non-SD materials (0 =1,and b=0,b=1/2,b=1).

. |2
Fig. P12.3. Slip field under circular foundation for non-SD materials

Problem 12.6

Find the limit pressure of deep indentation of a circular head punch by using the
the unified characteristics line field theory of spatial axisymmetric problem for SD
materials (0= 1,andb=0,b=1/2,b=1).
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13 Unified Solution of Plastic Zones at Crack Tip
under Small Scale Yielding

13.1
Introduction

Estimation of the crack-tip plastic zone under small-scale yielding ( SSY ) is one of
the important topics in elastic-plastic fracture mechanics. Literatures show that
researchers have endeavored in finding the shape and size of mode-I, -II and -III
crack-tip plastic zone under SSY. Dugdale (1960) and Barenblatt (1962)
independently introduced their model representing a yield-strip or cohesive-strip
zone around a crack-tip. It is called Dugdale yield-strip model or cohesive model.
On the other hand, Irwin (1960) suggested an approximation method by increasing
the effective length of a crack based on the anti-plane elastic-perfectly-plastic
solution as well as Hult and McClintock (1957). It is known as the Irwin’s
plastic-zone correction model. The shape and size of yielding zone were derived
from the Huber-von Mises criterion. Irwin (1968) further extended his model for
plane-strain condition by enhancing the yield stress by a factor of+/3 . Broek (1982)
presented his estimation using the Tresca criterion. The above-mentioned models
are all based on the SSY condition and are constructed with the assumptions in the
linear elastic fracture mechanics (LEFM). They yield reasonably good estimations
for certain materials such as metals having equal tensile and compressive strength.

Recent investigations revealed that the Tresca criterion do not take into account
the effect of the intermediate principal stress properly, while the Huber-von Mises
criterion only puts in place the average effect of the three principal stresses. In
other words, Tresca criterion is only applicable for those materials governed by a
shear-stress limit (7, = 0.50), so is the Huber-von Mises criterion for materials
governed by another shear-stress limit (7, =0.585 ). The twin-shear yield
criterion, which is equivalent to a different shear-stress limit (¢, =0.670, ). It
agrees well with the results (¢, =0.7¢) reported by the British Royal Air Force
who conducted multi-axial tests for four groups of nickel alloy at 750° Celsius
(Winston, 1984).

Later, a unified strength theory (UST) was proposed (Yu et al. 1991, 1992). An
influence parameter ‘b’ for the effect of intermediate principal stress and the effect
of intermediate principal shear-stress was put in place. The parameter ‘b’ normally
varies between 0 and 1. The earlier twin-shear yield criterion is embraced as a
special case (b=I). The UST unifies prevailing strength criteria through the
variable parameter ‘b’, which actually bears a physical meaning as a material
parameter. Adopting specific values of ‘b’ can lead to results equivalent to those
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through Tresca criterion, Huber-von Mises criterion or its varieties. In addition,
stretching beyond the normally admissible range (b<0 or b>1) can generate a new
series of strength criteria for unconventional materials, which strength envelope
may not necessarily be convex.

Against this background, estimations of crack-tip plastic zone under SSY are
re-investigated using the UST by Qiang in 1998. It provides unified solutions for
shapes and sizes of mode-I, mode-II and mode-III crack-tip plastic zone in the
K-dominant region. The minimum and maximum crack-tip plastic zones can be
deduced through the normally admissible lower-bound (b = 0) and upper-bound
(b=1) respectively. Adopting a proper value of the material parameter ‘b’ can lead
to accurate solutions. Estimations of the crack-tip plastic zones using different
values of ‘b’ are illustrated and compared, including those deductions equivalent to
the Tresca and the Huber-von Mises criteria. The influences on the resulting plastic
zone due to strength-differential (SD) effect and Poisson’s ratio are also studied.
The investigation of the SD effect has practical significance because most materials
have unequal tensile and compressive strength.

The present approach is also extended to include some non-conventional
materials under unsteady state. The definition of ‘conventional material under
steady state’ refers to Drucker’s postulate that its failure/yield strength envelope is
of convex shape in the stress space (i.e. the m-space). The convexity condition is
satisfied when 0 <b < 1. Beyond this conventionally admissible range (i.e. b <0
or b > 1), the UST is ready to be applied to a whole spectrum of non-conventional
materials, which strength envelope is not necessarily of convex shape. The shape
and size of crack-tip plastic zone of those unconventional materials are also
presented.

13.2
Unified Strength Theory

The UST has been described in detail in Chapter 4. The mathematical modeling
and the mathematical formulation are expressed as follows.

F =73+br, +p (05 +boy,)=C when 1, +fo, 27,1 o )
F'=t,+bty+p(0; +boy)=C when 1,,+fo, <1,,+ fio,, (13-1)

where 7, = (o, — 0;)/2 are the principal shear stresses and
o, = (0; +0;)/2 are the associated normal stresses. 7; (i=1,2,3) are the
principal stresses. f is a coefficient which accounts for the effect of the
corresponding normal stresses. Both # and C are strength characteristics of a
material, which values can be determined from standard experimental
procedures for uniaxial tensile and uniaxial compressive tests. The relations
are as follows:
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where o;and o, are the uniaxial tensile and compressive strength respectively,
a = oy /o is the strength ratio. This ratio is a measure of the strength
differential (SD) effect.

Substituting Eq. (13-2) into Eq. (13-1) leads to the alternative expressions in
terms of the principal stresses o;, the tensile strength o and the strength ratio o
as follows.

o o,taoy

o — — (b0'2 +a3):atwhen o, < -
“ (13-3)

o1taoy

(6, + bo,) — aoy = o, when o, >
1+a

Equation (13-3) shows that the UST not only takes into account the effect of
the intermediate principal shear stress but also the SD effect. It is a function of
the strength ratio a. It can be seen from the envelope plotted in the diviatoric
plane (see Fig. 13.1). It should be noted that the envelopes have symmetrical
characteristics at 60°intervals. For the sake of clarity, envelopes
corresponding to different values of ‘b’ are plotted only in the diagonally
opposite sector bounded by 6 = 0° and 6 = 60°. Along the radiation line r, (at
0 = 0°), the limiting value is the tensile strength. Along the radiation line r. (at
0 = 60°), the limiting value is the compressive strength. The UST criterion is a
bi-linear surface approximation for the envelope between the radiation lines r,
and r.. For values of ‘b’ ranging between 0 and 1, the shape of the whole
envelope (0°<6 < 360°) is convex. Outside this range (i.e. b <0 or b > 1), the
shape of the whole envelope become corrugated, and hence it represents those
material not obeying the Drucker’s convexity postulate. In this sense, the UST
unified the prevailing strength criteria. Its main features are further elaborated
below.
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a)

b)

Twin Shear Unified Strength Theory
(Yu,1985)

o
1

_ Single Shear Strength Theory
\ (Mohr-Coulomb,1900)
= <

b% ]/% bh<0

9

b=1
Fig. 13.1 Loci of the UST in 7z-plane having different values of ‘b’

UST consists of two material parameters - b and f (or its equivalent
form a), which enables it to represent the strength envelope in the
deviatoric plane for all conventional materials. In other words, it
embraces all traditional strength criteria. For example, setting b = 0 and
o = I leads to the well-known Tresca criterion, which neglects totally the
effect of intermediate principal shear stress and is only meant for
materials having equal tensile and compressive strength. Again, setting
o= 1 and b = 1/2 yields segmental linear envelope very close to the
smooth envelope by Mises criterion. It is worth noting that setting b = /
leads to Yu’s twin-shear criterion — an earlier version of the UST.

The UST provides admissible lower and upper bounds of the strength
envelope for materials obeying the Drucker’s convexity postulate. When
b = 0, it sets the lower bounds. Amongst them, Tresca envelope (a = 1) is
the one for materials having equal tensile and compressive strength;
Mohr-Coulomb envelope is another one but it is for materials having
different tensile and compressive strengths (a0 # 1). On the other hand
when b = 1, it sets the upper bounds. Yu’s twin-shear criterion is one of it.
Hence, the UST can be used to find the minimum and maximum
yield/failure zone.

When the value of ‘b’ is chosen outside the conventionally admissible
range (i.e. b < 0 or b > I), the corresponding strength envelope becomes
non-convex shape. It violates the Drucker’s convexity postulate. In this
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range, the UST yields strength envelopes for a whole spectrum of
non-conventional materials, which do not obey the Drucker’s postulate.

13.3
Stress Fields Around Crack-Tip

By virtue of linear elastic fracture mechanics, the 2D stress field in the vicinity of a
mode-I crack-tip can be described as follows (Kanninen, 1985).

o, % 1—sin(6/2)sin(360/2)
Oy f = —Lcos(6/2){1+sin(8 /2)sin(30 /2) (13-4)
| @) sin( 0 /2)cos(36 /2)

xy

For mode-II crack-tip,

o, % —sin(8/2)[2 + cos(6/2)cos(36/2)]
y (= seos(8/2))  sin(8/2)cos(0/2)sin(36/2) (13-5)
o (277) cos(8/2)[1 - sin(6/2)sin(36 /2)]

For mode-III crack-tip,
T,y _ Ky —sin(8/2) (13-6)
Ty (27rr)1/2 cos(6/2)

in which K;,K; and K,; are the stress-intensity factors for mode-I, mode-II
and mode-III respectively. ox, oy are the normal stresses in x- and y-direction
respectively, and Ty, T,x T,y are the shear stresses in the xy-, zx- and zy-plane
respectively. Position vector is expressed in polar coordinates (r,0) measured from
the crack-tip.

The stress components in Eqs. (13-4)-(13-6) can be expressed in terms of the
corresponding principal stresses oj. For 2-dimenional plane problems, the
principal stresses are:

2
0'1}=0'x;'0'yi (O'x;f)'yj +7§y (13-7a)
o2
0. = 0 for plane stress (13-7b)
v (o4 05) for plane strain

in which v is Poisson’s ratio. Due to symmetry, the following derivations are
presented only for the half-plane (¢ < [0,7]). By substituting Eqs. (13-4)-(13-6)
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into Eqs (13-7a)-(13-7b) and arranging the resulting stresses in the order such
that 0,20, 20y, We have

For mode-I (plane-stress case)

K 4 4
P b=——Lcos —(1+sin —)
N 2 2

2 2xr

o

. (13-8)
oy =0

For mode-I (plane-strain case)

o K
1}= ! cosg(lisinﬁ)

%, 2zr for 0<0<2sin'(1-2v) (13-9)
2vK[ 0
0'3 = —F——=C0S —

\N2zr 2

K 6 .6

- &
o, = cos = (1 + sin =)

1 N2rmr
o = 2K 8 for 2sin'(1-2v)<0 <z (13-10)
e 2

— I 4 .0
o, = ——=—=cos — (1 —sin—=)
PN 2

For mode-II (plane-stress case)

KI[

1
o = (—sin£+f\/4—3sin29)
N2mr 2 2

1

=

. -1 _
o, =0 for 0<6 <2sin (13-11)

K[I

1
oy = (—sinﬁ——\/4—3sin20)
N27mr 22

and

o, =0

7 }= Ko (—sin

0-3 2nr

(STICN

1
1 for 2sin'—<6 <z (13-12)
+5V4=3sin’0) A i
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For mode-II (plane-strain case)

4
\/_(—s1n;+—\/4 3sin’6)

K”em% (13-13)

0'2=\/—
4
\/_(—s1n;——\/4 3sin?6)

For mode-III (plane-stress and plane-strain cases)

K
o = Jiik
J27nr
(13-14)
o, =0
o = L
3 2xr

13.4
Shape and Size of Plastic Zone for Mode-l Crack Tip

In the preceding session, the equations are all based on linear elastic fracture
mechanics. Beyond the elastic limit, the material is assumed perfectly plastic. The
UST is employed to determine these limits. The loci of the limiting boundary are
obtained by substituting the principal-stress equations in preceding session into the
UST equation. By symmetry, the loci are only derived in the half plane (0 <6 <)
in terms of polar coordinates (7, , ) as follows.

13.4.1 Plane stress case

Substituting Eq. (13-8) into Eq. (13-3), the formulae of shape and size of plastic
zone for mode-I rack tip (plane-stress case) can be obtained as follows:

2 2
r =L LS} cosZ l—a—b+sin£ 1+a—b , when 6 > 2arcsin i
P27\ o, 2| 1+b 2 1+5 2+«

2 2

K —-b . .
rsz i cos‘9(1+l bsmg) , when 6 <?2arcsin—2
27\ o, 2 1+5 2 2+«

(13-15)
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The shape and size of plastic zones for a series of ‘b’ values are plotted in Fig.
13.2.

—&— Tresca[Same as UTSS b=0]
20 oY —A— UTSS (b=0.5)
—w— UTSS (b=1.0)
—e—Mises

05

0.0

OX

-0.5

Dimensionless 2ny(c/K,)*

06 -04 02 00 02 04 06 08 10 12 14
Dimensionless 2mx(c/K)

Fig. 13.2 Mode-I crack-tip plastic zone by different criteria in plane-stress state (¢ = 1, v = 1/3)

13.4.2 Plane strain case
Substituting Egs. (13-9)-(13-10) into Eq. (13-3), the formulae of shape and size of
plastic zone for mode-I rack tip (plane-strain case) can be obtained as follows:

(a) when 0<6<2sin™'(1-2v)

2
_1 (K, _ab  2av ob - (a(l—Zv)j
rp—zﬁ[ j{ 2{1 b 71+b+ [1+—1 bj} when 6 > 2sin” v
2
1 (K, 1-b . ¢ < 1(0:(1 2v))
= 2”[ j[cosz[l 20:1/+—1 bSIHZH when 6 <2si Y ra
(13-16)
(b) when 2sin '(1-2v)<o <=z

(kY 1+2b 2
rp:g[—lj {cosg{l al+26v) V)+s1n 1+— } when 6 >2siT [wj

oy 2 1+b —-o

2 2
rp:i K cos§(1+2bv—a+1+a+abu nﬁj when 6 < 2sir 1((l+a)(2v l)j
27\ o, 2\ 1+b 1+b 2

-«

(13-17)
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The shape and size of plastic zones for a series of ‘b’ values are plotted in Fig.
13.3.

—+— Tresca [Same as UTSS, b=0]
oy —4—UTSS (b=0.5)
—v— UTSS (b=1.0)

)2

Dimensionless 2ny(c/K

05 04 03 02 01 00 01 02 03 04 05
Dimensionless 2nX(c|/K‘)2

Fig. 13.3 Mode-I crack-tip plastic zone by different criteria in plane-strain state (o = 1, v = 1/3)

13.4.3
Shape and size of plastic zone of mode-I crack tip for SD materials

The plotting in Fig. 13.3 is for materials of equal tensile and compressive strength,
i.e. =1. To visualize the effect in strength-differential (SD) materials, the shapes
and sizes of plastic zones corresponding to different a-values are plotted in the
same figure, including both plane-stress and plane-strain cases. Figures 13.4-13.6
are for mode-I crack-tips with b=0, »5=0.5 and b=1 respectively.
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Fig. 13.4 Effect of SD on mode-I crack-tip plastic zone (b = 0,v = 1/3)
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Fig. 13.5 Effect of SD on mode-I crack-tip plastic zone (b = 0.5,v = 1/3)
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Fig. 13.6 Effect of SD on mode-I crack-tip plastic zone (5 = 1.0,v = 1/3)
13.5
Shape and Size of Plastic Zone for Mode-ll Crack Tip
13.5.1 Plane stress case

Substituting Eqgs. (13-11)-(13-12) into Eq. (13-3), the shape and size of plastic zone
for mode-II crack tip (plane-stress case) can be obtained as follows:

(@) when 0<0 < 25in_1(1j

V3
1 (K ¥ o a+b+1 :
(”] K—l}sin9+ \/4—3sin26} , when o +acy20

r,=—
P2z o, 1+b 2 2(1+b)
1 (K, Y 1 +ab+] 2
. 9 a+ta :
rP:Z;r[a:Ij Ka—Hbjsmz+2(l+b)\/4—3sm29} , When o +aoy <0
(13-18)
. 1
(b) when 2sin™" \/,jﬁe <z
3
(kYT 6 a(-b) ?
=—| =L sin—+ 2272 Ja_3sin%6 | , wh <%%
» 2”[0, j 2 T a0 T2 P g
2r 2
rp:L Ky [a—b]sin0+a+ab-|-b\/4—3sin26 , when 02_&
27\ o, )| 1+b 2 2(1+b) I+eo

(13-19)
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The shape and size of plastic zones for a series of ‘b’ values are plotted in Fig.
13.7.
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Fig. 13.7 Mode-II crack-tip plastic zone by different criteria in plane-stress state (& =1, v = 1/3)

13.5.2 Plane strain case

For mode-II (plane-strain case)
Substituting Eq. (13-13) into Eq. (13-3) leads to

p=L 1 (K,,J Ka(l+2vb) lj 0 a+b+lm} when o, Lo +aoy

2r 1+b 2 2(1+b) I+
2
1K, 1+2vb) . 6 a+ab+b\/7 5 01 taoy
=—|— - sin— 4-3sin h —_—
v 2”(@ J K“ 145 j 2 2(1+b) R
(13-20)

The shape and size of plastic zones of mode-II crack-tip for a series of ‘b’
values are plotted in Fig. 13.8.
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Fig. 13.8 Mode-II crack-tip plastic zone by different criteria in plane-strain state (& =1, v = 1/3)

13.5.3
Shape and size of plastic zone of mode-ll crack tip for SD
materials

The plotting in Fig. 13.7 and 13.8 is for materials of equal tensile and compressive
strength, i.e. @ = 1. The shapes and sizes of plastic zones for SD materials
(corresponding to different a-values), including both plane-stress and plane-strain
cases are plotted. Figures 13.9-13.11 are for mode-II crack-tips with b =0, b = 0.5
and b = 1 respectively.
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Fig. 13.9 Effect of SD on mode-II crack-tip plastic zone (b = 0,v = 1/3)
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Fig. 13.10 Effect of SD on mode-II crack-tip plastic zone (b = 0.5,v = 1/3)
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Fig. 13.11 Effect of SD on mode-II crack-tip plastic zone (b =1.0,v = 1/3)

13.6
Plastic Zone for Mode-lll Crack Tip

For mode-III (plane-stress/strain)
Substituting Eq. (13-14) into Eq. (13-3) leads to

2 2
1 (K
r :_(Jj (1+Lj,when o-1+acr320

P2z \e, 1+b (13-21)
1 (Ky Y 1Y

r,=— = (a+—j ,when o +ac, <0
27z \ o, 1+b 3

13.7
Shape and Size of Plastic Zone for Non-Conventional
Materials

The yield surface will be non-convex if the material parameter » <0 or » > 1.
The non-convex material may be called the non-conventional materials. The
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shape and size of plastic zone for non-conventional materials (b=—0.1, —0,25,
—0.5) are also plotted. Figures 13.12 and 13.13 are for mode-I plane-stress and
plane-strain case respectively, while Figs. 13.14 and 13.15 for mode-II
plane-stress and plane-strain case respectively.

13.71
Mode-l crack-tip plastic zone for non-conventional materials
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Fig. 13.12 Mode-I crack-tip plastic zone for unconventional materials in plane-stress state
(a=1,v=1/3)
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Fig. 13.13 Mode-I crack-tip plastic zone for unconventional materials in plane-strain state
(a=1,v=1/3)

13.7.2
Mode-l crack-tip plastic zone for non-conventional materials
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Fig. 13.14 Mode-II crack-tip plastic zone for unconventional materials in plane-stress states
(a=1v=13)
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Fig. 13.15 Mode-II crack-tip plastic zone for unconventional materials in plane-strain state
(o =1.0,v=1/3)

13.8
Effect of ‘b’ Value

Parameter ‘b’ represents the influence of the intermediate principal shear
stress. For the same material, the extents of the influence are not the

same under different crack-tip modes. It reflects in the resulting shape and size
of the crack-tip plastic zone. On the other hand, various values of ‘b’ also
correspond to a spectrum of strength criteria, including the well-known Tresca
and Huber-von Mises. In other words, each ‘b’ value represents a strength
criterion, which is only valid for a group of materials. What follows are
observations of results obtained from different criteria through its equivalent

value of ‘b’.

e For mode-I: In both plane-stress and plane-strain cases, a general trend is
observed that the larger the value of ‘b’, the smaller is the size of the
plastic zone. In other words, the greater the influence of the intermediate
shears, the smaller the size of the plastic zone. It can be seen from Figs.
13.2 and 13.3 that the Tresca criterion (equivalent to b = 0) leads to the
largest zone, while Yu’s earlier full-twin-shear criterion (equivalent to b =
1) yields the smallest zone. The size of plastic zone by the Huber-von
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Mises criterion is somewhere in-between the Tresca and the Yu’s
twin-shear criterion, and is almost the same as that by UST with b = 0.5 .
For mode-II: Similar trend as in mode-I is observed. The larger the value
of °b’, the smaller is the size of the plastic zone. Figure 13.4 shows the
plane-stress case, while Fig. 13.5 shows the plane-strain case. In both cases,
Tresca criterion (equivalent to » = 0) leads to the largest zone, while Yu’s
full-twin-shear criterion (equivalent to b=1) yields the smallest zone. The
Huber-von Mises criterion yields zone of intermediate sizes. Their shapes
look similar.

For mode-III: Similar trend as in mode-I and mode-II is observed, except
that the plastic zones are all of circular shape.

For unconventional materials (b < 0): Since the same mathematical
expressions are used, the same trends are observed. The smaller the value
of ‘b’ (more negative), the larger is the size of the plastic zone. Figures.
13.12 and 13.13 show the results for mode-I plane-stress and plane-strain
respectively, while Figs 13.14 and 13.15 show the results for mode-II
plane-stress and plane-strain respectively.

13.9
Influence of SD Effect

Parameter ‘@’ is the ratio of the uniaxial tensile strength to the uniaxial
compressive strength. The ratio is a measure of the effect of strength
differentials (SD). Definitely, it influences the sizes of the crack-tip plastic
zone. Trends are observed in different crack modes but no common trend is
noted.

In mode-I: The weaker-in-tension materials (o = 0.5) always result in
larger plastic zone (if not less) than the equal-strength materials (a0 = /), in
both plane-stress and plane-strain cases. The sizes in plane-stress cases
are usually bigger than those in plane-strain cases. It can be seen in Figs.
13.4 13.5 and 13.6 for b =0, 0.5 and 1.0 respectively.

In mode-II: Contrary to the trend in Mode-I, the weaker-in-tension
materials (o = 0.5) always result in smaller plastic zone than the
equal-strength materials (o = 1), in both plane-stress and plane-strain cases.
However, the sizes in plane-stress cases maintain the trend being bigger
than those in plane-strain cases. It can be seen in Figs. 13.9, 13.10 and
13.11 for b =0, 0.5 and 1.0 respectively.
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e In mode-III: The plastic zones are all of circular shape. The weaker-in-tension
materials (¢ = 0.5) always result in smaller plastic zone than the equal-strength
materials (o = 1), in both plane-stress and plane-strain cases. Again, the sizes in
plane-stress cases are usually bigger than those in plane-strain cases.

13.10
Influence of Poisson’s Ratio

Results for plane-stress cases are independent of the Poisson’s ratio. For Mode-I
and -II plane-strain cases, the influence of Poisson’s ratio is similar to the trend
observed in the variations of ‘b’ values. The larger the Poisson’s ratio, the smaller
is the size of the plastic zone. Figure 13.16 shows the effect of Poisson’s ratio
on mode-I crack-tip plastic zone, while Fig. 13.17 shows the Mode-I1.
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Fig. 13.16 Effect of Poisson’s ratio on mode-I crack-tip plastic zone in plane-strain state
(a=1.0,b=1.0)
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Fig. 13.17 Effect of Poisson’s ratio on mode-II crack-tip plastic zone in plane-strain state
(¢ =1.0,b=1.0)

Summary

This chapter presents the estimations of crack-tip plastic zone under
small-scale yielding (SSY) using the unified strength theory (UST). The UST
unifies all prevailing strength criteria through a variable parameter ‘6°. It
provides unified solutions for shapes and sizes of mode-I, -II, -III crack-tip
plastic zone in the K-dominant region. The minimum and maximum crack-tip
plastic zones can be deduced through the conventionally admissible lower-
and upper-bound values of ‘4’ in the UST. Adopting a proper value of the
material parameter ‘b’ can lead to accurate solutions. Other specific values of
‘b’ can yield solutions equivalent to those through the Tresca criterion,
Huber-von Mises criterion or its varieties. In addition, stretching beyond the
normally admissible range for the material parameter ‘6’ (<0 or >1) can
generate a new series of strength criteria for unconventional materials, which
strength envelope may not necessarily be convex. Estimations of the crack-tip
plastic zones using different values of ‘b’ are illustrated and compared. The
influences on the resulting plastic zone due to strength-differential (SD) effect
and Poisson’s ratio are also investigated. Embracing the SD effect broadens
the applicability to most materials, which have unequal tensile and
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compressive strength. It demonstrates the robustness of present method in the
estimation of shape and size of the crack-tip plastic zone under SSY. It is seen
that:

(1) The Yu's unified strength theory is applied to the study of the shape and
size of plastic zones of mode I, II, III cracks, and a complete solution of
unified closed forms is obtained. The Tresca criterion and the Huber-von
Mises criterion are special case and linear approximation of the Yu’s
theory.

(2) Except for mode III cracks, the boundary curves of mode I, II crack tip
plastic zones are composed of two parts, which is resulted from the
piece-wise linearity of the Yu's criterion.

(3) Generally speaking, the plastic zone obtained by the Yu's theory is
smaller than that by the Huber-von Mises and much smaller than that by
the Tresca criterion, showing that a bigger TS/ o will lead to a smaller
plastic zone and weaker ability to resist fracture.

(4) Different values of 5 in Yu's theory will produce a family of different
yield criterion which will help obtain a group of crack tip plastic zones
applicable to various materials. The value of o, also exerts certain
influence on the tip plastic zone, but only affects the plane strain
condition (except for mode III cracks).

The results were obtained by analytical solution. The unified strength theory
and unified elasto-plastic constitutive model can be also implemented into
commercial finite element codes and other FEM codes. The effect of failure
criterion on numerical calculations of finite element method (FEM) can be also
observed. These problems will be summarized at another book entailed
“Computational Plasticity based on the Unified Strength theory”

Problems

Problem 13.1.

The solution of crack tip problem can be also studied by using the slip field
theory. Figure P16.1 shows a slip field with the Tresca yield criterion
(single-shear theory) for Mode I under plane strain. Can you given a new
solution by using the twin-shear slip field method described in Chapter 8.

Problem 13.2.

The solution of crack tip problem can be also studied by using the slip field
theory. Figure P16.1 shows a slip field with the Tresca yield criterion for
Mode I under plane strain condition. Can you given a new solution by using



Problems 373

the unified slip field theory described in Chapter 9.

Fig. P16.1 Mode I Fig. P16.2 Mode 11 Fig. P16.3 Mixed Mode III

Problem 13.3.

The solution of crack tip problem can be also studied by using the slip field
theory. Figure P13.2 shows a slip field with the Tresca yield criterion
(single-shear theory) for Mode II under plane strain condition. Can you given

a new solution by using the twin-shear slip field method described in Chapter
8.

Problem 13.4.

The solution of crack tip problem can be also studied by using the slip field
theory. Figure P13.2 shows a slip field with the Tresca yield criterion
(single-shear theory) for Mode II under plane strain condition. Can you given
a new solution by using the unified slip field theory described in Chapter 9.

Problem 13.5.

The solution of crack tip problem can be also studied by using the slip field
theory. Figure P13.3 shows a kind of slip field with the Tresca yield criterion
(single-shear theory) for Mixed Mode I and II under plane strain. Can you
given a new solution by using the unified slip field method described in
Chapter 9.

Problem 13.6.

The solution of crack tip problem can be also studied by using the slip field theory.
Figure P13.3 shows a kind of slip field with the Tresca yield criterion
(single-shear theory) for Mixed Mode I and II under plane strain. Can you given a
new solution by using the unified slip field method described in Chapter 9.
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14 Unified Fracture Criterion for Mixed Mode Crack
Initiation and Fatigue Crack Growth

141
Introduction

Mixed-mode fracture and fatigue crack growth are one of the most commonly used
failure forms of material in analyzing practical engineering problems. The research
on the mixed fracture criterion and fatigue crack growth is significant in fracture
mechanics and engineering. Many research works in this area have been conducted
and some criteria for predicating the direction of the crack initiation angle and the
critical fracture load of materials have been proposed by energy principles and the
stress approach (Khan et al. 2000).

Among the criteria of energy principle type, G-criterion (Hussian et al. 1974),
S-criterion (Sih 1974) and T-criterion (Theocaris and Andrianopoulos 1982a,
1982b) are original and more important ones. Other fracture criteria are the
maximum tangential stress criterion (Erdogan and Sih 1963), maximum shear
stress criterion, maximum stress triaxiality criterion (Kong, Schluter and Dahl
1995), maximum octahedral shear stress criterion etc. The plastic zone radius
criterion for crack initiation angle was proposed recently by Golos and Wasiluk
(2000), Wasiluk and Golos (2000), Kahn and Khraisheh (2004) and Bian and Kim
(2004).

S-criterion states that the crack initiation takes place along the direction with the
minimum strain energy density around a constant radius around crack tip and a
crack extension starts in the initiation direction when strain energy density reaches
a critical value. The region within this constant radius is assumed and the linear
elastic fracture mechanics does not hold in this circular region. In fact, there is not
any evidence supporting the assumption that this area is circular region with
constant radius, which is an intuitively fixed value only. This region is firstly
called core region by Theocaris (Theocaris and Andrianopoulos 1982a, 1982b)
using the caustic method, and the various fracture criteria maybe applied with high
accuracy defined by the radius of the initial curve of the respective caustic created
by the different loading modes. Then Theocaris et al. modified S-criterion in two
aspects, firstly, total strain energy is separated into two components: a dilatational
component that mainly causes cavity nucleation and development around a crack
tip and distortional component that changes the shape of an element; secondly, the
Huber-von Mises elastic-plastic boundary as the core region is assumed by using a
variable radius for the core region, therefore T-criterion was defined that the crack
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initiation occurs at the direction with maximum dilatational strain energy density
along the contour of constant distortional strain energy. Theocaris et al. also
performed experiments on polycarbonate (PCBC) specimen to support their
criterion (Theocaris et al. 1982¢). The investigation mentioned above showed that
the introduction (including both size and shape) of core region is very important
for definition of various fracture criteria. However, the studies were performed
only by using Huber-von Mises yield criterion, because it coincided with
distortional energy part in form. Little attention has been paid to investigate the
influence of yield criterion on the core region of crack tip.

In fact, the Tresca criterion is the lower bound of yield criteria and the twin-
shear stress criterion (or the maximum principal deviatoric stress criterion) is the
upper bound of yield criteria for stable and isotropic ductile material (Yu 1983).
The Huber-von Mises yield criterion is a special case mediated between the lower
bound and upper bound.

A linear Unified strength theory (UST) was proposed by Yu in 1991 and 1992
(see: Yu 2002, 2004). It is obtained by introducing twin-shear element naturally. It
has two simple mathematical formulae, piecewise linear yield surfaces and
physical significance. Varying the parameter b in the UST derives a family of
convex criteria.

Based on the UST, a generalized T-criterion for Strength Difference (SD) or
non-SD materials is obtained by Qiang, Yu et al. in 2003 and 2004. A new closed
form of plastic core region model and its derivatives are obtained by Qiang in 2004.
The Tresca-core region is lower bound, and the twin-shear-core region is upper
bound, the Huber-von Mises-core region mediated between these two bounds.
They are all the special case of the plastic core region responses of the generalized
T-criterion. A unified fracture criterion based directly on the unified strength
theory was obtained by Yu, Fan, Che et al. in 2003, 2004.

In this chapter, a variable radius for the plastic core region based on the UST
elastic-plastic boundary is introduced and incorporated in the formulation of the
T-criterion, the lower bound and upper bound plastic core region responses of
T-criterion is derived. Comparisons of the three particular solutions with respect to
the Tresca-core region, the Huber-von Mises-core region and the TS-core region
are made mutually. a generalized T-criterion is obtained, called the Ur-criterion.

At last, a unified fracture criterion for mixed mode crack is described in detail. It
is introduced directly from the formulation of the unified strength theory (Fan 2003,
Yu, Fan and Che 2003, 2004). The relations of crack initial angle 6 with 1 and
unified strength parameter b for mode Il crack ( 6 ~u ~b curves), cracked initial
angle with various fracture criteria, unified fracture criterion of mixed I-II mode
for various «, unified fracture criterion of mixed I-III mode for various « , and the
unified fracture criterion of mixed II-III mode for various « are obtained by using
the numerical calculation method. A series of relations are illustrated in Figs. 14.17
to 14.25. The unified fracture criterion may be also used for the study of fatigue
crack growth.
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14.2
Main Idea of T-Criterion

Consider an elastic-perfectly plastic plate under plane stress condition containing
an internal crack inclined by an angle f to the direction of the uniaxial loading, as
show in Fig. 14.1. The stresses around the crack-tip are:

Lo

I o

Fig. 14.1 Slant crack under remote uniaxial load
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where o, o,. and T, are the normal stresses and shear stress in x-y plane
respectively; K; = aox/ﬁsinzﬁ, K= oox/gsin Beosp and u =K, /K,
are stress-intensity factors for mode-I, -II and its notation respectively, oy s
uniaxial loading of remote field, 2a is the crack length; f.(6), f,(6) and
Jyy(6) are defined as above. Based on T-criterion, the dilatational and distortional
parts of the strain energy density are given respectively by:

e T (14-2a)

T
"7T6E

1LV( o2+02—c,0,+372) (14-2b)
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where £ and v are the modulus of elasticity and Poisson’s ratio of the material.
Using the notation of equation (1), we obtain from Egs. (14-2a) and (14-2b)
respectively

_ 2
= 2L v 1,2 (14-30)
2
1= CEORL (24 12 11, 4302) (14-3b)

Since the distortional strain energy is constant along the Huber-von Mises elastic

plastic boundary, 7,, can be considered as a material constant, i.e.,

(1+v)o? ..
Tpo=-—=7—". Combining Egs. (14-32) and (14-3b), we get boundary of the

core region and the dilatational strain energy

2
K
r=— (S - 1S +310) (14-4)
270
1-2)0  (Li+f)
T, = s R 5 (14-5)
6F fx +fy _fxfy+3fxy
So the T-criterion is defined as
Tyloze, 2 Tv,e N Tp = Tpy (14-6)
M _on Ty _, (14-7)
dg =% 26°

where Eq. (14-8) indicates the one has to search for the maximum value of
dilatational strain energy along the Huber-von Mises core region boundary for
crack propagation, Eq. (14-7) implies the propagation direction of a crack
subsequently.

14.3
A Generalization for T-Criterion Using UST

Now the plate is assumed to be made of a rigid perfectly plastic material that obeys
the UST. Figure 14.2 shows the limit loci of the UST expressed by principal
stresses o, and o, respectively.
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Fig. 14.2 UST in plane stress case
The UST has obviously piecewise linear forms
a;op +b,o, =0, (iF1~12) (14-8)

constant a; and b, in equation (14-8) for the twelve lines L; (i=1~12) of 4B,
BC,CD, DE, EF, FG, GH , HI , IJ, JKX, KL and LM in Fig.14.2 are
listed in Table 14.1, where a = /0, is a material uniaxial tension-compression
strength ratio; b is a weighting coefficient that reflects the influence of
intermediate principal shear stress tj, or T,; on the material strength. When b
varies from 0 to 1, a family of convex yield criteria which are suitable for different
kinds of materials are deduced. In particular, it become the Tresca criterion when
0=1, b=0 and the twin-shear stress yield criterion when o=1, b=1. The Huber-von
Mises criterion can be approximated by the UST by using a=1, b=0.5.

Table 14.1 Constants a@; and b, in UST

ABi=1y |BCu=2) |CD@=3) |DEu=4) |EFu=5) [FG=y¢)
a; [b/(1+b) -ab/(1+b) |—a/1+b) |-a -a —a/(1+b)
b; |b/(1+b) 1 1 b/(1+b) b/(1+b) —ab/(1+D)

GH@G=7) |HIG=8) |I(i=9) |JK(i=10) KLGi=11) |LAG=12
a; |-ab/(1+b) |b/(1+b) 1/(1+b) 1 1 1/(1+b)
b; |-a/(1+b)  |-a -a —a/(1+b) |-ab/(I+b) |b/(I+Db)
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For 2-dimensional plane probl ems, the principal stresses are:

2
al}:ox+0'yi [ox—oy] 2
o 2 2 Y
2 (14-9)
_ 0, plane stress
3T v(o1+0,) plane strain

Herein we only discuss plane stress case, for the plane strain case similar
procedure can be used. By substituting Eq. (14-1) into Eq. (14-9) and arranging the
resulting stresses in the order such that o, = o, = o3, we have

Gl} Sh@)

e (14-10)
\/2_71'}’/{2(9)
o3 =0

where

4 4 4 1
h@) = c0oS— — usin— if\/sin2 6 + 2usin 26 +,uz(4—3sin2 8)
5 6) 2 2 2

Since the distortional strain energy is constant along the core region boundary
controlled by UST, substituting Eq. (14-10) into Eq. (14-8), a variable radius for
core region locating on the segments L ; (i =1~12) are obtained as follows:

__K]

2o

s(aifi+bifs)’ (i=1~12) (14-11)

Substituting Eq. (14-11) into Egs. (14-3a) and (14-3b), and combining Eq. (14-10),
a generalized T-criterion is introduced by Qiang as follows

=)0 fi+h ) _— ]
y= e [al-fﬁbl-fzj (i=1~12) (14-12)

_U+v)e! K+ -hh i )
Ty = T (afibh) (i=1~12) (14-13)
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The generalized T-criterion is defined as

TV‘&:HO 2Ty N Tp=Tpy (14-14)
T, 9Ty,
9l —oq <0 (14-15)
26 ‘6 % 262

where Eq. (14-14) states the one has to search for the maximum value of
dilatational strain energy along the unified Twin Shear (TS)-core region boundary
for crack propagation, this core region plastic potential energy is determined by Eq.
(14-13). Eq. (14-15) shows the propagation direction of a crack subsequently.
When b varies from =0 to =1, a family of convex core region boundary which
are suitable for different kinds of materials are deduced, i.e., strength differential
effect for materials by the parameter o.

In particular, if the material is equal tension-compression, or ¢=I1, it becomes
Tresca-core region boundary when »=0 and the twin-shear criterion-core region
boundary when b=1. The Huber-von Mises core region boundary can be
approximated by the UST when 5=0.5. Figures 14.3 and 14.4 show the core region
boundary around the crack-tip with an internal crack inclined by an different angle
S at #/4 and 7/6, respectively. Furthermore, the core region boundary is also
obtained for non-SD materials, it is discussed in section 14.4. The upper bound and
the lower bound of core region boundary are obtained. Obviously the shape and
size of Huber-von Mises core region are located in the middle between the Tresca-
core region (upper bound) and the TS- core region (lower bound).

Dimensionless 2 (s,/K))

Dimensionless 2, (s,/ K)?

Fig. 14.3 Core region boundary around the crack-tip for o = 1, f=7x/4
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Dimensionless 2r, (o, / K)?

Fig. 14.4 Core region boundary around the inclined crack-tip (o =1, g =7/3)
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Fig. 14.5 Core region boundary around the inclined crack-tip (o =0.8, g =7/6)
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Dimensionless 2m, (c,/ K,)?
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Fig. 14.6 Core region boundary around the inclined crack-tip (o =0.8, g =z/4)
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Fig. 14.7 Core region boundary around the inclined crack-tip (o = 0.8, g =7/3)
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14.4
Significance of Parameters b, a and v

14.4.1
Effect of the unified strength theory parameter ‘b’

Parameter b is a material parameter, which represents the influence of the
intermediate principal shear stress. For the same material, the extents of the influence
are not the same under different crack-tip modes. It reflects in the resulting shape and
size of the crack-tip plastic zone. On the other hand, various values of ‘b’ also
correspond to a spectrum of strength criteria, including the well-known Tresca and

Huber-von Mises. In other words, each ‘b’ value represents a strength criterion which

is only valid for a group of materials. What follows are observations of results

obtained from different criteria through its equivalent value of ‘b°.

e For mixed mode: In both plane-stress and plane-strain cases, a general trend is
observed that the larger the value of ‘b’, the smaller is the size of the plastic
zone. In other words, the greater the influence of the intermediate shears, the
smaller the size of the plastic zone. It can be seen from Figs. 13.3-13.9 that the
Tresca criterion (equivalent to b=0) leads to the largest zone, while Yu’s earlier
full-twin-shear criterion (equivalent to b=1) yields the smallest zone. The size
of plastic zone by Mises criterion is somewhere in-between the Tresca and the
Yu’s full-twin-shear, and is almost the same as that by UTSS with b=0.5.

8

|
|
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~ocog
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o
= 4 il
4
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-
o 2F \ / i
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8 /
g ’y /
2 oL 4
] L
c
] —
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(=]
2L 4
4k 4
) I I | I | I | |
8 5 4 2 0 2 4 6 8 10

Dimensionless 2r, (c,/K,)?

Fig. 14.8 Mixed mode crack-tip plastic zone by different criteria in plane-strain state
(a=1ly=14,p=n/4)
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Fig. 14.9 Mixed mode crack-tip plastic zone by different criteria in plane-strain state
(a=0.5v=1/4,p=n4)

e For unconventional materials (b<0): Since the same mathematical expressions
are used, the same trends are observed. The smaller the value of ‘4’ (more
negative), the larger is the size of the plastic zone. Figures 14.8 and 14.9 show
the results for mixed mode SD or non SD effects respectively.

14.4.2

Influence of SD effect

Parameter ‘e’ is the ratio of the uniaxial tensile strength to the uniaxial
compressive strength. The ratio is a measure of the effect of strength differentials
(SD). Definitely, it influences the sizes of the crack-tip plastic zone. Trends are
observed in different crack modes but no common trend is noted. With mixed
mode in plane stress state: The weaker-in-tension materials (a=0.5) always result
in smaller plastic zone (if not less) than the equal-strength materials (a=1). It can
be seen in Figs. 13.4-13.7 and 14.10 for b=0, 0.5 and 1.0 respectively. On the other
hand, in plane strain state: Contrary to the trend in mixed mode, the weaker-in-
tension materials (@=0.5) always result in larger plastic zone than the equal-
strength materials (¢=1), in both plane-stress and plane-strain cases. It can be seen
in Figs 14.3-14.7 and 14.11 for =0, 0.5 and 1.0 respectively.
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Fig. 14.10 Effect of SD on mixed mode crack-tip plastic zone in plane stress state
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Fig. 14.11 Effect of SD on mixed mode crack-tip plastic zone in plane strain state

(b=0.5,v=1/4,8=n/3)
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14.4.3
Influence of Poisson’s ratio

Results for plane-stress cases are independent of the Poisson’s ratio. So is for
mixed mode crack plane-strain cases, the influence of Poisson’s ratio is similar to
the trend observed in the variations of ‘b’ values. The larger the Poisson’s ratio, the
smaller is the size of the plastic core zone. Figures 14.12 and 14.13 shows the
results for SD (& =0.5) or non SD (« =1.0) effect materials with the same
inclined angle at g =7 /4.

— v=1/5

" : 2
Dlmenspnl ess 27 (o,/ K))

5 4 3 2 A [ 1 2 3 4 5
Dimensionless 2r, (c,/ K)?

Fig. 14.12 Effect of Poisson’s ratio on mixed mode crack-tip plastic zone in plane-strain
state ((@ =1.0,6=0.5, g =7/4))
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Dimensionl ess 21cy(asl K) 2
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Fig. 14.13 Effect of Poisson’s ratio on mixed mode crack-tip plastic zone in plane-strain
state ((¢ =0.5,6=0.5,5 =7/4))

14.5
Crack Initiation Angle of The generalized T-criterion

The predication of generalized T-criterion for the crack initiation angle 8, versus
crack inclination angle B under tensile loading is shown in Fig. 14.14, along with
the corresponding predications of S-criterion and G-criterion. The upper bound
and lower bound of variation for T-criterion are obtained, the upper bound of
variation for crack initiation angle 6, versus crack inclination angle f is the case
when =0 under Tresca-core region, and the lower bound of variation for crack
initiation angle 6, versus crack inclination angle f3 is the case when b=1 under TS-
core region, similar results can be drawn using S-criterion. The variation law is
identical to those of using T-criterion when »=0.5 (approximate to Huber-von
Mises core region). So we now name the generalized T-criterion as Ur-criterion.
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Fig. 14.14 Angle of initial crack growth vs crack inclination using different fracture
criterion, tensile loading

14.6
Application of the Unified Strength Theory in Establishing
the Mixed Fracture Criterion

The complex stress states are common characteristics between the mixed mode
cracks and the unified strength theory. A unified fracture criterion was established
by using the unified strength theory by Yu, Fan, and Che et al. in 2003 and 2004.
In the unified fracture function, the difference between tension and pressure, the
effect of the intermediate principal stress o, and the effect of the intermediate
principal shear-stress Ty, (or Tp3) are taken into account. With the variation of
a=0,/c, and failure parameter b, a series of mixed mode crack criteria are
formed, and can be applied for many materials. The J-integral is calculated through
FEM. According to the relation between the result and the stress intensity factor,
K, can be obtained. Then it is used in the unified fracture function. The unified
fracture criterion is compared with those of other mixed mode criterions.

The unified fracture criterion can be generalized to analyzing the initial positions
and directions of crack and the growing of crack in fracture mechanics and fatigue
problems.

The stress field and the displacement field along the crack front can be
expressed by polar coordinates (¢, 7) of X —Y plane as follows:

K, 6 .6 .30 K . 9( 6 30
o, = cos—| l—sin—sin— |— sin—| 2+c0s—cos—
2 2 2 2

2xr 2xr
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K, 6 .0 .30\ K, .6 6 30
o, = cos—| 1+sin—sin— |+ sin —cos —cos —
2xr 2 2xr 2 2
T, = A cosgsingcos3—0+ Ky cosa(l—sinasinwj
¥ 2 2 2 2 2z 2 2
o,=2u K cosz—Zy I sing
: N 2nr 2 N 2nr 2
T,=— sin —
27r 2
- K8 (14-16)
- 2xr 2

The three-dimensional polar coordinates system is shown in Fig.14.15.

Z

Fig. 14.15 Three-dimensional polar coordinate system

According to the stress state theory, if the six stress components of a point have
been given, the stress invariant is:

I, = 2(1+u)(K| cos%—K” Sian

N2zxr

2 2 2
I, = AK™+ 4K K\ + 4K + 4,K), (14-17)
I.,=BK>+B,K>K, +B.K K>+ B,K K2 +BK, K2 +BK>
3 ™ 250 I 3P A7 ST 6
where

1
A =— cos4ﬁ+4,u coszﬂ
2zr 2 2
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1.
A, =—s1n9(cos20+2,uj
zr 2

1 . .
A3 2[351n26c0529—c0s20+4ﬂ sng
2 2 2 2

zr
1
Ay =———
4 2zr
B =2u ! 3cosSg
2xr 2
1 .
By, =2u 3[—50054051n0j
A 2zr 2 2
1 .
By=2u 3(6 sin’ o cos’ 9) cos’ a
N27r 2 2 2
4
B,= 3 (— cos® j
271
Bs= ! 3 cosz—smg
2zr 2
1 .
Bg= # 3fcosgs1n9(3cos9—1) (14-18)
2zr 2
The three principal stresses o, ,0, ,0, can be obtained from the characteristic
value of the stress matrix:
1
o= “LiRcos?
3 3
1 2
o=+ Rcos((o—”
3 3 3
o, =Dy Reod 2422 (14-19)
3 3 3

2

1 3_
where R:§(112—312)2’ cos¢;:211 91,1, +271,

3
21} -31,)2
¢/3 corresponding to the stress angle of z -plane; ¢/3=0°~60° and
0,20,20,-
According to the formula of the unified strength theory and Eq. (14-17) and

Eq. (14-19), the unified fracture criterion for SD materials can be established as
follows:
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14.7
Unified Fracture Criterion

The mathematical expression of the unified strength theory is

o1t+ao
F=o01— T b(b0'2 +03) =0, =ao, when 0y 371“_0( 3 (14-20a)
1 +
F'= 1+b(0-1 +bo-2) 0oy =0, =00, when o) 2% (14-20b)

Substituting Eq.(14-17) and Eq.(14-19) into Eq.(14-20), a new unified fracture
function in terms of three dimensional stress is obtained (Yu, Fan and Che et al.
2003, 2004). It can be expressed as follows:

6 . 0
Fire =7 = =421 K; s K sin

bcos( +Z j+cos( j
+R| cos? +a 3 3 3 3\ (14-212)
3 1+b

' v 2 ] . 0
F FractureZ\/;F:W(l-hu)(l—a)([(l cos> —K“smz)

cos? —bcos
3 (3 3) @ ;r) (14-21b)
+R —— +acos(3 3 NIz

The unified fracture criterion is based on the two hypotheses:
(1) Crack will propagate along the direction of minimum value
FFracture(F'Fracture) , €.2.

dFpracture =0 and szFracture >0> when @ =6, (14-22)
de de?

(2) Crack will start to grow when Fr,,.me (F'Fracure) Teaches to the critical value
F,,eg.

Fchture (F 'chture) = Fc » when 6=6, (14'23)

Theoretically, according to the formula (14-22), a function f(6,)=0 can be
obtained. It is difficult, however, to get the solution because of the complexity of
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the analytic solution. So the problem will be solved through numerical calculation.
The process is as follows:

(a) Given a series of the values of ¢;, and according to Eqs. (14-17) ~ (14-23),
as for any 6;, the unified fracture function Fp,,..p. and F'ppenme have a
definite value.

(b) Then, the F, 4, - 6 curve will be obtained.

(c) From the curves, it can be concluded that when Fr,, e (F 'Fracure) T€aChes

the minimum value, ¢ will be the initial cracked angle 6, and
Frracture (F ' Fracure) Will Teach the critical F,, as shown in Fig.14.16.
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Fig. 14.16 Curves of several fracture criterions

The results in several cases are shown in Figs. 14.17~14.25. The experimental
data in Fig.14.17 are given by Zhao and Xu (2002).
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Fig. 14.17 Comparison of cracked angle with various fracture criteria (1 =0.167)

The relations of crack initial angle 0 with p and wunified strength
parameter b for mode Il crack are obtained by Fan (2003) and Yu, Fan, Che et
al.(2003, 2004). The relation curves of 6 ~ u ~ are illustrated in Fig.14.18

(a), (b), (c) and (d).
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Fig. 14.18 Continued
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Fig. 14.18 Crack initial angle 6 ~ p ~b curves (mode I crack)
14.8

Unified Fracture Criterion of Mixed Mode I-lll

Unified fracture criterion of mixed I-III mode for « =1, ¢=0.5and «=0.3

materials are illustrated as in Fig.14.19 to Fig.14.21. The test data in Fig. 14.20
are obtained by Zhang , Zhu, He et al. (1993).
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Fig. 14.19 Unified fracture criterion of mixed I-III mode for o =1 materials (uz= 0.2)
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K, /K ¢
Fig. 14.20 Unified fracture criterion of mixed I-1II mode for 0=0.5 materials (# = 0.2)
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Fig. 14.21 Unified fracture criterion of mixed I-III mode for & = 0.3 materials (¢=0.2)

14.9
Unified Fracture Criterion of Mixed Mode II-ll

Unified fracture criterion of mixed II-III mode for ¢ =1 and & =0.5 materials are
illustrated as in Fig.14.22 and Fig.14.23. Relation of KKy, ~ Ky/Ky, and
Ki/Kie~Ky/Ky are given.



Summary 397

IE.«/K(-.C 08 Keo/Keic

0.6

0.2

0.0 1 T T K¢Jch0'0 ! T T had 1 K¢e/K¢ﬁc
0.0 0.5 1.0 0.0 0.2 0.4 0.6 0.8
(a)Kn/Ku~ Ki/Ku (b) Km/Ki~Ki/K;

Fig. 14.22 Unified fracture criterion of mixed II-IIl mode for & =1 materials ( z = 0.2)
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Fig. 14.23 Unified fracture criterion of mixed II-III mode for & =0.5 materials (x = 0.2)

Summary

In this chapter, a variable radius for the plastic core region based on the Unified
Strength Theory (UST) elastic-plastic boundary is introduced and incorporated in
the formulation of the earlier T-criterion, a new closed form of plastic core region
model and its derivatives are obtained, while the lower bound and upper bound
plastic core region responses of T-criterion is derived, and variation for the angle
of initial crack growth versus crack inclination under different loading condition is
obtained also. Comparisons of the three particular solutions with respect to the
Tresca-core region, the Huber-von Mises-core region and the Twin-Shear (TS)-
core region are made. A U-fracture criterion is also proposed, it is not only for
ductile material but also for brittle material.
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The unified strength theory is applied to the fracture mechanics. A unified
fracture criterion for mixed mode of crack is described. The unified fracture
criterion of mixed I-II mode for various « , unified fracture criterion of mixed I-III
mode for various « , and the unified fracture criterion of mixed II-III mode for
various o are obtained through numerical calculation. A series of relations are
illustrated in Figs.14.17 to 14.25. The results show:

(1) In the unified fracture criterion, the SD effect (strength difference
between tensile strength and compressive strength of materials), the
hydrostatic stress effect, the normal stress effect, the effect of the intermediate
principal stress and the effect of intermediate principal shear-stress are taking
into account, the unified fracture criterion can be adapted for more materials.

(2) The critical angle and the fracture criterion is consistent with the testing
data.

(3) If the material has a good toughness, the plastic zone is so large that the
elastic solution will disappear completely. On the tip of the crack, the plastic
zones play an important role.

The unified fracture criterion may be used in J-integral for nonlinear cracks.

The concept of the unified fracture criterion may be used in the study of the
mixed mode fatigue crack growth (Qian and Fatem 1996; Gao, Alagok, Brown and
Miller 1985)

Problems
Problem14.1.

Plotting the plastic zone at crack tip of mode I for & =1 material

Problem14.2.
Plotting the plastic zone at crack tip of mode I for & =0.8 material

Problem14.3.
Plotting the plastic zone at crack tip of mode I for &= 0.6 material

Problem14.4.
Plotting the plastic zone at crack tip of mode I for o= 0.2 material

Problem14.5.
Plotting the plastic zone at crack tip of mixed I-II mode for & =1 material

Problem14.6.
Plotting the plastic zone at crack tip of mixed I-II mode for o= 0.8 material

Problem14.7.
Plotting the plastic zone at crack tip of mixed I-II mode for = 0.5 material

Problem14.8.
Plotting the plastic zone at crack tip of mixed I-II mode for o =0.2 material
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Problem14.9.
Plotting the relation curve of mixed I-II mode for =1 material by using the

unified fracture criterion.

Problem14.10.
Plotting the relation curve of mixed I-II mode for =0.8 material by using the
unified fracture criterion.

Problem14.11.
Plotting the relation curve of mixed I-II mode for & =0.5 material by using the
unified fracture criterion.

Problem14.12.
Plotting the relation curve of mixed I-II mode for «=0.2 material by using the
unified fracture criterion.
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15 Limit Load and Shakedown Load of
Pressure Vessel

15.1
Introduction

The elastic limit, plastic limit and shakedown analysis are important in analysis
and design of engineering structures. This chapter deals with the limit analysis and
shakedown limit analysis of pressure vessel.

Limit analysis and design of structures is highly developed. The basic
techniques were given in several textbooks and papers (Symonds and Neal 1951;
Neal 1956; Hodge 1959, 1963; Baker and Heyman 1969; Heyman 1971; Save and
Massonnet 1972; Horne 1979; Mrazik et al. 1987)

Exploitation of the strength reserve of the load-bearing capacity allows for the
design, in many cases of structures with increased admissible loads or decreased
cross-sections and the weight of structure. This results in a reduction in material
consumption and cost.

The savings are achieved in three ways: first, the most highly stressed cross-
sections are better exploited by transferring part of the load to those that are under-
stressed in the elastic state. Second, the number of fully exploited cross-sections is
increased by the redistribution of the internal forces throughout the statically
indeterminate structure. Third, the limit-bearing capacity of structures may be
increased by using an advanced strength theory or yield criterion.

The Tresca yield criterion, the Huber-von Mises yield criterion and the
maximum principal stress criterion are usually used to perform the limit analysis of
metallic structures. The Mohr-Coulomb criterion is usually used to perform the
limit analysis for geomaterials and geotechnical engineering. Each adapts only for
one kind of metallic material or geomaterials. Moreover, both the maximum
principal stress criterion and the single-shear theory (Tresca and Mohr-Coulomb
criteria) only consider the effect of one or two principal stresses. In addtion, the
Huber-von Mises criterion is not convenient to use in analytical solutions because
of its nonlinear formula.

In 1991, a new linear unified strength theory was proposed (Yu and He 1991;
Yu 1992). The yield loci of the unified strength theory cover all regions of convex
yield criteria. The Tresca yield criterion, the Huber-von Mises yield criterion, the
twin-shear yield criterion, the Mohr-Coulomb theory, the generalized twin-shear
failure criterion and a series of new linear yield criteria are special cases or linear
approximations of the unified strength theory. It provides us with a new available
unified strength theory and approach to study the load-carrying capacities and the



402 15 Limit Load and Shakedown Load of Pressure

shakedown load of structures. Systematic results can be obtained by using the
unified strength theory.

The limit analyses of thick-walled cylinder, gun barrels and wellbore by using the
twin-shear yield criterion and the unified strength theory were given by Li and
Zhang (1998), Liu, Ni and Yan (1998), Ni, Liu et al. (1998), and Zhao et al (1999).
The plastic limit analyses based on the unified strength theory for thick-walled
cylinder under the combined action of both an inner pressure and axial force were
obtained by Feng, Zhang and Han (2004).

The unified strength theory is also used to analyse the shakedown load of thick-
walled cylinder (Xu and Yu 2004, 2005). The effects of SD (strength difference in
tension and compression), the intermediate principal stress and the effect of yield
criterion on the shakedown load of the thick-walled cylinder can be evaluated. It is
seen that the applications of the unified strength theory to plastic analysis and
shakedown analysis of structure are very effective.

In this chapter, the unified strength theory is used to obtain the unified solutions
of plastic limit of pressure vessel and shakedown limit of pressure vessel. These
results can be suitable for a wide range of materials and engineering.

15.2
Theorems of Limit Analysis of Structures

The theorems of limit analysis were first presented by Gvozdew in 1938 and
independently proved by Hill in 1951 for rigid perfectly plastic materials and by
Drucker et al. in 1951 for elastic perfectly plastic materials. The general forms of
the theorems of limit analysis are described as follows.

15.21
Lower-Bound Theorem

If an equilibrium distribution of stress can be found that balances the applied load
and is everywhere below yield or at yield, the structure will not collapse or will
just be at the point of collapse. This gives a lower bound on the limit load and is
called the lower bound theorem. The maximum lower bound is the limit load.

We define a statically admissible stress field as one that is in internal
equilibrium, is in equilibrium with the external load 4, and nowhere exceeds the
yield limit. The multiplier 4 is used and structure acts under the load 4,as 4 is
slowly increased from zero. The multiplier 4 corresponding to such a statically
admissible stress field is called a statically admissible multiplier. The lower bound
theorem can be stated as follows: the limit load factor A° is the largest statically
admissible multiplier 1™, i. e.

A< (15-1)



15.3 Unified Solution of Limit Pressures for Thin-Walled Pressure Vessel 403

15.2.2
Upper-Bound Theorem

The structure will collapse if there is any compatible pattern of plastic deformation
for which the rate at which the external forces work is equal to or exceeds the rate
of internal dissipation. This gives the upper bound on the limit or collapse load and
is called the upper bound theorem. The minimum upper bound is the limit load.

The upper bound theorem can be stated as follows: the limit load factor Ais the
smallest kinematically admissible multiplier f, 1. e.

A= 10 (15-2)

The above theorems furnish the limit load with upper and lower bounds. They
can be summarized by the relation

rsa<a (15-3)

15.3
Unified Solution of Limit Pressures for Thin-Walled
Pressure Vessel

Thin-walled vessels and thick-walled cylinders are used widely in industry, for
instance, as pressure vessels, pipes and gun tubes. In many applications the wall
thickness of the cylinder is constant, and the cylinder is subjected to a uniform
internal pressure p. The deformations of the cylinder are symmetric with respect to
the axis of symmetry of the cylinder under such conditions.

Furthermore, the deformations at a cross section sufficiently far removed from the
junction of the cylinder and its end caps are practically independent of the axial
coordinate z. In particular, if the cylinder is open (no end caps) and unconstrained, it
undergoes axisymmetric deformations from pressure p, which are independent of z.
If the deformation of a cylinder is constrained by end caps, the displacements and
stresses at cylinder cross sections near the end cap junctions differ from those at
sections far away from the end cap junctions. In this chapter, we consider the stresses
and strength at sections far away from the end caps. The study of stresses and
strength near the junction of the end caps and the cylinder lies outside of the scope of
this book. This problem often is treated by the finite element method (FEM).

Since only axially symmetrical loads and constraints are permitted, the solution
is axisymmetrical, that is, a function of radial coordinate r only. In the case of a
thin-walled cylinder, the difference between stresses at the inner wall and the outer
wall is small when the thickness ¢ is much less than the diameter of vessel (many
vessels have a thickness-to-diameter ratio less than 1/20). The stresses may be
independent of the radial coordinate r.

The elastic limit and plastic limit of thin-walled vessels and thick-walled
cylinders will be studied using the unified strength theory.
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Consider the stresses in a simple pressure vessel where fluid under pressure acts
on the inner surface of the vessel wall. The pressures cause a circumferential stress
(or hoop stress) o7 and longitudinal stress o». Relationships between pressure p, the
dimensions of the vessel and stresses will now be established partly because the
stress formulas are not only well known in any course of engineering interest, but
also to develop some principles that have wider application. As can be found in
any textbook on mechanics of materials, three principal stresses of element are

D D
-7 =P~ o3 =0

o1 by > %) 4t } (15_4)
The unified strength theory is
o o, +ao
F=0 - —(bo, to,)=0,, when o, <L "3 (15-5a
I 1+b( 2 To3)=0, 2 o (15-5a)
, 1 o, +ac
=——/(o, +bo,)—ao, =0,, when o, <1 "3 (15-5b
1+b( 1 2) 3 t 2 I+ o ( )

where 61, 6, and 63 are the principal stresses and they satisfy 672 06,2 03.
0=0/0, is tensile-compressive strength ratio of the material. The coefficient
b (0<b<1) is a material parameter that reflects the influence of intermediate
principal shear stress as well as the influence of intermediate principal stress
on plastic behavior of the material, which is often called the yield criterion
coefficient.

The unified strength theory can also be expressed in terms of material
parameter m as follows:

mo;+oj,
o~ (bo, +0.) =0 o, <MO1TTs (15-6a)
! m(1+b)( 2 +o3) = (o2 m+1 )
1 (o, +bo,) o3 ( >m0'1+0'3) (15-6b)
— (o 0,)———=0 Oy 22— -
N T 2T m+l

where m = (;C/o-t is compressive-tensile strength ratio of the material. The
ratio m is an index of the material strength difference effect and m >1 in
general.

When b varies from 0 to 1, the unified strength theory can be simplified to the
Tresca criterion (o = m =1and b=0), the linear approximation of Mises criterion
(¢ =m =1and b=0.5), the twin shear criterion (¢ = m =1and b=1), the Mohr-
Coulomb criterion (g #m=#1or m >1 and b=0), the generalized twin shear
criterion (o #m #1, i.e. a <1 or m > 1 and b=1), and a series of new criteria
(other values of m and b). Hence, the unified strength theory can be applied to
more than one kind of material. The yield loci of the unified strength theory in the
deviatoric plane for non-SD and SD materials can be seen in Chapter 4.
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The stress state of thin-walled vessels satisfies the condition of the unified
strength theory

1 o, +ao
0y, =—(0y +o3) S 1—3
2 l+a

We have to use the first formula Eq. (15-5a). Substituting Eq. (15-4) into the first
equation of the unified strength theory Eq. (15-5a), we can get the following
expression for the yield condition of thin-walled vessel:

D ab pD
pY @b PP _ (15-7)

o
F=a __b(ba2 to3)= 2t 1+b 4 !

1+
The limit pressure can be obtained as follows

1+b 4¢

S —— 15-8
242b—ab D ! (15-8)

Pe

If the material has an allowable tensile stress of [a]= 6% , the allowable limit

pressure is

1+b 4t

lp1= 242b—ab D

[o] 15-9)

If the internal pressure p and allowable stress [a] are given, the wall thickness is
required by the following condition

L 2+2b+ab pD (15-10)
1+b  4[o]

The relationships between limit pressure and wall thickness and the parameter of
strength theory b in the unified strength theory are illustrated in Figs. 15.1 and
15.2.
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Fig. 15.2 Relation of wall thickness to parameter b

154
Unified Solution of Elastic Limit Pressure for
Thick-Walled Cylinders

Thick-walled cylinders are used widely in engineering. It is important to know the
elastic and plastic limit internal pressures of hollow cylinders. A considerable
amount of work has been done on the problem of elasto—plastic analysis in a thick-
walled cylinder under internal pressure. Various solutions have been obtained by
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Turner (1909), Nadai (1931), Manning (1945), Hill et al. (1947), Allen and
Sopwith (1951), Crossland and Bones (1958). The subject was thoroughly
discussed in the books by Hill (1950), Prager and Hodge (1951), Johnson and
Mellor (1962), Mendelson (1968) and Chakrabarty (1987).

Conventionally, the Tresca yield criterion and the Huber-von Mises yield
criterion were adopted to derive the elastic and plastic pressure. Some solutions
used the Tresca yield criterion. Other used the Huber-von Mises yield criterion.
Complete incompressibility is assumed in both the elastic and plastic regions.
However, the Tresca yield criterion ignores the effect of the intermediate principal
stress on yield. It leads to conservative predictions of limit pressures. The Huber-
von Mises yield criterion is not convenient to use due to its nonlinear mathematical
expressions.

The twin-shear yield criterion proposed by Yu in 1961 (Yu 1961a, 1983) has
been used to study the limit pressure of thick-walled cylinders by Li (1988) and
Huang and Zeng (1989). The generalized twin-shear strength theory (Yu et al.1985)
was also used to obtain the limit pressure of thick-walled cylinders and hollow
spherical shells by Ni et al. (1998) and Zhao (1999). It was applied to gun barrels
by Liu et al. (1998). The elastic limit pressure, plastic limit pressure and
autofrettage pressure in autofretted gun barrel were studied by Liu and Ni (1998).
Modern gun barrels are made of high-strength steel having different strengths in
tension and compression. So, their solutions are more difficult.

The unified yield criterion (Yu and He 1991b, Yu et al.1992) was used to derive
the limit pressure for thick-walled tubes with different end conditions, e.g., the
open-end condition, the closed-end condition and the plane strain condition (Wang
and Fan 1998). The effects of yield criteria on elastic and plastic limit pressure for
thick-walled tubes using the unified yield criterion were illustrated and discussed.
These results can be used for those materials with identical yield stress in tension
and compression.

For pressure-sensitive materials, the generalized failure criterion considering the
effect of strength differences in tension and compression (SD effect) has to be
used. The unified strength theory takes all the stress components into account and
satisfies the basic characteristics of materials under complex stress states as
summarized in Chap. 4. It is suitable for use in most cases. The unified solutions of
elastic and plastic limit pressures for thick-walled cylinders are studied below.

Let us consider a thick-walled cylinder under an internal pressure p and a
longitudinal force P (Fig.12-3). The inner and outer radii of the cylinder are r,
and r,, respectively. The cylinder is assumed so large that planar transverse
sections remain plane during the expansion. This means that the longitudinal strain
& is independent of the radius to the element.
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Plastic Elastic

(a) (®)
Fig. 15.3 Thick-walled cylinder

The stresses and strains sufficiently far away from the ends do not vary along the
length of the cylinder, and the equation of equilibrium is

do, _% ~o (15-12)
dr r

The z-axis of the cylindrical coordinates (7, 8, z) is taken along the axis of the
tube. The longitudinal stress in the elastic state may be written from Hooke’s law
as
=v (o, + o) (15-13)

o,

where E is Young’s modulus, and v is Poisson’s ratio. The radial strain ¢, and
the circumferential strain &, are

1+
g = EV [(l—v)o; —VO'H]
e = [1-v)e, —va, | (15-14)

The compatibility equation is

d
—(0,+0,)=0
S (ot o)
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It follows that o, +0, and o, have constant values at each stage of the elastic
expansion. Integrating Eq. (15-12) and using the boundary conditions o, =0 at
r=r,, and . =—p at r =r,, the stresses are given as follows:

I"2 Vz - 7'2 7'2 -
b b
0. =-p iz 1| &=1], o, =p rTH L (15-15)
rtl ra

This is the famous Lame’s solution. If the resulting longitudinal load is denoted by
P, the axial stress o, is P/n(rb2 —raz), since this stress is constant over the
cross section. In particular, P =0 for the open-end condition and P = nraz p for
the closed-end condition. The plane strain condition (¢, =0) , sometimes
considered for its simplicity, gives o, directly from Eqgs. (15-13) and (15-15).
Hence

g = zp closed end
K™ —1
o =0 open end
2
o, = 2vp plane strain (15-16)
K~ -1

The axial strain is obtained from Eqgs. (15-14) and (15-16) as

1-2
L = (Z—V)p closed end
(K- -1DE
-2V
£, = A open end
(K?-1E
e,=0 plane strain (15-17)

In all the three cases, o, is the intermediate principal stress. For the closed-end
condition, o is exactly the mean of the other two principal stresses. If a material is
assumed to be incompressible in both the elastic and plastic range, o, for the plane
strain condition is identical to the closed-end condition. It can be seen that =0y,
or=0,, 03=0;, and

o + aoy

(15-18)
1+«

1
o, =5(0'1 +0y) <
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So, we need choose the first equation of the unified strength theory.
o
o, —m(bc2 +o0;) =0, (15-19)

Substituting Eq. (15-18) into the above equation, we have the unified strength
theory in the case of a thick-walled cylinder with closed-end and plane strain
condition as follows:

2+(2-a)a  a(2+b)

o, 0.=o0, 15-20
20+ 7 204 " ( )
or
¢ (open end) (15-21)
0y———0, =0 B,
o 1+b r t P

Substituting ¢, and o, (Eq.12-15) into above equations, we have

2 2
[2 +(2—a)b](K2p_lj{:—2+lj+a(2 +b)[K2p_l)(:—2—l]=2(l+b)at

(15-22)

This is suitable for closed-end and plane strain condition for incompressible
materials.

Hence, the following elastic limit pressure in terms of the unified strength theory
can be obtained:

A+b)K? -1)g,

e =3 closed end (15-23)
K (+b+a)+(1+b)(1-a)
1+b)(K* —1
e = ( 2)( )0’2 open end (15-24)
(1+b)YK“+D)+a(K”-1)
1+b)(K? -1
e ( X )i plane strain (15-25)

:K2(1+b+a)+(l+b)(l—a)

The elastic limit pressure in the plane strain state for an incompressible material
is the same as the closed-end condition.

If material is assumed to be compressible, the values of elastic limit pressures p,
for the three end conditions will differ marginally from one another for usual
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values of Poisson’s ratio V, where the lowest elastic limit pressure corresponds to
open ends.

These unified solutions are general solutions adopted for different materials.
The limit pressure for closed-ends in terms of the Mohr-Coulomb strength theory
(single-shear theory) was discussed. The twin-shear strength theory was used to
obtain the limit pressure of thick-walled cylinders by Liu et al. (1994) and Ni et al.
(1998). It can be also introduced from the unified solution when 5=0 and b=1.

K?-1
Pe= 5
(I+a)K +(1-a)

o, (Mohr—Coulomb strength theory) (15-26)

2(K2 -1
Do = ( > ) o, (twin-shear strength theory) (15-27)
Q2+a)K"+2(1-a)

If the yield stresses in tension and compression are equal, i.e., « =1, or
o, = 0, = 0, . Eqgs. (15-23)— (15-25) are simplified to

1+b)(K* -1
= %6)) closed end (15-28)

_(L+b)(K? -0

, open end (15-29)
K>Q+b)+b

e

_ (+b)K 1)
T K2 by +b—20) "

plane strain (15-30)

e

These results are identical with the solutions from Yu’s unified yield criterion
obtained by Wang and Fan in 1998. If « = 1, b=1, the unified strength theory
become the twin-shear yield criterion (Yu 1961a); for o =1, b=1/2, the unified

strength theory becomes the linear Huber-von Mises yield criterion.
The elastic limit pressure for a Tresca material at closed-end,open-end and plane
strain conditions can be obtained from Egs. (15-28)—(15-30) when o =1, 5=0.

They are identical:

K% -1
2K?

- (15-31)

Pe = y
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The elastic limit pressure for the Huber-von Mises material may be

approximately obtained from the unified solution (when o« =1, b =1 / 2).

3(KP -1
. = (—2) o, closed end
5K
3(K 1)
. = o, open end
SK2+1
3(K*-1)

. plane strain

=—F——""—0
SK2+ (1-2v) 7

The classical solutions for Huber-von Mises materials are

2
K'-1
P = oy closed end
3K°
K1 d
p. =—F————o, open en
V3K* +1
K -1 ,
P = o, plane strain

y
V3K +(1-2v)

(15-32)

(15-33)

(15-34)

(15-35)

(15-36)

(15-37)

Comparing these results, we can see the difference between the Huber-von Mises
material and the unified yield criterion material with b=1/2 (linear Huber-von

Mises material) is very small. The difference is less than 0.38%.

The elastic limit pressure in view of the twin-shear yield criterion can be

obtained from the unified solution from a=1, b=1.

20K* -1
, = (—z)ay closed end
3K
2 K?
A ( -0 o, open end
3K? +1
2K*-1)

= plane strain
K"+ (1-2v)g,

(15-38)

(15-39)

(15-40)
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The difference between the solution for the Tresca material and the solution for
the twin-shear material is 33.4%.

Equation (15-39) was given by Li (1988) and Huang and Zheng (1989). It is the
same as the solution by using the unified yield criterion.

It is interesting to note that all the previous solutions can be deduced from the
unified solution in terms of the unified strength theory. The various unified
solutions are illustrated in Figs. 15.4 to 15.6.

a=0.6
0.6+ 0=0.7
0=0.8
0=0.9
051 @=1.0
0.4 1
plo
e’ 7t 0.3
0.2 1
0.1 1
0.0 T T T T T
1 2 3 4 5 6

K:rb/’:z

Fig. 15.4 Relation of elastic pressure to K =7, /. (6=0.0)

0.7 0=0.6
: a=0.7
a=0.8
0.6 1 «=0.9
o=1.0
0.5+
0.4
P /o
e Tt
0.3 1
0.2
0.14
0.0 T T T T T
1 2 3 4 5 6
K=r/r,

Fig. 15.5 Relation of elastic pressure to K=7, /1, ( b=0.5)
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0=0.6
a=0.7
0.7+ 0=0.8
«=0.9
0.6 o=1.0
0.5+
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0.2 1
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0.0 T T T T
1 2 3 5 6

4
K=rb/ r,

Fig. 15.6 Relation of elastic pressure to K=r, /r,, (b=1.0)
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Fig. 15.7 Relation of elastic pressure to b

Various results of elastic limit pressures of thick-walled cylinders for closed ends
and open ends in terms of different yield criteria are summarized in Tables 15.1
and 15.2.
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Table 15.1 Summary of elastic limit pressures for closed-end conditions

Materials

Elastic limit pressures

Failure criterion used

SD material

1+b)(K? -0,

a#1

“KCra)+2-a)

o #1 Pe= Kz(l thta)+(+b)-a) Unified strength theory

SD material Do= K*-1 o Unified strength theory

a#1 U+ K +(1-a) ' b =0, Mohr—Coulomb

SD material p 2K -1 Unified strength theory b=1,
e

twin-shear theory

a=1 _(+h&> -1 o
materials e = m Oy Unified yield criterion

a=1 K21 Unified yield criterion
materials Pe= 2K> %y b=0, Tresca criterion

a=1 K> -1 o o
materials Pe= W Oy von Mises yield criterion
“= 1 e = &2—1) oy Unified yield criterion b=1/2
materials 5K

a=1 2AK2-1) Unified yield criterion b=1,
materials Pe= 3K? % twin-shear criterion

Table 15.2 Summary of elastic limit pressures for open-end conditions

Materials

Elastic limit pressures

Failure criterion used

SD material

1+b)(K* =)o,

w1 e K+ 1) +a K2 ) Unified strength theory
SD material Do= K*-1 o Unified strength theory
a#l “ (+a)K>+(1-a) ! b=0, Mohr—Coulomb
SD material 2K?-1) Unified strength theory b=1,

a#1

P 0y + 21-a) !

twin-shear heory

o =1 materials

_(I+b)(K? -1
Pe= 20 by +b

Unified yield criterion

o =1 materials D= K? —10_ Unified yield criterion
T Rz Y b=0, Tresca criterion
, K>-1

o =1 materials Pe= W" y von Mises yield criterion
o =1 materials D= 3(K2—1)0_ Unified yield criterion when

= =221 9% _

S5K=+1 b=1/2

o =1 materials . 2([(2—1)0_ Unified yield criterion b=1,

- ©O3K2H twin-shear criterion

415
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When a uniform pressure p is applied externally to a thick-walled cylinder of
wall ratio r, /r,, the elastic stress distribution of o,and o, is obtained from Eq. (15-
15) by interchanging 7, and 7. In this case, both stresses are negative, where o, is
more compressive than o;..

15.5
Unified Solution of Plastic Limit Pressure for
Thick-Walled Cylinder

15.5.1
Stress Distribution

As the internal pressure gradually increases beyond elastic limit p,, a plastic zone
will begin at the inner surface and spread outward from the inner radius to the
radius of an elastic-plastic boundary, then toward to the outer surface. The elastic-
plastic boundary at any stage has radius r.. In the elastic region, (r.< r <rp), the
radial and circumferential stresses are obtained from Lame’s equations using the
boundary condition 0,=0 at =r;, and the fact that the material at 7=, is stressed to
the yield point. The pressure reaches its maximum value when the plastic zone
reaches the outer surface of the thick-walled tube.

The elastic part of the elastic-plastic thick-walled tube may be considered as a
new tube with inner radius 7, and outer radius 7, with an internal pressure p,. The
stress distribution in the elastic region for an incompressible material is easily
shown to be

2 2
q :&[1_‘_71;_] (15-41)
2 2 2
rb }’C r
2 2
Pl "p
g =—Lee |1 1b (15-42)
12 -2 r?
b c
1
o= +q) (15-43)

where

) 204b)(r,> =1 %)
C o @42b—ab)(r, +r ) Fa QD) —r0)

o, (15-44)
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15.5.2
Plastic Zone in the Elasto—Plastic Range

In the plastic zone, the material is assumed perfectly elastic—plastic, so the stress
state satisfies Eq. (15-5) or Eq. (15-5") when the unified strength theory is adopted
as the yield criterion. According to the stress state condition Eq. (10-5), the first
equation of the unified strength theory Eq. (15-5) must be used. Hence, we have

2+(2-a)b o _a(2+b)0_r — 0, (15-45)
2(1+b) 2(1+0)

Substituting into the equilibrium equation Eq. (15-12) gives

do, +2(1+b)(1_“)i_ 2(1+b) o

=0 (15-46)
dr 2+Q2—-a)b r 2+Q-a)b r
The general solution of this differential equation is
- ¢ +-2 (15-47)
20+0)(1-a)| l-«a
-
2+(2-a)b

The integral constant can be determined by the boundary conditionr=r,, o,=—p.

c o,

| 20+b)(1-a) e
“I 2+4Q2-a)b

Therefore
2(1+b)(1-)

c= (— » —10—’)A 2+(2-a)b (15-48)

-

The stress distribution in the plastic region (r, <r<r,) is
2(1+b)(1-x)

2+(2-a)b
o, = | pt2r|la| @0 O (15-49)
l—a \ r |
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2(0+b)1-)
o = 2(]+b)o‘t 3 a(2+Db) + o, I 2+(2-0)b +o‘_t (15-50)
24Q2-a)h 2+Q2-a)b l—a \ r -«
1

Equations (15-49)—(15-51) give the stresses of thick-walled cylinder at the plastic
region. Note that no stress—strain relation was needed to obtain these stresses; the
problem is therefore statically determinate.

15.5.3
Plastic Zone Radius in the Elasto—Plastic Range

The boundary pressure equation (15-44) of the elastic zone gives the pressure
required to cause the plastic zone to reach a radius r, or alternatively, for a given
internal pressure p. Equation (15-44) could be solved for the plastic zone radius ..
When plastic zone radius 7. increases from 7=z, to 1.=n, the pressure steadily
increases with the plastic zone radius r.
The stress continuity of radial stress o, across r=r, requires that
o, (elastic zone) = o,_, (plastic zone)

Substituting the radial stress equation (15-42) in the elastic zone and the radial
stress equation (15-47) in the plastic zone into the above continuous condition, the
relation of pressure p with plastic zone radius is obtained as follows:

2(1+b)(1-ct) ) 5
r, ) 2+@-ap { 21+b)r —r2) 1 |

p=l— + o, - o
Q+2b—ab)r? +12)+aQ+b)(r) —r2) 1-a |’ '

r, l—«

(15-52)

If ratio of the external radiusr, to internal radius r, is K =r/r,=2. An
example of the relation of pressure versus the plastic zone radius is illustrated in
Fig. 15.8.
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Fig. 15.8 Plastic zone radius versus applied pressure for different o« (K=2, b=1.0)

15.5.4
Plastic Limit Pressure

1. Plastic Limit Pressure for SD Materials

When 7, becomes equal to 7,, the thick-walled tube is completely plastic. The
plastic limit pressure for a thick-walled cylinder is, therefore, obtained as

2(1+b)(1-a)
o 20+b)(d-a)

py=—" {k 2@ _i} (15-53)
— o

This solution for thick-walled cylinders for closed-end or plane strain with
incompressible materials is a general solution adopted for most materials. It may
be referred as the unified solution of plastic limit pressure for thick-walled
cylinders.

When b=0, the plastic limit pressure in terms of the Mohr-Coulomb theory is
deduced from the unified solution

p,=—t K 1] (15-54)
l-«a
When b=1, the unified solution became the plastic limit pressure in terms of the
twin-shear strength theory as follows

4(l-a)
o

pp :ﬁ K 4-a -1 (15-55)
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2. Plastic Limit Pressure for a =1 Materials

The unified solution that obeys the unified yield criterion can be obtained from the
unified solution in terms of the unified strength theory by taking the limit o — 1.
The plastic limit pressure of a thick-walled cylinder using the unified yield
criterion is expressed as follows:

2(1+0)
2+b

b = InK (15-56)

If 5=0, the limit pressure in terms of the Tresca yield criterion is obtained as
p, =0, In K (15-57)

This special case of the unified solution is identical to the classical solution.
If b=1/2, the plastic limit pressure in terms of the linear Huber-von Mises yield
criterion is obtained as follows:

6
pp =gk (15-58)

If b=1, the plastic limit pressure in terms of the twin-shear yield criterion is
obtained as

4
Py = ;at In K (15-59)

Equation (15-59) is identical with the plastic limit pressure given by using the
twin-shear strength theory.

A series of solutions can be deduced from the unified solution in terms of the
unified strength theory. The relation of the plastic limit pressure to the strength
theory parameter b and the thickness of a cylinder are shown in Figs. 15.9 and
15.10. The marked effect of failure criterion on structural analysis can be observed.
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Fig. 15.9 Relation of plastic limit pressure to the parameter p

Figures 15.10-10.12 and Tables 15.1-15.2 show the elastic and plastic limit
pressures in terms of different yield criteria. It can be seen that the elastic limit
pressure in terms of the unified strength theory increases monotonically when b
varies from 0 to 1 for all the three end conditions. The elastic limit pressure in
terms of the Tresca criterion equals those obtained by using the unified strength
theory when b=0 and o« =1. The elastic limit pressure in terms of the Huber-von
Mises criterion equals those obtained using the unified strength theory when
b = 0.4 . Therefore, it can be concluded that the Huber-von Mises and the Tresca
criteria are encompassed in the unified strength theory with regard to the elastic
limit pressure.

The maximum elastic limit pressure in terms of the unified strength theory is
obtained when b=1. It is 33.4% and 15.5% higher than those obtained using the
Tresca yield criterion and the Huber-von Mises yield criterion, respectively. It was
also found that the higher values obtained from the unified strength theory were
insensitive to the variations in the inner-to-outer-radius ratio in different end
conditions. In the case of plastic limit pressure, almost the same conclusions can be
drawn.
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Fig. 15.11 Relation of plastic limit pressure to the thickness of tube (5=0.5)



15.6 Statical Shakedown Theorem 423

0=0.6

2.0 0=0.7
0=0.8
0=0.9
o=1.0

1.54

Py/o;

1.0 1

0.5 1

0.0 T T T T T T T T T T T 1

1.0 1.5 2.0 2.5 3.0 3.5 4.0

K=rb/ra

Fig. 15.12  Relation of plastic limit pressure to the thickness of tube (b=1.0)

The elastic limit pressure and plastic limit pressure, which are the two important
parameters in the design of cylinders, were derived using the unified strength
theory. It was found that the ratio of elastic-plastic limit pressures derived from
different criteria could differ from one to another by as much as 33.4%. If the
unified strength theory is used instead of the Tresca or the Huber-von Mises
criterion in design, it could lead to substantial savings in the amount of material
required.

15.6
Statical Shakedown Theorem (Melan theorem)

Many engineering structures or components are subjected to mechanical or other
loads varying with time, and in many cases only the domain within which these
loads change can be estimated, while the detailed loading path is unknown or very
complex due to various reasons. The shakedown is a necessary condition for safety
of such kinds of structures. The shakedown theory has constituted a well-
established branch of plasticity theory.

Shakedown theory of structures provides a powerful tool to solve such kind of
problem. A structure in a nonshakedown or inadaptation condition under varying
loads may fail by one of two failure modes, namely alternating plasticity or
incremental plastic collapse (see Kachanov 1971, Martin 1975). The structure will
be shakedown if neither of the failure modes occurs.

The methods of shakedown analysis came into existence in the 1930s. Melan
(1936) and Koiter (1956) proved the two crucial shakedown theorems, namely the
static shakedown theorem (the Melan's or the lower bound shakedown theorem)
and the dynamic shakedown theorem (the Koiter's or the upper bound shakedown
theorem), which constitute the backbone in shakedown theory of elastoplastic
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structures. Accordingly, the numerous methods of shakedown analysis developed
thereafter can be divided into two classes, i.e. the static and the dynamic
shakedown analysis methods.

In recent years, the shakedown analysis of elasto-plastic structure has
increasingly gained importance in engineering due to the requirements of modern
technologies such as nuclear power plants, the chemical industry, aeronautical and
astronautical technologies as well as the electrical and electronical elements. The
shakedown theory has been applied with success in a number of engineering
problems such as construction of nuclear reactors, highways and railways, and
employed as one of the tools of structural design and safety assessment in some
design standards, rules and regulations (see Konig and Maier 1987; Feng and Liu
1997, Weichert and Maier 2000). The shakedown theory has rapidly been
developed (see Cocchetti and Maier 1998; Maier 2001).

We denote oY 5 € the instantaneous values of the stresses and strains in the
corresponding perfectly elastic body, and denote CijrEj the instantaneous values

of the stresses and strains in the actual elasto-plastic state. Let g0 ¢.0 be the
. L . . ij 2%
residual stresses and strains in the body, given by the difference
crijozo-y—a,ji , (15-60)
ed=e g (15-60)

i jootye
and let gijo" be the elastic strains corresponding to the residual stresses.

All the above stresses and strains are slowly-changing functions of time because
the loads are variable. Note also that the strains ¢*. , £;31€ kinematieally possible,

i.e. they satisfy the compatibility conditions, and the corresponding displacements
satisfy prescribed kinematic boundary conditions.

Melan shakedown theorem

Melan shakedown theorem can be described as follows (see Kachanov 1971,
Martin 1975):

Shakedown cannot occur if there does not exist any time-independent field of

residual stresses o such that the sum ( g + o'; ) is admissible (necessary
condition).

This means that this stress field (oTl.j +%‘? ) is safe if no arbitrary load-variation
in the prescribed limits causes the yield surface f ((7; + El.j) to be reached, i.e.

f(of +8;)<0 (15-60)
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The necessary condition is obvious: if there is no distribution of residual stresses
for which £ (o el.j +a;) <0, then by definition shakedown cannot occur.

Inverse, shakedown occurs if it is possible to find a field of fictitious residual
stresses E'ij , independent of time, such that for any variations of loads within the
prescribed limits the sum of this field with the stress field gel.j in a perfectly elastic
body is safe (sufficient condition).

The residual stresses field is expediently chosen such that the region of
admissible load variation is greatest. The Melan's theorem given a low bound of
limit load.

As an example, the shakedown load of pressure vessel based on the unified
strength theory is studied in the next section.

15.7
Unified Solution of Shakedown Pressure for Thick-Walled
Cylinder

Correct prediction of the load-bearing capacity of structures is a crucial task in
analysis and design of engineering structures. The plastic limit load of structures
determined by the limit analysis or the slip-line analysis is often used as an index
of the load-bearing capacity of the structure subject to a monotonic loading. When
the loading is a repeated loading, however, the structures fail at the load lower than
the plastic limit load. This is because the failure of structures subject to the
repeated loading is by the gradual deterioration due to the alternating plasticity or
the incremental plasticity, not by the sudden collapse like that of structures subject
to the monotonic loading. If the load does not exceed the critical value, the
structure subject to the repeated loading may behave plastically at first and then
elastically, and thus no further plastic deformation takes place in the structure.
When this happens we say the structure shakes down to the repeated loading. If the
load exceed the critical value, the structure does not shakedown, and fails due to
the alternating plasticity or the incremental plasticity. This critical load level,
below which the structure shakes down and above which it fails, is called
shakedown load. Hence, the shakedown load is an important parameter, and we
often regard it as the load-bearing capacity of the structure subject to the repeated
loading.

Long thick-walled cylinders are commonly used as gun barrels and pressure
vessels in engineering. They are often subjected to the repeated internal pressure.
Hence, it is necessary to conduct the shakedown analysis in order to determine the
shakedown load of the cylinder. The shakedown problem of cylinder is readily
solvable in context of the classical plasticity, and the analytical solution can be
found in some literatures. However, it should be noted that the above solution is
obtained based on the Tresca yield criterion, and the analytical solution based on
the Huber-von Mises criterion is not readily obtained in most cases due to the
nonlinear expression of the criterion. The Tresca yield criterion only involves the
two principal stresses, i.e. the maximum principal stress and the minimum
principal stress, and ignores the compressive-tensile strength difference effect of
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materials (denoted by SD effect for short hereafter). Thus, this classical solution
can only be applied to the cylinder made of materials without both the SD and the
intermediate principal stress effect. In practice, however, the compressive
strength is observed not to be identical to the tensile strength and the intermediate
principal stress effect to have significant influences for some widely used metals
such as high-strength steels, high-strength aluminum alloys and special steels
etc.(Chait 1972; Drucker 1973; Casey and Sullivan 1985). These properties may
invalidate the result by the classical plasticity. Hence, it is of great importance to
develop a new approach in which the SD effect and intermediate principal stress
effect are considered.

In view of this fact, an elastoplastic model incorporating the unified strength
theory is suggested for shakedown analysis of thick-walled cylinder. A closed-
form unified solution of shakedown load for cylinders was given by Xu and Yu in
2004. This solution involves the two parameters of the unified strength theory m
and b, they can reflect both the intermediate principal stress and the SD effect in a
quantitative manner. By changing the values of m and b, the solution is applicable
to many kinds of cylinders made of materials with the SD effect and the
intermediate principal stress effect. The effects of SD and intermediate principal
stress on the shakedown load of the thick-walled cylinder can be evaluated.

Consider a plane strain thick-walled cylinder under uniform internal pressure p,
whose internal and external radii are 7; and 7, respectively. For sake of simplicity,
we assume that the material is impressible and elastic-perfectly plastic and its
Bauschinger effect is too small to be regarded. If the pressure p is moderate, the
thick-walled cylinder is in elastic state. Then, the stress field of the cylinder is
given by the Lame Solutions as follows

2 2
rl. p }"e
o =2 _(-1ey (15-61a)
re —71; r
r2p r
oy = ——(1+-%) (15-61b)
r, —r; r
rzp
o, Zﬁ (15—610)
r, —r.

Obviously, 0g is the major principal stress, o, the intermediate principal stress
and o the minor principal stress, and they satisfy

mo,+ o
< 0 Tr

m+1

Hence, the yield condition satisfied by 0g, 0, and 0, is expressed by
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o,—-—(bo+0,)=0 (15-62)
 ma+b) S
It is clear that the magnitude of 0, takes the maximum value on the internal wall
of the cylinder. Hence, yielding will start from the internal wall of the cylinder
when the internal pressure attains

_ m(1+b)(r = r7) . (15-63)
(m+14mb)r2 +(m—-1)(1+b)yr? "

e

where p , is the elastic limit pressure of the cylinder.

When the internal pressure exceeds p., a plastic zone spreads out from the inner
radius. If the plastic zone reaches the radius 7, the cylinder will be divided into
two parts: the plastic zone (;< r < r,) and the elastic zone (v, < r < r,). Using the
Lame solution, the boundary condition ¢,= 0 at » = r,, and the fact that the material
at r = r, is stressed to the yield point, we obtain the stress components in the elastic
zone as

2 2
r,p r
pED e
o, = (1= %) (15-64a)
r, — rp r
r Zp 2
re
0'9 = —;_:z (1 + ;2) (15_64b)
e p
r 2])
__pp
o, =% 5 (15-640)
r, —r

where Py, is the associated radial pressure acting on the elastoplastic interface under
the internal pressure p. It equals

m(1+b)(r, = ;)

by, = ‘;
P (mAtemb)rl + (m-D)(1+0)r,
According to the equilibrium equation
do. o.— o,
+ =0, (15-65)
dr r

yield condition, the boundary condition ¢, = p at r =r; and the impressible
condition of materials, we obtain the stress components in the plastic zone

mo . 2m=)(14b)
o, =~ (p + ﬁ)(%) 2m+2mb—b +

(15-66a)
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2(1+b)(m-1)
o, = — (2 + b) (p + mo, )(r_l) 2m+2mb—b +

2m+2mb—-b m-1 r m—1

s, (15-66b)

2(1+b)(m-1)
14+ m+ mb mo "
o. = (p + t )(7’) 2m+2mb=b

2m+2mb—b m—1r m—1

o, (12-66¢)

Using the continuity of o, across » = r o We have

mo, (2m +2mb - b)re2 ( . )2(m—1)(1+b)
plli

3 >\ 2m+2mb—b — |
m—=1| (m+1+mb)r; +(m-1)(1+b)r,

p:

(15-67)
This provides the relationship between the internal pressure p and the radius of the
plastic zone ry,.
If we increase the pressure p, the plastic zone will further expand and the
elastic-plastic interface will move gradually to the external wall of the cylinder.
Setting r =T in the above expression, the internal pressure becomes

m 2(m=1)(1+b)
p, = 9. l:(re/ri)2m+2mb—b - 1} (15-68)

m—1

which is the plastic limit pressure of the cylinder.

When p, < p < p_, the cylinder is rendered partially plastic. In that case, if
the cylinder is unloaded, it will be left with residual stress. When p is not large,
the unloading process is purely elastic, and the residual stress can be obtained by
superposition of the elastic unloading stress and the elastic-plastic loading stress.
The following expressions are the residual stresses in the zone adjacent to the
internal wall of the cylinder (#, < r < r » )

2m-1)(1+D)
r mo, r 2m+2mb—b m rizp rez
o, =—|pt - + o, — > 1- -
m—1 r m—1 re — ri 7
(12-69a)
2(m-1)(1+b) ) 5
. 2+b mo, 7.\ 2m+2mb-b m " p
O"=— ( ) + t A + O_t_ 21p (1+%)
2m+2mb —b m—1)r m—1 r, _,,1_2 ’
(15-69b)
2(m=1)(1+b) ,
p 1+ m+ mb mo, \(r; | 2m+amb-b m r2p
%77 * i + % T3
2m+2mb — b m—-1)\r m—1 r, =

(15-69¢)
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Setting » = r; in above expressions, we obtain the residual stresses on internal
wall of the cylinder as follows

o =0 (15-70a)

2 2
g(s:{ (2+2b) +re+r,} . (@x2bm . (15-70b)

2m+2mb —b 1’ —r? (2m + 2mb —b)

e l

2, .2
O_r _l (2+2b) n r62+ri2 " (1+b)m o, (15'70C)
2 |2m+2mb—-b r;-v 2m+2mb - b)
,> O Zr and o g on the internal wall are in turn the major principal
stress, the intermediate principal stress and the minor principal stress, and

r r
mo, +0o

Obviously, o

o Zr > o Hence, the yield condition is satisfied by a:, ozr and ag
m

on the internal wall is

o
(0'r+b0'2)——620't
1+b m

(15-71)

From Egs. (15-83) and (15-84), we see that the internal wall of the cylinder
yields when the internal pressure reaches

_2m(m +1)(I+ b)(b+2)/(2m +2mb — b) /(2 — mb + 2b)
Q2 +b)/@n+ 2mb—b)+ (2 +r})/(r} —17)

Evidently, if p < pn. (p should be less than the plastic limit pressure p here), a
secondary yielding does not take place at the internal wall of the unloaded
cylinder. Further, we can demonstrate that the residual stress induced by the cycle
of loading-unloading will not produce any new plastic deformation in the whole
section of the cylinder when this condition is satisfied. Hence, the shakedown
condition for a thick-walled cylinder under repeated loading and unloading is that
the internal pressure p is less than the critical value Pgakedown OF Pplastic-

(15-72)

max oy

| 2mm A1) 4+0)2+) (2m+2mb—b) (2 =mb+2D) | (15 73
P max,shakedonnzmln 2 2 2 O . a)
Q+b)/(2m+ 2mb—b)+ (> + 1) (7 —r7)
2(m—-1)(1+b)
P max, plastic = min { mo-tl |:(re/ri) 2m+2mb-b _ljl} (15-73b)
m —

which is often called the shakedown load of the thick-walled cylinder. Setting m=1
and =0 in the above expression, we obtain the shakedown load of the thick-walled
cylinder in the form
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Py = min {o, (1= 77 /1), &,1n (1, /1,)} (15-74)
This is in agreement with the expression of the shakedown load of cylinder from
the classical plasticity.

Clearly, the shakedown load given by the Eq. (15-74) is correlated with the
compressive-tensile strength ratio m and the yield criterion coefficient b.
Hence, the present approach has the capability to reflect the effects of SD
and intermediate principal stress on the shakedown load of the cylinder in a
quantitative manner. This is not the case for the classical solution.

15.8
Effects of Yield Function on the Plastic Limit Pressure
and Shakedown Pressure of Thick-Walled Cylinders

Various results for plastic limit pressures of thick-walled cylinders for closed ends
in terms of different yield criteria are summarized in Table 15.3. It is seen that the
effect of yield function is obvious.

In order to investigate the effects of SD and intermediate principal stress
on the shakedown load of thick-walled cylinder, analytical results are
calculated from the derived closed-form solution. They are shown in Figs.
15.13 and 15.14, in which the abscissas denote the wall ratio of the cylinder
r¢/ri and the ordinates the shakedown load ppay/Ci.

Figure 15.13 shows the effect of intermediate principal stress of materials
on the shakedown load. The results in Fig.15.13 (m=1) are for non-SD
materials.

Table 15.3. Summary of plastic limit pressures for closed-end conditions

Materials Plastic limit pressure Failure criterion used
2(1+b)(1-ar)
1 |SD material @ #1 | p, = IL(K 2+2b-cb _1) | Unified strength theory
-
5 | SD material &1 Py = o, (K _1) Unified strength theory
-« b=0, Mohr—Coulomb
4(1-a) : _
3 | SD material &1 b= O (K e ) U11-1ﬁed strength theory b=1,
Py twin-shear theory
4 | o =1 materials = 2+h) InK Unified yield criterion, & =1
P 2+b
5 o =1 materials P, =9 In K Sis;:a by 1:el(§l criterion
6 . . . .
6 | o=1 materials Py = go-t In K [;n:l?fg yield criterion when
. 4 Twin-shear yield criterion
7 | =1 materials Pp—;f"t In K o=1b=1
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Fig. 15.13 The shakedown load for different values of parameter b (m=1)

The curve (1) at the bottom in Fig. 15.13 (b=0 and m=1) is suitable for
materials without both the SD and the intermediate principal stress effect,
which is just the result of the classical solution. The special case of the
present solution at m=1 and »=0.5 is shown by curve (3) at the middle in Fig.
15.13; it is a good approximation to the result of the Huber-von-Mises
criterion. The curve (5) at the top in Fig. 15.13 (=1 and m=1) is the result of
the twin-shear stress yield criterion.

Figure 15.14 (m=1.1) and Fig.15.15 (m=1.2) are the shakedown load for
materials with SD effect. We can see from these figures that the shakedown
load is correlated with the yield criterion parameter b, i.e. with the effect of
intermediate principal stress of materials, and the larger the coefficient b, the
larger the shakedown load pmax Consequently, for a given compressive-
tensile strength ratio m, the case of =0 (at the bottom in Fig.15.14 and 15.15,
which corresponds to the Tresca criterion or the Mohr-Coulomb criterion) gives
the smallest value of ppn,, while that of h=1 (at the top in Fig.15.14 and 15.15,
which corresponds to the twin-shear stress yield criterion or the generalized
twin shear criterion) gives the largest value. Therefore, the shakedown load of the
cylinder is underestimated when the effect of the intermediate principal stress of
materials is neglected.
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Fig. 15.14 The shakedown load for different values of parameter b (m=1.1)
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Fig. 15.15 Shakedown load for different values of parameter b (m=1.2)

Figure 15.16 shows the effect of SD of materials on the shakedown load of
the cylinder. The results with respect to =0 are shown in Fig. 15.16, which
can also be obtained with the Mohr-Coulomb criterion, and are suitable for
materials without the intermediate principal stress effect. The curve (1) in Fig.
15.16 (b=0 and m=1) is the result of the classical solution.
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Fig. 15.16 Shakedown load for different values of parameter m (b =0)

Figure 15.17 (b=0.5) and Fig.15.18 (b=1, i.e. the generalized twin shear
criterion) are suitable for materials with the intermediate principal stress effect.
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re/ T

Fig. 15.17 Shakedown load for different values of parameter m (b=0.5)
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Fig. 15.18 The shakedown load for different values of parameter m (b=1)

It is seen from these figures that the shakedown load is dependent on the
compressive-tensile strength ratio m, i.e., dependent on the SD effect of the
materials, and the shakedown load will increase as the parameter m increases.
Consequently, the shakedown load of the cylinder is underestimated when the SD
effect of materials is disregarded. It is also seen that the SD effect of materials
on the shakedown load of the cylinder is insignificant when the wall ratio is
small, whereas it is prominent when the wall ratio is big. Therefore, the SD
effect of materials should be taken into account in shakedown analysis of the
cylinder especially for the bigger wall ratio of the cylinder.

15.11
Connection between Shakedown Theorem and Limit
Load Theorem

Remark on the connection between shakedown theorems and limit load theorems,
Koiter has drawn attention to the fact that the limit load theorems are a
consequence of the shakedown theorems if it is assumed that the prescribed limits
of load variation coincide.

On the basis of the unified strength theory, a shakedown analysis of a thick-
walled cylinder under internal pressure was carried out, and the unified
analytical solution of shakedown load for a cylinder was derived by Xu and
Yu (2004, 2005). This solution not only includes the existing classical
solution as its special case but gives a series of new results.

It is noted that this solution consist of two parts: the limit pressure and
shakedown pressure

2m(m +1)(+ BY2-+5)((2m-+2mb—b) [2=mb+2b) (15 75,
Q+b)/@m+ 2mb—b)+ (2422 —=rD) |

pmax.shakednwnz min {
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2(m-1)(1+b)

m o, A AT
P max plastic = min { - |:(re/ri) 2m+2mb=b _1:|} (15-75b)
’ m -1

Two curves will be crossed when the limit pressure equals the shakedown
pressure, i.e.

mo 2(m- )(H+b)
tl |:(re/ri ) 2m+2mb-b —1 | =

m —

_2m(m+1)(+ b)(2+b)/(2m +2mb—b) /(2 — mb + 2b)
Q2 +b)/Q@m+ 2mb—b)+ (7 +r D) 1)

t

The solution involves the two parameters m and b originally appeared in the
unified strength theory, and can reflect both the SD and the effect of
intermediate principal stress. With the varying of m and b, the present solution
gives a series of values of shakedown load that are suitable for cylinders
made of material with the SD or non-SD effect.

In order to investigate the effects of SD and intermediate principal stress
on the shakedown load, the graphical alternatives to the analytical solution are
given. They show that both the SD and the intermediate principal stress have
influences on the shakedown load, and the more pronounced the two effects,
the larger the shakedown load. Hence, for the cylinder made of material with
the SD or non-SD effect, the classical solution underestimates the shakedown
load, and it is thereby of great significance for the shakedown analysis to
take the two effects into consideration.

Although the present approach can simulate materials with the effects of
SD and intermediate principal stress, it should be noted that other important
properties such as the Bauschinger effect, the strain-hardening effect have not
been dealt with in the present solution(see: Feng XQ and Yu SW 1995).

Summary

Theoream of limit analysis and theorem of shakedown are used for the unified
solutions of limit load and shakedown load of pressure vessel. The unified strength
theory is used to obtain the unified solutions of plastic limit and shakedown
analysis of pressure vessel. These results can be suitable for a wide range of
materials and engineering.

In these solutions, the SD effects (effect of compressive-tensile strength
difference) and effect of intermediate principal stress on the plastic limit loads and
shakedown loads of thick-walled cylinder under uniform internal pressure is
presented. The unified analytical solutions of limit loads and shakedown loads for
cylinder are derived. With changing of the two parameters o and b (or m and
b), a series of values of limit loads and shakedown loads can be obtained from
the current solution, which include both the result from the classical plasticity and
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a series of new results. These solutions are suitable for materials with the SD effect
and the intermediate principal stress effect.

Finally, the graphical alternatives to the analytical solution are presented to
examine the effects of strength difference and intermediate principal stress on the
limit loads and the shakedown loads. They show that the limit loads and the
shakedown loads are dependent on both the strength difference in tension and
compression of material and the effect of intermediate principal stress. The limit
loads and shakedown loads are underestimated if these two effects are neglected.
The unified strength theory gives us a basic theory for using in strength design of
engineering structures. It also gives a method to increased the admissible loads or
decreased cross-sections and the weight of structure. This results in a reduction in
material consumption, energy and a reduction in environmental pollution and the
cost of structures.

Problems

Problem 15.1
Compare the solutions of limit analysis and shakedown analysis.

Problem 15.2
Determine the shakedown load of a pressure cylinder by using the Tresca
yield criterion.

Problem 15.3
Determine the shakedown load of a pressure cylinder by using the Mohr-
Coulomb strength theory

Problem 15.4
Determine the shakedown load of a pressure cylinder by using the twin-shear
yield criterion

Problem 15.5
Determine the shakedown load of a pressure cylinder by using the twin-shear
strength theory.

Problem 15.6
Determine the limit load of a cylinder under tension and inter- pressure by
using the twin-shear strength theory

Problem 15.7
Determine the shakedown load of a cylinder under tension and inter-
pressure by using the twin-shear strength theory
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